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Abstract: We propose a hybrid structure where graphene is inserted to the interface of two
one-dimensional photonic crystals (1D PCs). The two PCs are designed to have opposite
topological properties, and at the interface, topological edge modes exist. The edge modes
exist at both the fundamental frequency (FF) and the third harmonic (TH) frequency. This
double resonant structure will enhance the nonlinear responses of graphene greatly, including
Kerr nonlinearity and TH generation. We discuss these two kinds of nonlinearities both at
terahertz (THz) and near-infrared (NIR) frequencies. The influence of Kerr nonlinearity on the
resonant frequencies is considered, when we calculate the TH generation. At THz frequency,
low-threshold bistability (about 8MW/cm2) is obtained and the TH generation efficiency of 2.5%
is achieved with incident intensity of 10MW/cm2. At NIR frequency, the nonlinear conductivities
of graphene are about 7 orders lower. Bistability is unlikely to happen with incident intensity
below 1GW/cm2. The TH generation efficiency is only about 5×10−6 with incident intensity
of 25MW/cm2. The proposed structure is more suitable to work as a low-threshold saturable
absorber at NIR frequency. These results may be helpful both for a better understanding of
graphene’s nonlinear responses in a double resonant structure and for potential applications in
THz nonlinear devices and NIR nanophotonics.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Nonlinear optical effects, which occur with strong light illumination, are indispensable in modern
physics. Various phenomena and important applications arise with sufficiently high field strength
ranging from frequency conversion, all-optical signal processing to ultrafast switching [1].
However, optical nonlinearities of common materials are inherently weak. To allow significant
nonlinear responses to build up, usually bulky materials with enlarged interaction length and
intense light are used. Moreover, for frequency conversion, precise and cumbersome phase
matching techniques are always required to compensate for the momentum mismatch between
pump and generated signals. The inherently weak nonlinearities hinder the efficient light
manipulation at subwavelength scale and the applications in ultrafast compact optical devices
[2–4]. Resonant structures including metasurfaces [2], metal plasmonics [3] and dielectric
resonators [4] have been utilized to boost the nonlinearities at subwavelength scale. However,
materials with inherent large nonlinearity are always pursued in modern photonics.

Graphene, a two-dimensional crystal consisting of a single layer of carbon atoms, has attracted
great interests since it was discovered in 2004 [5]. Graphene is first known to have remarkable
electronic properties due to its massless Dirac fermions [6]. Soon after, its unique linear optical
responses are demonstrated both theoretically and experimentally [7,8], such as the universal
linear absorption of ∼2.3% at visible wavelengths [9], the highly confined and low loss plasmonics
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at infrared and terahertz frequencies [10], and the highly tunable linear surface conductivity
[11]. Meanwhile, it was theoretically predicted that the nonlinear electromagnetic response of
graphene is inherently strong due to its Dirac cone band structure [12]. Since then, a lot of efforts
have been paid to demonstrate its ultra-strong nonlinearities, including four-wave mixing [13–15],
second/third-harmonic generation [16–19], Kerr nonlinearity and nonlinear optical absorption
[20–22].

Though, graphene’s atomic thickness facilitates its applications in nanophotonics and no phase
matching technique is needed if light propagates perpendicularly to the graphene, such short
interaction length between graphene and light hinders its real applications. Covering graphene
on dielectric waveguides can enlarge the interaction length between light and graphene [15,22],
while phase matching is still required. Other resonant structures or mechanisms are also studied
where no phase matching is required, including graphene plasmonics [23–25], photonic crystals
[26,27], and simple Fabry-Perot (FP) cavity [28]. The enhanced nonlinear response originates
from the giant local field enhancement when the incident light is at the resonant frequency. So
far, the resonant enhancement of graphene’s nonlinearity has been demonstrated experimentally
in a FP cavity at NIR wavelength [28] and graphene plasmonics at THz frequency [24], over two
orders of enhancement was achieved. More delicate resonant structures were studied theoretically
to show much larger nonlinear enhancement, including double resonant graphene plasmonics
[23] and photonic crystals [26], where both the FF and TH fields are resonant with the structure.
However, in most theoretical studies, the nonlinearity of graphene is modeled simply by a third
order susceptibility χ(3) measured experimentally at a specific wavelengths, or a much simplified
nonlinear surface conductivity. According to the recent experimental results [18,19,22] and
theoretical predictions [29–31], the nonlinear responses of graphene are very complicated and
are influenced by many conditions, such as temperature, Fermi level, electron relaxation time,
nonlinear saturation, etc. In addition, in resonant structures, the large Kerr nonlinearity of
graphene may shift away the resonant frequency and lower the local field enhancement at the
desired frequency. All these effects should be carefully analyzed in theoretical studies to model
graphene’s nonlinearities correctly.

Recently, topological edge modes in one-dimensional (1D) PCs have attracted much attention,
due to its analogous to the 1D topological insulators in solid-state physics [32–34]. Apart from
its significance in fundamental physics, i.e. the topological description of interface states, it also
provides a systematic method to design 1D PCs with interface states appearing in the desired
photonic band gaps [32]. When the edge mode is excited, large field enhancement can be expected
at the interface. Especially, it has been demonstrated that the topological edge modes can be
designed to be resonant with both the FF and TH frequency [33], while the traditional defect state
in a 1D PC or equivalently described as a FP cavity state, can only be resonant with either the FF
or TH frequency [27]. In addition, the topological properties of the bulk 1D PC guarantees the
creation of edge modes which is robust for enhancing light-matter interaction.

