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Light slowing down in Moiré fiber gratings and its implications for nonlinear optics

Jacob B. Khurgin
Department of Electrical and Computer Engineering, The Johns Hopkins University, Baltimore, Maryland 21218

~Received 22 February 2000; published 16 June 2000!

A theory of the dispersion in the Moire´ gratings is developed and it is shown that the group velocity of light
in them can be reduced by up to three orders of magnitude. A conceptual similarity between Moire´ grating and
the electro-magnetic-induced transparency medium is demonstrated, and it is argued that for some applications
the Moirégratings present a simple viable alternative to electromagnetically induced transparency.

PACS number~s!: 42.81.Qb, 42.70.Qs
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The subject of light propagation in highly dispersiv
structures with a very slow group velocity~GV! has gained a
lot of attention recently, thanks to the spectacular obse
tion of the ultraslow~17 m/s! light propagation in cold Na
vapor by Hauet al. @1# and later exciting results with th
room-temperature Rb@2,3#. Although the idea of using the
decrease in group velocity of light in the vicinity of the sha
resonance is an obvious one, only recently it could beco
practical due to the pioneering work of Harris and Yam
moto @4,5# on the electromagnetically induced transparen
~EIT! that had provided the medium with extremely sha
resonances where high dispersion could be combined
very low absorption. Furthermore, since the nature of qu
tum interference in the EIT medium is such that only line
absorption is being canceled, while the nonlinear suscept
ity is not, a number of proposals have been made for us
the EIT medium in the low-light-level nonlinear optics@6#.
More recently, EIT in photonic gap structures have be
considered in@7#.

At the same time, recent years have seen the most r
progress in the development of new optical medium w
engineered dispersion—the fiber Bragg gratings@8–10#,
where, in the vicinity of the photonic band gap the consid
able slowing down of light is also feasible. Nonlinear ph
nomena in Bragg gratings, including soliton propagat
have been studied in a number of works@11,12#. To avoid
the problems associated with high GV dispersion~GVD!, the
use of two cascaded gratings had been suggested@13# and
experimentally demonstrated@14# when the light slowing
down by a factor of 1.5 is observed. Further reduction of
GV would require very narrow spacing between the s
bands of two gratings and thus would be extremely diffic
to control. If, however, one uses a ‘‘superstructure’’ grati
@15–17#, where two gratings are superimposed, rather t
cascaded, the situation is different—whatever is the spa
between the Bragg wavelengths of two superimposed g
ings, there will always be a narrow transmission band
tween them. The superstructure, or Moire´ fiber gratings
~MFG!, were first proposed as narrow transmission filt
@15,18# and are being used in the tunable lasers. More
cently, their dispersive properties in reflection had attrac
attention@19#, and nonlinear propagation@20# and localiza-
tion @21# effects in some superstructure gratings have b
observed.

To the best of our knowledge, the dispersion properties
the MFG in transmission mode had not been analyzed s
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most studies treated only the reflectivity and transmiss
@8,10#. The difficulty lies in the fact that two coupled Bloc
waves@9# cannot adequately describe the MFG, since, a
shown below, the number of coupled waves propagating
is infinite. In this paper, we rigorously analyze the dispers
in the MFG’s and show that GV of light can be slowed dow
by a factor of up to 1000, which, combined with small GVD
makes them attractive candidates for true time delay line
photonic systems and for the GVD compensation in comm
nication links. We also show that MFG is conceptua
analogous to the EIT system, and, given the many-fold
hancement of electric field in the MFG, the effective nonli
earities in it can be increased by up to three orders of m
nitude, making it a viable alternative to EIT for low-light
level nonlinear optics.

To start, the effective index of refraction of the MFG ca
be described as

n~x!5n̄1dn cos
2p

Ls
z cos

2p

L
z, ~1!

whereL is the Bragg period, andLs is a superstructure, o
Moiré period. Introducing the corresponding spatial freque
cies,g52p/L, andG52p/Ls one can rewrite Eq.~1! as

n~x!5n̄1
1

2
dn cos~g1G!z1

1

2
dn cos~g2G!z. ~2!

According to@9#, Bragg reflection should cause the appe
ance of two stopbands of widthDvstop5vdn/n̄ in the trans-
mission spectrum, centered atv15(c/2n̄)(g2G) and v2

5(c/2n̄)(g1G), respectively, as shown in Fig 1~a!. This
simple picture holds only for as long as the allowed~high-
transmission! band between two gaps is much wider than t
gaps themselves. When this is no longer true, the interac
becomes more complex—the wave reflected back by the
grating (g2G) gets redirected back by the second grati
(g1G), only to be scattered back, and so on. Thus
eigenmode of MFG consists not of just two plane waves
of an infinite number of backward and forward waves. Tw
stopbands ‘‘repel each other,’’ resulting in a formation of t
allowed band no matter how closev1 andv2 are. The dis-
persion curve in the allowed band becomes flattened
shown in Fig. 1~b!, resulting in a decrease of GV. To evalu
ate the dispersion curve, we extend the approach of@9# to
©2000 The American Physical Society21-1
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FIG. 1. Dispersion curves for~a! two widely spaced gratings,~b! MFG with narrow passband,~c! EIT medium.
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represent the wave propagating in the MFG as a superp
tion of an infinite number of plane waves

E~z,t !5(
m

(
n

Amn exp$ i @b1m~g1G!

