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A topological bound state in the continuum (TBIC) is a novel
topological phase that has attracted significant attention.
Different from conventional topological insulators (TIs),
where boundary states reside within gaps, TBICs can sup-
port unconventional boundary states that remain isolated
from the surrounding bulk states. In this work, we exper-
imentally demonstrate multiple TBICs in photonic bilayer
trimer lattices using femtosecond laser writing technology.
By modulating the interlayer coupling between two trimer
chains, we observe the emergence of two distinct types of
TBICs. Moreover, we experimentally achieve the coexistence
of in-gap topological states and TBICs and demonstrate the
transformation between them. Qur work unveils new insights
into the flexible construction of TBICs, and this method can
be easily applied to other one-dimensional topological struc-
tures, offering promising avenues for further research. ©
2024 Optica Publishing Group. All rights, including for text and data
mining (TDM), Artificial Intelligence (Al) training, and similar tech-
nologies, are reserved.
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Topological insulators (TIs) have been a subject of extensive
research since the discovery of the quantum Hall effect [1].
One of the most intriguing features of TIs is the presence of
topologically protected, scatter-free states that propagate along
the boundaries of the system, while the bulk remains insu-
lating [2,3]. To date, TIs have been extensively investigated
across various physical platforms including photonics [4—10],
ultracold atoms [11], electric circuits [12], and so on. In pho-
tonics, topological states typically refer to light flow localized
at the edge of a photonic lattice without diffraction into the bulk
[13-18]. Experimental realizations of TIs in photonics are cur-
rently thriving [19-23], and they are increasingly combined with
diverse physical concepts such as Floquet engineering [24], non-
linear dynamics [25], and non-Hermitian systems [26]. These
combinations create new unique phenomena and bring new
possibilities to TIs.

Bound states in the continuum (BICs) refer to the phenomenon
where localized state eigenvalues imbed in the continuum of
extend states [27]. The combination of TIs and BICs is attrac-
tive and natural, as both phenomena involve localized states.
This new state, termed topological bound state in the continuum
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(TBIC), challenges conventional TI understanding where topo-
logical edge states typically reside within bandgaps; instead,
TBICs exist within the bulk energy band. Recently, TBICs have
been demonstrated in some systems including photonics, electric
circuits, and acoustics [28-31]. However, the flexible manipu-
lation of TBICs remains challenging. For example, achieving
the coexistence or conversion of in-gap topological states and
TBICs presents ongoing difficulties.

In this study, we experimentally demonstrate TBICs in bilayer
trimer lattices using femtosecond laser writing technology. In
the topological phase of such lattice, all topological edge states
can be categorized into two types based on their mode dis-
tribution characteristics, termed in-phase and out-of-phase edge
states. Through modulation of the interlayer coupling, each type
of topological states can transition between in-gap states and
TBICs. Moreover, under specific interlayer coupling conditions,
the structure supports coexisting in-gap topological states and
TBICs. This approach provides a straightforward and adaptable
method to manipulate both in-gap topological states and TBICs,
thereby introducing new degrees of freedom for combining TIs
and BICs.