In this work, we incorporate graphene into the interface of two 1D PCswith opposite topological
properties. By carefully designing the two 1D PCs, topological edge modes will appear at both the
FF and TH frequency, and very large enhancement of graphene’s nonlinearities can be achieved.
To model the graphene’s nonlinearities precisely, nonlinear surface conductivities derived by a
full quantum theory method are used [31]. However, this method is based on the perturbative
theory of density matrix. One should always carefully estimate the saturation intensity before
using these conductivities [30]. In addition, we also consider the influence of finite temperatures
according to [29], and realistic relaxation rates are used. To calculate the linear 1D PCs with
nonlinear graphene, a quite simple transfer-matrix method (TMM) is proposed. The previous
nonlinear TMM treat graphene as a traditional material with χ(3) [35] and is complicated. A
scattering-matrix method is also proposed in [25], which is also quite complicated, and treat
graphene as a surface current boundary. In addition, these methods can only work for frequency
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conversion, the Kerr nonlinearity and two-photon absorption can not be included. The TMM in
this work treat graphene as a nonlinear surface current boundary, which simplified the method
greatly. The phenomenon of Kerr nonlinearity, two-photon absorption and TH generation can be
solved precisely simultaneously. To guarantee the accuracy of our TMM, all the results in this
work are also calculated by the finite element method (FEM, Comsol Multiphysics).

In this study, we discuss the performance of the proposed structure both at THz and NIR
frequencies. From mid-infrared to THz frequencies, the nonlinear responses of highly doped
graphene are mainly attribute to the intra-band transition and scale with frequency by 1/ω3.
Thus, the nonlinear responses are inherently strong at THz frequency. We demonstrate that the
Kerr nonlinearity of graphene shifts the resonant frequency of the edge modes so much that
low-threshold bistability is achieved. Meanwhile, the tuning effect of Femi energy on the linear
response of graphene also influences the resonant frequency greatly. Combining these two effects,
the resonant frequencies of FF and TH modes are matched. Maximum TH generation efficiency
of more than 2% is achieved with incident intensities of several MW/cm2. At NIR wavelengths,
several resonant peaks of graphene’s nonlinear conductivities may appear at zero temperature
[31], corresponding to resonant transitions induced by one, two and three photon absorption in
graphene. However, at room temperature these resonant peaks are smeared out, and the nonlinear
conductivities of graphene are 7 orders lower than that at THz frequency. Nevertheless, using
the double resonant structure, maximum TH generation efficiency of 5×10−6 is achieved. We
believe the results will not only have potential applications in nonlinear THz devices and NIR
nanophotonics, but also deepen our understanding of graphene nonlinearities in double resonant
structures.

2. Theoretical models and methods

Firstly we will discuss the strategy of designing the topological edge modes shortly, and one can
find more details in Refs. [32–34]. As shown in Fig. 1(a), the red dashed rectangles mark the unit
cells of PC1 and PC2. According to [33], if the topological edge modes are expected to exist at
the odd photonic band gaps (in this work, the first and third band gap are chosen), we should first
design PC1 with opposite sign of surface impedance at the first and third band gap. Following
[33], we define αΛ = nAdA + nBdB, where nA and nB are the refractive indexes of the dielectric
layers, dA and dB are the thicknesses, Λ = dA + dB is the thickness of a unit cell and α is the
ratio of optical path length of a unit cell to its thickness. α is chosen so that 2/α = 1/nα + 1/nB,
which is derived from nαdα = nBdB, and nA<nα should be fulfilled [33]. Thus, we set nB = 1.46,
nA = 1.9, α= 1.665 and the thicknesses dA and dB can be derived by the above equations. For
consistency, we use the same nA and nB at both THz and NIR frequencies. At THz frequency,
layer B can be polymethylpentene (TPX), layer A can be SiO2, and the substrate is high-resistivity
silicon with ns = 3.415. At NIR wavelengths, layer B can be SiO2, layer A can be ZnO and the
substrate is silicon with ns = 3.49. Note that using other material parameters will not change our
results qualitatively, only α and Λ should be changed for a different design. In Fig. 1(b), we show
the band structure (black line) of PC1 defined as:

cos(qΛ) = cos kAdA cos kBdB −
1
2

(
zA

zB
+

zB

zA

)
sin kAdA sin kBdB, (1)

where ki = ωni/c, ni =
√
µiεi, zi =

√
µi/εi (i=A or B). In this figure, the wave vector and

frequency are all normalized by Λ. According to the method used in [32], we derive the Zak
phase of every band of PC1, marked by red ‘0’ and ‘π’. The sign of surface impedance of the nth
band gap can be derived as:

sgn[ζ (n)] = (−1)n(−1)l exp

(
i

n−1∑
m=0

θZakm

)
, (2)
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where l is the number of crossing points under the nth gap, θZakm is the Zak phase of the mth
band. For the case in Fig. 1(b), we mark every band gap by red rectangle if ζ (n)>0, and by blue
rectangle if ζ (n)<0. For PC1, ζ (1)>0 and ζ (3)<0. To obtain topological edge modes in both the
first and third band gaps, we should design PC2 to have opposite sign of the surface impedance.
Fortunately, the strategy is quite simple [33], all we need is to exchange layer A and layer B in
PC2, as shown in Fig. 1(a). In Fig. 1(c), we show the band structure (black lines) of PC2, which
is exactly the same as that of PC1. However, due to the opposite formation of a unit cell, PC2
have opposite Zak phases for every band comparing to PC1. The sign of surface impedance of
PC2 at the first and third band gap is just opposite to that of PC1. We can expect topological
edge modes to occur in these two gaps simultaneously. In Fig. 1(d), we show the reflectance
spectrum of the PC1-PC2 structure without graphene, we set N1=N2 = 7. Just as we expected, in
the first and third photonic band gaps, resonant edge modes exist appearing as reflectance dips.
Then if we incorporate graphene to the interface of PC1 and PC2, marked by black dashed line in
Fig. 1(a), resonant enhanced nonlinear responses can be expected.