1n~g2G!#z2 ivt%1c.c., ~3!

where m,n50,61,62, . . . . Now, we are interested in th
frequencies that are contained between two first-order s
bands, in the vicinity of the ‘‘central frequency’’v0

5cg/2n̄. For such frequencies, only the nearly resonant f
ward m1n50 and backwardm1n521 waves will be
strongly represented in the expansion~3!. Introducing the
new indexk5m2n we obtain

E~z,t !5F (
k52m

Ak exp$ i ~b1kG!z%

1 (
k52m11

Ak exp$ i ~b1kG2g!z%Gexp$2 ivt%,

~4!

where all the terms with evenuku propagate forward and th
terms with odd uku propagate backward. The one
dimensional Helmholtz equation is then

d2E

dz2
2n̄2

v2

c2
E5

v2

c2
n̄dn cos~g1G!z

1
v2

c2
n̄

1

2
dn cos~g2G!z. ~5!

Substitute Eq.~4! into Eq. ~5!, multiply by a complex-
conjugate term exp$2i(b1kG)z% for even k or exp$2i(b
1kG2g)z% for the oddk and integrate overdz to obtain

F ~b1kG!22n̄2
v2

c2 GAk5
v2

c2
n̄dn~Ak211Ak11!, k52m,

~6!
01382
si-

p-

-

F ~b1kG2g!22n̄2
v2

c2 GAk5
v2

c2
n̄dn~Ak211Ak11!,

k52m21. ~7!

Now certain simplifications can be made. Introduce sm
deviations of wave vectordb5b2g/2!g/2 and frequency
dv5v2v0!v0, and then normalize all the variables to th
modulation depth of index gratingdn/(2n̄) by introducing
ṽ52n̄dv/dnv0 , b̃52cdb/dnv0, and G̃52cG/dnv0 to
obtain the final homogeneous system of equations

@b̃2~21!m~ṽ1kG̃!#Ak5~21!m~Ak211Ak11!. ~8!

The characteristic matrix for Eq.~8! has an infinite number
of rows and columns, but, since only three terms are pre
in each, the diagonalization is easy to accomplish num
cally, by truncating the number of plane waves at somekmax
and then solving the characteristic equation recursively
obtain the dispersion curveṽ~b̃!. In our calculations, de-
pending on the value ofG̃, kmax varied from 10 to 50. A
typical result is shown in curvea in Fig. 2 for G̃50.6, as-
suming the 0.1% modulation of index andl051.55 mm
corresponds toLs'3.3 mm. As expected, a very narro
transmission band has been opened. The full width of

FIG. 2. Dispersion curves in two fiber gratings with identic
320 MHz passband:a, MFG with l051.55 mm, Ls53.3 mm,b,
two cascaded gratings withL155161 Å andL255172 Å .
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LIGHT SLOWING DOWN IN MOIRÉ FIBER GRATINGS . . . PHYSICAL REVIEW A 62 013821
transmission band isDṽ53.231023, i.e., Dn'320 MHz

(Dl 1.631022 Å ). The GV vgr5]v/]b5(c/n̄)
3(]ṽ/]b̃) is slowed down by a factor of 125.

For comparison, the curveb shows the dispersion of two
cascaded gratings of different periods,L155161 Å and
L255172 Å with the same index modulationdn50.1%.
Although the same narrow passband exists, the GV is
creased only by a factor 25. Therefore, MFG’s have a c
advantage over the cascaded gratings when it comes to s
ing down the light. Furthermore, to assure the existence
the narrow passband in the cascaded gratings mentio
here, the periods of these gratings needs to be mainta
with the precision better than the width of the passband,
of the order of 1022 Å , which appears extremely difficult
On the other hand, with MFG, small deviations of the ma
grating periodL only shift the the center of the passban
while small deviations in the superstructure periodLs can
slightly affect the width of the passband, but not its ex
tence.