The bilayer trimer lattice consisting of two trimer lattice
chains with interlayer coupling #; is shown in Fig. 1(a). For
each layer, there are intracell coupling #, and intercell coupling
t,. The on-site energy of each site is equal. When #,>t,, the
monolayer trimer lattice is in the topological phase, and there
are two topological edge states on each boundary of the lattice
[32,33]. The Hamiltonian H of the bilayer trimer lattice in the k
space is expressed as H = 7,®h + t;7,®I, where 7, and 7, are the
Pauli matrix, and & is the Hamiltonian of a single-layer lattice
[31]:
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1 is the identity matrix with the same dimension as /. The system
satisfies the mirror symmetry [M,, H] =0, where M, =1, ® L.
Thus, the system can be decoupled via similarity transformation
[31]. In our model, H can be rewritten as H = h, @ h,, where
hy=h+1t;1 and h,=h—t;1. From this perspective, the bilayer
trimer lattice is simply the sum of two monolayer trimer lattices
with the addition of opposite on-site energy =+t;, as shown in
Fig. 1(a). The on-site energy will induce a global shift in the
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Fig. 1. (a) Schematic of the bilayer trimer lattice and its effective
decomposition. According to the theoretical analysis, the change
of the on-site energy of the effective one-dimensional lattice is
equivalent to the interlayer coupling #;. (b) Energy spectrum of a
finite nontrivial bilayer trimer lattice with 72 sites. Here, #; =1,
t,=35, and 3 =2.1. Yellow points indicate TBICs and gray points
represent other states. Dashed lines denote the value of energy of
TBICs. (c) Energy spectrum of the effective two monolayer trimer
lattices with different on-site energies. Dark blue and dark green
points denote topological states, while light points represent bulk
states. Here, 1; =1, t, =5, and #3 = 2.1. (d) Phase diagram of bilayer
trimer lattices. The gray area corresponds to the topological trivial
phase. The yellow and blue areas correspond to the TBICs.

energy spectrum without altering its shape, offering a conve-
nient framework to modulate the energy of topological states
by adjusting #; in bilayer systems. In order to further illustrate
this modulation, we calculate the energy spectrum of a nontriv-
ial bilayer trimer lattice (Fig. 1(b)) and two effective monolayer
trimer lattices with opposite on-site energy (Fig. 1(c)). In the
following analysis, we set ¢, = 1 for convenience. We set 1, =5 to
ensure the system remains in the topological phase. As shown
in Fig. 1(b), there is a pair of doubly degenerate TBICs with
opposite energy. Figure 1(c) displays the energy spectrum of
two effective monolayer trimer lattices. The +7; on-site energies
produce overall upward or downward shifts in the spectrum,
respectively. With an appropriate ¢;, where the energy of topo-
logical states in one layer aligns with the bulk of another layer,
TBICs emerge. By varying #, and #;, we construct the phase
diagram of the bilayer trimer system, as shown in Fig. 1(d).
The phase diagram reveals three parameter regions that support
TBICs. Based on subsequent analysis, we classify these regions
into two types: light blue and dark blue areas represent out-of-
phase TBICs, while the yellow area corresponds to the in-phase
case.

Next, we investigate the influence of interlayer coupling #; in
our model (z, =5). The energy spectrum of the bilayer trimer lat-
tice as a function of #; is depicted in Fig. 2(a). The green and blue
segments correspond to energy bands originating from different
effective monolayer lattices. Within each segment, broad light
areas represent bulk states, while dark lines denote topological
edge states. We label the topological states at various energy
positions as I-IV.

Figure 2(b) illustrates the mode distributions of these topolog-
ical states at £; = 2.1; the four sublattices within the leftmost unit
cell are labeled 14, respectively. The robustness of topological
edge states is protected by inversion symmetry, consistent with
a single-layer trimer lattice [32,33]. Modifying #; can adjust the
degree to which energy penetrates into the bulk, but will not
change the phase difference between sites. We can observe that
as t; varies, eigenvalues are always symmetric at E = 0, and topo-
logical states I and I'V have opposite eigenvalues, so topological
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Fig. 2. (a) Eigenvalues of the bilayer trimer lattice as a function
of 15 (r, =5). I-IV correspond to the topological states with different
energy positions. (b) Mode profiles of each topological state shown
as black dots in (a). Here, 3 =2.1. (c)—(e) Energy spectrums of the
structures with 13 =1.5, 2.1, and 3.1, respectively.