Fig. 1. (a) Schematic diagram of the proposed structure in THz range. The band structure
of PC1 (b) and PC2 (c) with nA= 1.9, nB = 1.46, α= 1.665, the red strip represents band gap
with ζ>0, the blue strip represents gap with ζ<0. The Zak phase of each band is labeled in
red. (d) The reflectance spectrum of the PC1-PC2 structure, N1 =N2 = 7 and ns= 3.415.

Next, we introduce our TMM for completeness. This TMM is based on the well known linear
TMM of [36] where Gaussian units are used. We rewrite the matrix using SI units as follows:
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,

(3)
here only transverse magnetic (TM) polarization is shown, and to get transverse electric (TE)
results one just exchange E and H, ε and –µ, Z0 and 1/ Z0. In Eq. (3), a dielectric layer with
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thickness d and dielectric constant ε is considered. kz is the z component of the wave vector
in this dielectric, k0=ω/c is the vacuum wave vector, Z0 is the vacuum impedance, Hy and Ex
are the transverse magnetic and electric fields. This kind of TMM is based on the boundary
condition of continuous transverse fields, i.e. H0+

y = H0−
y and E0+

x = E0−
x if the interface locates at

z= 0. However if graphene exist at z= 0, the boundary condition should be modified by the linear
surface conductivity of graphene σl, i.e. H0−

y − H0+
y = σlE0+

x and E0+
x = E0−

x . We can define the
transfer matrix of graphene as:

H0−
y

E0−
x

 = Mg


H0+

y

E0+
x

 =

1 σl

0 1




H0+
y

E0+
x

 , (4)

this form of TMM is simpler than that of [37]. TMM in [37] is based on the forward and backward
propagating electric fields. In our TMM, the forward and backward fields are included in the
total transverse fields Hy and Ex. One can derive them easily using Maxwell equations, whenever
it is necessary. Then the total response of the layered structure in Fig. 1(a) can be described as:

Hy0

Ex0

 = (MdB/ 2MdAMdB/ 2)
N1Mg(MdA/ 2MdBMdA/ 2)

N2


Hys

Exs

 , (5)

where [Hy0,Ex0] is the total fields at the incident interface (including incident and reflected fields)
and [Hys,Exs] is the transmitted fields in the substrate. The reflectance and transmittance can
be derived according to [36]. When nonlinear response of graphene is considered, we need to
replace σl to its nonlinear form. In the following, the ways to calculate both the Kerr nonlinearity
(including two-photon absorption) and TH generation of graphene are discussed. The TH wave
is weak and its influence on FF wave is ignored, i.e. undepleted-pump approximation is used.

In this work, TM light is considered to normally incident on the left surface of PC1, as shown
in Fig. 1(a). Our method is also valid for oblique incidence. We assume the transmitted fields to
be Exs = T , Hys = (ωε0εs/kzs)T according to the Maxwell equation Ex = 1/(iωε0ε)∂Hy/∂z. We
set the location of graphene to be at z= 0. Then the field on the right of graphene is:

H0+
y

E0+
x

 = (MdA/ 2MdBMdA/ 2)
N2


(ωε0εs/kzs)T

T

 , (6)

We first consider the Kerr nonlinearity of graphene. With TM light, the only relevant nonlinear
conductivity of graphene is σ(3)xxxx(ω,ω,−ω) [31], rewrite as σ

(3)
K . Then the boundary condition

with nonlinear graphene is H0−
y − H0+

y = (σl + 3σ(3)K |E
0+
x |

2
)E0+

x , E0+
x = E0−

x . Note that 3σ(3)K is
due to the frequency permutation symmetry [31]. The matrix of graphene is:

Mg =


1 σl + 3σ(3)K |E

0+
x |

2

0 1

 , (7)

According to Eq. (5), the fields [Hy0,Ex0] at the incident plane can be calculated. The incident
fields and reflected fields can be derived by solving:

Hy0

Ex0

 =

(ωε0/kz0)Exi

Exi

 +

−(ωε0/kz0)Exr

Exr

 , (8)

where the light is incident from vacuum, Exi and Exr is the incident and reflected field respectively.
To sum up, the above procedure calculates the incident field by assuming a specific transmitted
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light field. For cases where the incident light intensity is fixed and the transmitted light is
unknown, we just assume a range of transmitted light intensities and search the one which can
derive the desired incident light intensity according to Eqs. (5) and (8). The intensity of the field
is defined as I = 2ncε0 |E |2 [1], where n is the refractive index.
After we get the electric field at the graphene E0−

x = E0+
x , we can calculate the TH fields as

follows. The TH generation associates with graphene’s nonlinear conductivityσ(3)xxxx(ω,ω,ω) [31],
rewrite as σ(3)TH . All the variables at the TH frequency (3ω) will be marked by tilde. For the TH
fields, no incident light exists, we can define the reflected and transmitted TH fields as H̃y0 = R̃,
Ẽx0 = −k̃z0/(ω̃ε0)R̃ and H̃ys = T̃ , Ẽxs = k̃zs/(ω̃ε0ε̃s)T̃ . The following equations are fulfilled
defining Ñ = (M̃dB/2M̃dAM̃dB/2)