The dependences of the width of the passbandDṽ and the
relative group indexngr5(c/n)]b/]v5c(]b̃)/]ṽ on the
superstructure wave vectorG̃ are shown in Fig. 3. As ex
pected, the significant slowing down starts taking place w
the distance between two forbidden gaps becomes first c
parable, and then smaller than the full width of the forbidd
band, i.e., whenG̃<2. The group index and passband wid
follow a rather simple empirical formulangr'0.33G̃/Dṽ

through the large range ofG̃. The important question to b
asked is how large can the group index be made? A sim
estimate can be made from the following consideratio
variation of the central frequencyv0 should not exceed the
width of the passbandDv5Dṽdnv0 /n̄. But from the un-
certainty principle, in the waveguide of lengthL, dv0

;2pc/n̄L. Thus we obtain

Dṽmin'
2

dn

l

L
, ngr

max'0.17G̃mindn
L

l
, ~9!

where G̃min is always of the order 1. For the 1.5-m-lon
grating with 0.1% index modulation, one can expectDṽmin

FIG. 3. Passband width and group index of MFG as functions

normalized superstructure wave vectorG̃.
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;231023 andngr
max;150, i.e., the results in Fig. 2 are quit

close to the limit imposed by the length.
Consider now the distribution of the electromagnetic e

ergy in the MFG with the parameters previously describ
~Fig. 4!. A number of spatial harmonics ofG ~about four in
the example shown here! in the propagating wave results i
the energy distribution in space that looks quite similar to
energy distribution in time in the ultrashort mode-lock
pulse train @22#. The energy density is maximum atz/L
5m11/2, i.e. where the index modulation is minimal—th
fact reveals a well-known fact that MFG is effectively a su
cession of coupled Fabry-Perot cavities.

Let us now compare the results obtained here with
EIT experiments@1,6,4#. As shown in Fig. 1~c!, the reduction
of the GV of light in EIT medium follows from the fact tha
the dispersion curve is constrained between two dressed-
resonances with frequenciesv06Vc/2, whereVc is the Rabi
frequency of the coupling field between two states with re
tively broad (gb) and very narrow (gn) linewidths. EIT can
be observed when the conditionVc

2@gbgn is satisfied. Using
the assumption that all the lines have natural linewidth, i
not difficult to obtain from Eq.~2c! in @6# the expression for
the maximum achievable GV reduction:

ngr,EIT
max ;

1

2p2
Nl3

v

gn
. ~10!

Comparison of Eq.~10! with Eq. ~9! confirms the analogy
between EIT and MFG, also evident from Figs. 1~b! and
1~c!. The GV reduction in both cases results from the stro
coupling - with atomic oscillations in EIT and with the coun
terpropagating waves in MFG. The magnitude of reduction
determined by the strength of that interaction~density of
atoms in EIT vs index modulation in grating! multiplied by
the characteristicQ factor of the system (v/g in EIT vs L/l
in MFG!. Furthermore, unless one deals with Bose cond
sate@1#, in order to avoid broadening it is necessary to ke
Nl3!1, just as in order to avoid scattering it is necessary
keepdn!1. Therefore, it can be said that the relative mer
of two methods are determined by theirQ’s. Since theQ of
the atomic line can be extremely high, the EIT meth

f FIG. 4. Light distribution inside MFG for the example of Fig
2~a!.
1-3
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JACOB B. KHURGIN PHYSICAL REVIEW A 62 013821
allows the GV reduction up five orders of magnitude us
cold atoms. With MFG the reduction is far more mode
two-to-three orders of magnitude in long~10 m! fibers. Yet
fibers do offer a number of obvious advantages—simplic
low cost, no maintenance, and ability to be designed
tuned for any specific wavelengths. Furthermore, the ba
width of MFG is higher. For a number of applications, su
as optical delay lines, the two-to-three order reduction
speed is sufficient and the MFG can be successfully u
there.

We can now turn our attention to the nonlinear optic
processes in EIT media@5,6# and MFG. In EIT media the
energy density is increased by a factorngr,EIT , but the field
strength remains the same as outside of it—the energ
simply stored in atomic polarization oscillations. The i
crease in nonlinear susceptibility comes from the fact that
effective detuning can be made as small asVc;(gbgn)1/2,
vs gb in normal nonlinear materials. For a large number
third-order processes, the enhancement inx (3) is then
gb /gn . When one assumes thatgb is the natural linewidth of
an atomic transition, say 0.1 GHz, andgn;100 Hz, the en-
hancement can be as high as six orders of magnitude.

In the MFG, the nonlinear susceptibility itself is not in
re

.

.

k,

m

o

o
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creased at all, but the average electric field strength d
increase inside the medium,Ein

2 ;ngrEout
2 . Furthermore, the

‘‘bunching’’ of field ~Fig. 4! provides additional increase i
electric field. For the typicalx (3) process the enhanceme
can be as high as three orders of magnitude. Conside
much longer length of fiber, the actual efficiency of the pr
cess can be higher than in EIT. The EIT scheme does h
one substantial advantage over the MFG—since the inde
refraction is close to one, no phase matching is required.
this reason, the applications of MFG’s for nonlinear opt
are limited to those where the frequency conversion does
take place—Kerr nonlinearity, two-photon absorption, a
Brillouin scattering.

In conclusion, we developed, for the first time, to the b
of our knowledge, the theory of dispersion in the MFG a
had shown that the reduction of the speed of light in th
can be as high as two-to-three orders of magnitude. We h
pointed out an interesting analogy between MFG and
EIT, and had shown that MFG gratings exhibit linear a
nonlinear optical properties similar to the EIT medium, an
for a number of applications MFG can present a simple a
reliable alternative to EIT.
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