states I and IV consistently exhibit TBICs or not. Topological
states II and IIT exhibit same behaviors. Interestingly, for topo-
logical states in II and III, sites 1 and 4 consistently maintain
the opposite phase. Conversely, for states I and IV, sites 1 and
4 consistently maintain the same phase. Therefore, we classify
topological states II and III as out-of-phase topological edge
states, and those in I and IV as in-phase topological edge states.
For the out-of-phase topological edge states, TBICs appear in
two parameter ranges: 0.3-0.7 and 3.0-3.2, which is consistent
with Fig. 1(d). When #; ranges from 2.0 to 2.2, the in-phase
topological states transition into TBICs. We choose three spe-
cific values of #3: 1.5, 2.1, and 3.1 and present the corresponding
energy spectrums in Figs. 2(c)-2(e). At t;=1.5, all topolog-
ical states remain the in-gap states. At t; =2.1, the in-phase
topological states exhibit TBICs, while the out-of-phase topo-
logical states remain in-gap. Conversely, at #; = 3.1, out-of-phase
topological states exhibit TBICs, while the in-phase topological
states are in-gap.

To experimentally demonstrate TBICs, we fabricated the
bilayer trimer lattices using femtosecond laser writing tech-
nology [34-37]. The borosilicate glass (Eagle XG) sample is
mounted on a 3D x—y—z translation stage. A femtosecond laser
(Femto YL-25, YSL Photonics) with a wavelength of 1030 nm, a
repletion rate of 2.5 MHz, and a pulse duration of 400 fs is used.
A microscope objective focuses the laser into the glass at the
depth of 230 um. The array is oriented along the z direction and
arranged in the x—y plane. The structure is illustrated in Fig. 3(a).
Figure 3(b) displays the microscope image of the input face of the
structure. The evolution of light in the waveguide array follows
the Schrodinger-type function:
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where ¢ is the electric field envelope of the light, k =27t/A cor-
responds to the wavenumber, An(x, y; z) is the index modulation,
and n, is the substrate refractive index. The relation between the
coupling coefficient of two adjacent waveguides and the spacing
d follows the equation r=Ae . In this work, the light with a
wavelength of 532nm is injected into the waveguides, where
A=3903m™ and y=0.256. ¢, 1,, and 3 correspond to d,, d,,
and d; in the structure, respectively (Fig. 3(b)). We set#; =50 m™!
corresponding to d; of 17 um. Other spacing parameters of the
structure can be adjusted via the coupling ratio. We set ¢, = 5¢,
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Fig. 3. (a) Schematic of the photonic lattice fabricated by fem-
tosecond laser writing technology. Yellow circles are the sites where
the light is injected to the structure. (b) Optical micrograph of
the input facet of the waveguide lattice. We set d; =17 pm and
d,=10.7 um for all lattices. The length of d; varies with #; and this
structure corresponds to #3 = 1.5¢; case where d; = 15.4 um.