−N1 , M̃ = (M̃dA/2M̃dBM̃dA/2)
N2 :


H̃0−

y

Ẽ0−
x

 = Ñ


H̃y0

Ẽx0

 =


Ñ11R̃−k̃z0
/
(ω̃ε0)Ñ12R̃

Ñ21R̃ − k̃z0
/
(ω̃ε0)Ñ22R̃

 = ÕR̃
H̃0+

y

Ẽ0+
x

 = M̃


H̃ys

Ẽxs

 =


M̃11T̃ + k̃zs
/
(ω̃ε0ε̃s)M̃12T̃

M̃21T̃ + k̃zs
/
(ω̃ε0ε̃s)M̃22T̃

 = P̃T̃

, (9)

where Ñij and M̃ij are the elements of Ñ and M̃. According to the boundary conditions with
graphene: 

Õ1

Õ2

 R̃ −


P̃1

P̃2

 T̃ =

σ̃lÕ2R̃ + σ(3)TH(E

0+
x )

3

0

 , (10)

E0+
x has been derived through Eq. (6), Õ, P̃ are calculated by the linear matrixes of Eq. (3) at 3ω

and finally the fields R̃ and T̃ can be calculated by Eq. (10). To conclude, our TMM can calculate
both the Kerr nonlinearity and TH generation of nonlinear graphene embed in linear layered
structures, and the appearance is much simpler than that of [35]. Our method is also valid for
other 2D materials like the edge state of topological insulator, MoS2, etc.

All the TMM results in this work are confirmed by the FEM, and we discuss the FEM shortly.
In the FEM, two frequency domain calculations are implemented corresponding to the FF and
TH frequency. The nonlinear graphene is modeled as surface current boundaries at both the
FF and TH frequency. At the FF, the surface current is Jx = σlEx + 3σ(3)K |Ex |

2Ex. At the TH
frequency, no incident light exists and the surface current is J̃x = σ̃lẼx + σ

(3)
THE3

x , note that the
variables with tilde are evaluated at 3ω and σ(3)THE3

x without tilde is the source term evaluated at
the FF. It is vital important that one should use small enough mesh size comparing both to the
fundamental and TH wavelengths, for example 1/100 of fundamental wavelength. Using a mesh
size 1/30 of fundamental wavelength can achieve correct results only for FF. However, the TH
generation may be incorrect because the mesh size is only 1/10 of the TH wavelength.

At the end of this section, we discuss the linear and nonlinear conductivities of graphene. For
the linear conductivity, we use the local-RPA model with finite temperature T [11,38]:

σl(ω) =
e2

π~2
i

(ω + iτ−1)

[
ET
F −

∫ ∞

0
dE

fE − f−E
1 − 4E2/[~2(ω + iτ−1)2]

]
, (11)

where EF is the Fermi energy, ET
F = EF + 2kBTlog(1 + e−EF/kBT ), and fE = 1/[1 + e(E−EF)/kBT ] is

the Fermi-Dirac distribution function. τ is the phenomenological relaxation time, vF ≈ 1×106m/s
is the Fermi velocity. From mid-infrared to THz frequency, τ = µEF/ev2F where µ is the impurity-
limited dc mobility, indicating that the linear loss of graphene is mainly attributed to impurities.
The reported maximum τ estimated from µ is about 0.5ps for graphene on a clean SiO2 substrate
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[39], while for low quality graphene grown by CVD method τ is only about 0.1ps [39]. Recently,
very high relaxation times over 1ps have been demonstrated using graphene/hBN hybrid structures
[40]. For photon energy higher than 0.2eV (λ<6.2µm), the relaxation-time reduces significantly
due to the electron-phonon coupling, usually around 0.1ps [41]. The nonlinear conductivities
of graphene are calculated according to the full quantum theory [31]. The expressions are
very complicated, so we do not list them in this work. We guarantee the correctness of the
conductivities by repeating all the figures in [31]. We will discuss these nonlinear conductivities
whenever it is necessary. However, the results in [31] were calculated at zero temperature. We
should extend them to finite temperature by [29]:

σ(3)(EF,T) =
1

kBT

∫ ∞

−∞

dxfx(1 − fx)σ(3)(x, 0), (12)

where fx = 1/[1 + e(x−EF)/kBT ], σ(3)(x, 0) is the conductivity at zero temperature and σ(3)(EF,T) is
the conductivity with finite temperature. In the following studies, room temperature of T = 300K
is assumed whenever one-photon absorption is prohibited.

3. Results and discussions

The reflectance in Fig. 1(d) is calculated with normalized frequency ωΛ/(2πc) or equivalently
Λ/λ, where λ is the wavelength. We can achieve the desired resonant wavelength of edge modes
according to Fig. 1(d). Firstly, we will show the performance of our structure in THz range.
The normalized frequency of the first edge mode is about Λ/λ ≈ 0.3, if λ = 100µm (3THz) we
should set Λ = 0.3λ = 30µm. The thicknesses of A and B layers can be calculated according to
αΛ = nAdA + nBdB and Λ = dA + dB. The linear responses of the edge modes without and with
graphene are shown in Fig. 2.
In Figs. 2(a) and 2(b), the reflectance around 3THz and 9THz are shown respectively. The

blue solid line is the result without graphene, and a large mismatch exists between the resonant
frequencies of two edge modes, for convenience these two resonant frequencies are denoted as fFF
and fTH . Themismatch between fFF and fTH /3 is due to the asymmetry of the dielectric environment
on the two sides of the interface. However, as we will show below this mismatch is beneficial for
the hybrid structure with graphene at THz frequency. In Figs. 2(a) and 2(b), the reflectance where
graphene has different Fermi levels is also shown and τ = 0.5ps is fixed. At THz frequency, the
interaction between graphene and light is much stronger than that of infrared or visible frequency.
The influence of graphene’s Fermi level on the resonant frequency of various structures has been
demonstrated extensively [38,39]. Here, with increased EF the resonant frequencies of both FF
and TH blue shift. At THz frequency, the linear conductivity of highly doped graphene can
be simplified to the traditional Drude type expression [38], σl(ω) = ie2EF/(π~2ω + iπ~2τ−1),
and finite temperature has no influence on it. σl is proportional to 1/ω, so the linear response
of graphene is expected to be much smaller around fTH . As expected, the blue shift of fTH in
Fig. 2(b) is much smaller than fFF . For EF larger than 0.4eV, 3fFF becomes larger than fTH . This
condition is necessary if the Kerr nonlinearity of graphene is considered, which will red shift fFF
and match fFF and fTH /3. In Figs. 2(c) and 2(d), we show the normalized electric field intensity at
fFF and fTH , where EF = 0.5eV is fixed. In Fig. 2(c), the results with fFF = 3.05THz, τ = 0.5ps or
0.25ps are shown. As expected, field intensity enhancement is achieved near the interface. When
τ is decreased by a half, the field intensity enhancement also reduces by about a half, showing
the significant influence of graphene’s impurities on the resonant enhanced fields. In Fig. 2(d),
the results with fTH = 9.07THz, τ = 0.5ps or 0.25ps are shown. The field intensity enhancement
is much larger than that in Fig. 2(c), and reducing the quality of graphene influences less on the
TH resonant field enhancement. We can expect that if fFF is matched with fTH/3, field intensity
enhancement will occur simultaneously at the FF and TH frequency. According to [42,43], the
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Fig. 2. (a) The reflectance spectra around fFF with varied EF . (b) The reflectance spectra
around fTH with varied EF. (c) The normalized electric field distribution with varied τ at
fFF = 3.05THz and EF = 0.5eV. (d) The normalized electric field distribution with varied τ
at fTH = 9.07THz and EF = 0.5eV.

TH generation can be estimated qualitatively by these linear fields:

Enl(3ω) ∝
∫
graphene

σ
(3)
THE3

x (ω)Ẽx(3ω)dS, (13)

where Enl(3ω) is the TH emission, Ex(ω) and Ẽx(3ω) are the linear fields of the fundamental
mode and the mode at the TH frequency. Equation (13) explains why TH generation in a double
resonant structure is much larger than that in a single resonant structure. For example, in Figs. 2(c)
and 2(d) for EF = 0.5 eV and τ = 0.5ps, the linear mode field Ex(ω) is enhance by a factor of about√
6, the linear mode field Ẽx(3ω) is enhance by a factor of about

√
30. Thus, the TH intensity

will be enhanced by a factor of 63 × 30 = 6480. Note that Eq. (13) is only for estimation, TMM
or FEM is always used to calculate the TH quantitatively.
In Fig. 3, the influence of graphene’s Kerr nonlinearity on the resonance at the FF is shown.

For the frequency interval considered here, σ(3)K is nearly constant. For convenience, we
transform σ

(3)
K to the bulk nonlinear third order susceptibility χ(3)K by χ(3)K = χ

(3);xxxx
K (ω,ω,−ω) =

3iσ(3)K /(ε0ωdgr) according to Eq. (67) in [29], where dgr= 0.34 nm is the thickness of graphene.
Note that the factor of 3 in the numerator is due to the frequency permutation symmetry, i.e
σ
(3)
xxxx(ω,ω,−ω) = σ

(3)
xxxx(ω,−ω,ω) = σ

(3)
xxxx(−ω,ω,ω) = σ

(3)
K . At f = 3THz, EF = 0.5 eV and

τ = 0.5ps we get χ(3)K = (6.84 × 10
−10 − 3.62 × 10−11i)m2/V2, the influence of temperature on

χ
(3)
K is negligible if EF is much larger than kBT ≈ 26meV. The positive real part of χ(3)K indicates

self-focusing type of Kerr nonlinearity, and the negative imaginary part indicates perturbative
saturable absorption. Strictly speaking, the saturable absorption is a nonperturbative nonlinear
phenomenon [44]. Nevertheless, we can estimate the real saturable field using the perturbative



Research Article Vol. 27, No. 22 / 28 October 2019 / Optics Express 32754

σ
(3)
K though Esat =

√
−Re(σl)/3Re(σ(3)K ) [30]. The perturbative σ

(3)
K can be used if the enhanced

electric field is smaller than Esat. At f = 3THz, EF = 0.5eV, τ = 0.5ps, the estimated saturation
intensity Isat ≈ 84MW/cm2. The influence on Kerr nonlinearity and saturation intensity is
negligible even if we decrease τ to 0.1ps. In Fig. 3(a), we show the influence of incident light
intensity I0 on the edge mode of FF. Obvious red shifts of fFF can be observed. At around
I0 = 8MW/cm2, the reflectance at 3THz drops suddenly, which is the indication of optical
bistability [45]. In Fig. 3(b), the reflectance at 3THz and EF = 0.5eV with varying incident
intensity and different τ is shown. For τ = 0.5ps low-threshold bistability appears as blue solid
line, the blue dashed line is calculated by FEM with increasing or decreasing I0. The upper
threshold where reflectance drops suddenly with increasing I0 is about 8MW/cm2, the lower
threshold where reflectance increase suddenly with decreasing I0 is about 5MW/cm2. When τ is
decreased to 0.35ps, these thresholds both are increased. If τ is around 0.25ps, the bistability
disappears. Figure 3(b) shows the significant influence of the graphene’s quality on its Kerr
nonlinear applications.