for all experimental structures and #; = 1.5¢, 2.1¢;, and 3.1¢, cor-
responding to d; = 15.4 pm, 14.1 um, and 12.6 pum, respectively.
The propagation length of the structure is 25 mm to ensure ade-
quate light evaluation. It is noteworthy that when #; < #;, there
is another out-of-phase TBIC area, as shown in Fig. 1(d). How-
ever, in this case, due to the weak interlayer coupling, significant
interlayer interactions require a very long propagation length. To
distinguish between in-phase and out-phase topological states
experimentally, the light is injected into sites 1 and 4 of the
lattices with same intensity and tunable phases by a spatial light
modulator, as depicted by yellow circles in Fig. 3(a). When the
two light beams are out-of-phase, topological states II and III
are excited, and when two lights are in-phase, topological states
T and IV are excited. The light field distribution at the output of
the lattice is captured by a charge-coupled device.
Experimental and simulated results are demonstrated in Fig. 4.
First, we set d; = 15.4 um and Figs. 4(a)—4(b) depict the results
when the injected light beams are in-phase. After propagat-
ing 25 mm, the light beams localize predominantly at the left
boundary of the lattice, and modulating d; or employing dif-
ferent exciting methods, as illustrated below, still maintains this
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locality, indicating the excited states are topological boundary
states. Due to the AE between topological states I and IV, a light
beating phenomenon occurs during light propagation, where the
beating length [ is determined by /= /AE, with AE represent-
ing the energy difference between two edge states [38]. The light
beams oscillate between sites 1 and 4 and sites 2 and 3 (Fig. 4(b)).
In this case, /=26.5 mm and most of the light intensity trans-
forms from initial sites 1 and 4 to sites 2 and 3 at the output
of the lattice. Simulated results under the same parameters are
obtained using the beam propagation method by Rsoft and the
simulated results agree well with the experimental results. Fig-
ures 4(c)—4(d) show the results when the injected light beams
are out-of-phase. In this case, topological states II and III are
excited simultaneously. Due to a smaller AE between states 11
and IIT compared to states I and IV within the same structure,
there is a larger beating length and resulting in a distinct light
propagating behavior. /is 108 mm and at the output of the lattice,
the majority of light intensity is still in the initial sites. Under this
structure, all the topological states reside within the bandgap,
allowing both in-phase and out-of-phase excitations to obtain
in-gap topological states. Meanwhile, Figs. 4(e)—4(h) show the
results for d; = 14.1 um. Compared to the first structure, the #; of
this lattice is larger, inducing a greater AE between states I and
IV, which leads to a shorter /. The AE between states II and 111
shows the same trend. Here, [ is 19.5 mm for in-phase excitation
and 43.4 mm for out-of-phase excitation. Notably, states I and
IV are in the bulk in this case. Thus, we experimentally demon-
strate the TBICs by in-phase excitation. Meanwhile, the states
by out-of-phase excitation, corresponding to states II and III,
are still in the bandgap. Thus, we demonstrate the coexistence
of in-gap topological states and TBICs in the same structure.
For d;=12.6 um, the interlayer coupling #; is larger and [ is
shorter. / is 13.4 mm for in-phase excitation and 21 mm for out-
of-phase excitation (Figs. 4(i)—4(l)). As the energy of states II
and III are in the bulk while states I and IV are in the bandgap,
we experimentally realized out-of-phase TBICs and in-phase
in-gap topological states, and by modulating interlayer spacing
d;, for each type of topological states, such as in-phase states,
we achieve the transformation from the in-gap topological states
(d;=15.4 pm, 12.6 um) to TBICs (d; = 14.1 pm).
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Fig. 4. (a) Experimental and simulated results of the output intensity pattern of the lattice with d3 = 15.4 um (#3 = 1.5¢;) after propagating
25 mm. The white circles mark the excited sites and the gray circles mark the other sites. The excited light beams at two sites are in-phase. (b)
Simulated propagation dynamics with the same structural parameters and exciting way of (a). The light intensities of sites 1-4 are presented.
(c) Experimental and simulated results of the output intensity pattern of the lattice with d3 = 15.4 um (#3 = 1.5¢,). The excited light beams at two
sites are out-of-phase. (d) Simulated propagation dynamics with the same structural parameters and exciting way of (c). (e)—(h) Experimental
and simulated results with d3 = 14.1 pm (#3 = 2.1#;). (e)—(f) are with in-phase excitation and TBICs are realized in this case. (g)—(h) are with
out-of-phase excitation. (i)—(1) Experimental and simulated results with d3=12.6 um (z3 = 3.1¢;). (i)—(j) are with in-phase excitation. (k)—(1)
are with out-of-phase excitation and TBICs are realized in this case.
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In conclusion, we have conducted a detailed investigation
into the origin of TBICs in bilayer trimer lattices and introduced
a straightforward method to control TBIC within the system.
We experimentally demonstrated the existence of TBICs in the
lattices. By finely tuning the interlayer coupling, the indepen-
dent emergence and disappearance of in-phase and out-of-phase
TBICs are observed. In cases where the system supports both
in-gap topological states and TBICs, each type of state is selec-
tively excited independently. Our work provides a new insight
into understanding the relation between TIs and BICs.
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