Fig. 3. (a) The reflectance spectra around 3THz with varied I0, EF = 0.5eV and τ = 0.5ps.
(b) The bistable reflectance with varying I0 and different τ at 3THz and EF = 0.5eV.

In Fig. 4, the TH generation is discussed. According to [31], σ(3)K at THz frequency is mainly
attribute to the intra-band transition, and scales with 1/ω3. Thus, the effect of graphene’s
Kerr nonlinearity on fTH can be ignored. In Fig. 4(a), the reflectance spectra with different I0
are shown, with EF = 0.5eV and τ = 0.5ps. The vertical red dash-dotted line marked the 1/3
of fTH = 9.07THz, which is constant with I0 considered in this figure. Similar to σ(3)K , σ(3)TH
is nearly constant in this frequency interval. And bulk nonlinear third order susceptibility is
χ
(3)
TH = χ

(3);xxxx
TH (ω,ω,ω) = iσ(3)TH/(3ε0ωdgr) [29]. At f = 3.023THz, |χ(3)TH | = 2.55 × 10−11m2/V

which is about 7 orders larger than that at NIR frequency [18,19]. In Fig. 4(a), with increased I0,
fFF red shifts due to graphene’s Kerr nonlinearity. At around I0 = 4MW/cm2, fFF approximates
fTH/3, and double resonant enhancement of TH generation can be expected. In Fig. 4(b), the
conversion efficient of the reflected TH field defined by η = I3ω/I0 is shown. As expected, when fFF
and fTH /3 are matched, large η is achieved. To be more specific, for I0 = 2MW/cm2 fFF and fTH /3
are not matched, η = 0.05% at fFF , and η is maximized to about 0.1% when frequency is between
fFF and fTH /3. For frequency far away from fFF or fTH /3, η is only about 10−7%. For non-resonant
frequencies, TH field is proportional to I3/20 , and η will be enhanced proportionally to I20 , we
call this kind of enhancement as intrinsic. The enhancement of η due to the double resonant is
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called extrinsic enhancement. When I0 is increased to 4MW/cm2, the intrinsic enhancement is
about 4 times. However, maximized η = 1.4% appears around fFF and fTH/3, which is 14 times
larger. When I0 = 6MW/cm2, though fFF seems to be away from fTH/3, combining the intrinsic
and extrinsic enhancement, at around fFF and fTH /3, maximum η = 2.4% is still achieved. When
I0 is further increased to 10MW/cm2, the efficiency reduction due to the mismatch of fFF and
fTH/3 and the intrinsic enhancement are balanced, maximum η = 2.5% is achieved. In Fig. 4(c),
the process discussed above is clearly shown by showing η with increasing I0, and cases with
different τ are shown. We fix f= fTH /3= 3.023THz, and EF = 0.5eV. The blue solid line show the
result with τ = 0.5ps. Clearly, η shows a saturation behavior, which is not due to the nonlinear
saturation of graphene (all the intensities here are well below the saturation field even considering
the local field enhancement at fFF). Below I0= 6MW/cm2, as I0 increases η increases quickly due
to the combined intrinsic and extrinsic enhancement. From 6 to 10MW/cm2, η is nearly constant
due to the balance between intrinsic enhancement and the reduction of extrinsic enhancement.
Above 10MW/cm2, η reduces very slowly due to the large mismatch between fFF and fTH/3.
When τ is reduced to 0.25ps, η is reduced by more than 2 times, this is mainly attributed to the
reduction of local field enhancement at fFF as shown in Fig. 2(c). When the quality of graphene
is very low and τ = 0.1ps, η is reduced significantly as shown by the black dash-dotted line, the
value of η is multiplied by 10 here. As can be seen, η is increased with increasing I0, and no
saturation effect appears. This indicates that the intrinsic enhancement of TH generation plays
the leading role when the graphene quality is low. η = 0.09% when I0 = 15MW/cm2, however
this is also 2 orders larger than that at non-resonant frequencies (not shown here).

Fig. 4. (a) The reflectance spectra around 3THz with varied I0, EF = 0.5eV and τ = 0.5ps,
the vertical red dash-dotted line corresponds to fTH /3. (b) The TH generation efficiency η
around 3THz with the same parameters in (a). (c) η with increasing I0 and EF = 0.5eV at
fFF = 3.023THz.

To conclude, when graphene’s quality is high, the limitation of even larger η is the mismatch
of fFF and fTH/3. If graphene’s quality is low, larger I0 will results in larger η, the limitation
then will be the saturation effects of graphene’s nonlinear conductivity σ(3)TH . The effects of the
nonlinear saturation on σ(3)TH is complicated and non-perturbative method should be used [30,44].
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This is out of the scope of this work, and I0 here is chosen to be smaller than the estimated
saturation intensity.
The above results are vailed for finite temperatures below T= 300K, where the influences

of T on both the linear and nonlinear responses of graphene are negligible. However, recent
experiments clarify strong effect of hot electrons on the graphene’s THz response [46,47]. Thus,
it is necessary to discuss the influence of higher electron temperatures on the graphene’s linear
and nonlinear THz responses. According to [18,48–50], higher incident intensities and higher
absorptance will result in higher electron temperature Te of the graphene. We can estimate Te as
follows [18]:

Te = T0 + τr
α

cv
F

∆t
(14)

where T0 = 300K is the lattice temperature, F (J ·m−2) and ∆t are the fluence and duration
of the incident light pulse, so that the incident intensity I0 = F/∆t. When the incident
pulse is off, Te relaxes towards T0 on a time scale τr = 100fs. α is the absorptance of the
structure and cv is the electronic heat capacity of the photoexcited graphene. According to
[18], cv(µ,Te) = π

2ν(EF)k2BTe/3, if kBTe � |µ| is fulfilled. Here ν(EF) = 2|EF |/[π(~vF)
2] is

the density of electronic states per unit area at the Femi energy. Note that the Femi energy EF
is the chemical potential µ at Te = 0K. For finite Te . TF, µ = EF[1 − π2T2

e /(6T2
F)], where

TF = EF/kB. However, the difference between EF and µ below 300K is negligible, we can safely
replace µ by EF at low temperatures. When Te is larger, we will always use µ instead of EF.

In Fig. 5, we show the influence of large Te on the results obtained before. Firstly, in Fig. 5(a),
we show the estimated Te with increasing I0 (blue solid line, left axis). The ratio of µ/EF is also
shown as a reference (red dashed line, right axis). The absorptance α is about 0.33, which is
obtained at fFF in Fig. 2(a) with EF = 0.5 eV, τ = 0.5ps. As we can see, with increased I0 from 0.1
to 15 MW/cm2, Te is increased from 300K to 1500K. Meanwhile, µ do not deviate EF much and
the influence of increased Te on the linear conductivity of graphene is small (not shown here).
For example, at Te = 1500K, the absolute value of graphene’s linear conductivity is reduced by
about 10%, which is proportional to the reduction of µ. In Fig. 5(b), we show the influence of
increased Te on the nonlinear susceptibilities of graphene. The |χ(3)K | (blue solid line, left axis)
and |χ(3)TH | (red dashed line, right axis) are shown respectively. We can see that both |χ(3)K | and
|χ
(3)
TH | are increased a little, about 30% at Te = 1500K. In Fig. 5(c), we show the influence of Te

on η, the other parameters remain the same as that in Fig. 4(c). As can be seen, the influence of
higher Te is not significant. When I0 < 5MW/cm2, η seems to be larger with higher Te, however,
according to Fig. 5(a), Te may not be larger than 1000K with I0 < 5MW/cm2. To summarize, the
influence of hot electrons on the nonlinear responses of our structure in the THz range is not
significant, and the results we obtained with low temperature are not violated qualitatively.
We note that in [46], a very large |χ(3)TH | is predicted, which is ∼10−9m2/V, considering the

large thermal responses of graphene at THz frequencies. This is two orders larger than that
predicted by the perturbative theory. The conversion efficiency is about 4× 10−6 for the graphene
on a SiO2 substrate, the incident intensities are about 1-20MW/cm2 [46]. In our structure, η is
still 2∼3 orders larger even with 2 orders lower |χ(3)TH |, which suggests giant enhancement factor.
The above results are obtained at THz frequency. When frequency increases, the linear

conductivity of graphene scales with 1/ω before inter-band transition plays a role. Thus, the linear
response of graphene is expected to be much weaker at NIR frequency than that at THz frequency.
And the shift of resonant frequency is much smaller when EF is varied at NIR frequency [38,39].
According to Figs. 2(a) and 2(b), without graphene fFF and fTH /3 of the structure in Fig. 1(a) have
a large mismatch at THz frequency. Note that we can achieve totally the same linear response
at NIR frequency by only scaling down Λ according to Λ/λ= 0.3. The large mismatch can be
eliminated by the effects of EF and I0 at THz frequency. However, as we will see, the influence of
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Fig. 5. (a) The electron temperature Te (blue solid line, left axis) and the ratio of µ/EF
(red dashed line, right axis) with varied I0. (b) The |χ

(3)
K | (blue solid line, left axis) and

|χ
(3)
TH | (red dashed line, right axis) with varied Te. (c) η with increasing I0 and different Te,

EF = 0.5 eV, τ = 0.5ps, and fFF = 3.023THz.

EF and I0 on the fFF and fTH is much smaller at NIR frequency. We need to reduce this mismatch
by modifying the structure in Fig. 1(a). After our investigation, the structure in Fig. 6(a) fulfilled
the demand. Comparing the structure in Fig. 6(a) to that in Fig. 1(a), the unit cell of PC1’ is
shifted toward positive z by dB/2 and the unit cell of PC2’ is shifted toward positive z by dA/2.
Around the new interface between PC1’ and PC2’, the dielectric environment is symmetric. This
kind of interface state has also been used as topological edge modes [34], because PC1 (PC2)
and PC1’ (PC2) is equivalent indeed if we ignore how these PCs are truncated at the interface of
z= 0. In this new structure, fFF and fTH/3 are matched before graphene is inserted.
The reason why we did not use this symmetric structure at THz frequency is that, at THz

frequency, the blue shift of fFF induced by EF is significant. Using EF = 0.05eV in the PC1’-PC2’
structure at THz frequency will cause similar mismatch comparing to EF = 0.5eV in PC1-PC2
structure. If we use EF = 0.05eV and the PC1’-PC2’ structure at THz frequency, the nonlinear
saturation effect will be significant and the influence of finite temperature is also vital. The
saturation intensity will reduce to 30kW/cm2 due to the combined effect of low Fermi energy
and finite temperature. I0 of several kW/cm2 should be used for the calculations, and the TH
generation efficiency is much lower than that in Fig. 4. We note in [31], very large TH generation
efficiency is predicted at 3THz even for suspended graphene with very low EF (about 0.012eV
according to EF = ~vF

√
πng) and I0 = 1MW/cm2. However, for such low EF, the saturation

intensity will be much lower and the perturbative nonlinear conductivities will not be valid for
incident light intensity of 1MW/cm2.

For the PC1’-PC2’ structure shown in Fig. 6(a), the nA, nB and α remain unchanged. To make
the resonant wavelength of the fundamental edge mode (λFF) at 1.55µm, Λ/λFF = 0.3028 is set.
To further enhance the local field enhancement at the interface, we set N1= 7 and N2 = 14. In
Fig. 6(b), we show the linear reflectance spectra at NIR wavelength. At NIR wavelength, the
relaxation time τ is mainly limited by the coupling of electrons and phonons [41], τ = 0.1ps
is fixed for the results below. As shown in Fig. 6(b), even for EF = 0.5eV, λFF is not shifted
obviously. For EF = 0.8eV, λFF is blue shifted by only about 2nm. Meanwhile, the resonant
wavelength of the TH edge mode (λTH) is not shifted by the EF and we mark the wavelength of
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Fig. 6. (a) Schematic diagram of the proposed structure in NIR range. (b) The lin-
ear reflectance spectra with varied EF , the vertical red dash-dotted line corresponds to
3λTH = 1.55µm. (c) The normalized electric field distribution with EF = 0.5 eV and τ = 0.1ps
at λFF = 1.55µm. (d) The normalized electric field distribution with EF = 0.5 eV and
τ = 0.1ps at λTH = 0.517µm.

3λTH by the vertical red dash-dotted line. In Figs. 6(c) and 6(d), the normalized electric fields are
shown at λFF and λTH respectively. Comparing to Fig. 2, the field enhancement is much larger.

In Fig. 7(a), we show the nonlinear susceptibility χ(3)K at 1.55µm (~ω= 0.8eV) with varying EF
and τ = 0.1ps. If 2EF ≤ 0.8eV, one-photon absorption occurs, the saturation intensity of graphene
due to the inter-band transition is very low, about only 10MW/cm2 [44]. On the contrary, the
saturation intensity of graphene due to intra-band transition is very high, about 100GW/cm2 is
obtained at EF = 0.8eV [44]. In addition, according to [31], at EF = 0.8eV two-photon absorption
occurs, a resonant peak of Re(σ(3)K ) exists. Thus, in Fig. 7(a) χ

(3)
K with EF larger than 0.5eV is

shown, the results with zero temperature and T= 300K are shown. As expected, with T= 0 a
resonant peak exists at EF = 0.8eV. However, this peak is smeared out by the finite temperature
effect. Nevertheless, several times larger χ(3)K = 7.05 × 10−17 + 4.71 × 10−17m2/V2 can still
be obtained at EF = 0.8eV. Note that at EF = 0.8eV, Im(χ(3)K ) is positive indicating two-photon
absorption process. Comparing to χ

(3)
K at THz range, here χ

(3)
K is 7 orders smaller. Even

considering much higher field intensity enhancement in Fig. 6(c), which is 2 orders larger, the
Kerr nonlinearity response at 1.55µm can be expected to be about 5 orders lower than that in
Fig. 3. In addition, the relaxation time τ is low even for high quality graphene at 1.55µm due
to the phonon effect. Kerr nonlinear applications such as bistability are not likely to happen at
NIR wavelength. On the contrary, for low doping levels of graphene (2EF ≤ 0.8eV), one-photon
absorption is allowed at NIR wavelength, graphene has been demonstrated to be a fast saturable
absorber with low saturation intensity in a wide frequency range [7,8,44]. In Fig. 7(b), the
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reflectance spectra with different I0 are shown, and EF = 0.8eV. Considering the saturation
intensity is about 100GW/cm2 and the field enhancement at the interface is about 100 times,
the maximum I0 is chosen to be 1GW/cm2. Even for I0 = 1GW/cm2, the red shift of λFF is not
significant. Nevertheless, the small red shift due to the Kerr nonlinearity may compensate the
small blue shift due to large EF.

Fig. 7. (a) Graphene’s Kerr nonlinear susceptibility χ(3)K at 1.55µm with varying EF and
τ = 0.1ps. (b) The nonlinear reflectance spectra with different I0, EF = 0.8eV and τ = 0.1ps.

In Fig. 8, the TH generation at NIR wavelength is shown. We show the value of |χ(3)TH | with
varying EF at 1.55µm in Fig. 8(a). Two resonant peaks can be seen for |χ(3)TH | with zero temperature,
corresponding to two and three photon absorption. However the two peaks are smeared out by
finite temperature effect. With T= 300, |χ(3)TH | is around 7×10

−18m2/V2 for EF = 0.8eV which is
on the same order with recent experiments [18,19]. In Fig. 8(b), the TH generation efficient η
is shown with varying wavelengths and different I0. The maximum η = 1.17% is obtained with
I0= 1GW/cm2 at 1.55µm. In Fig. 8(c), η with varying I0 at 1.55µm is shown. η increases nearly
linearly with increasing I0, according to Fig. 7(b) and Fig. 8(b), both the intrinsic and extrinsic
enhancement play vital roles. The influence of reducing τ to 0.05ps is negligible, the maximum
η = 1.07% is obtained with I0= 1GW/cm2. For intensity larger than 1GW/cm2, the nonlinearity
is probable influenced by saturation effect considering the large local intensity enhancement of
about 100 times.
Similar to the THz case, the above results for NIR wavelengths are valid only for T = 300K.

The intense incident light used above can result in large electron temperature Te and its effects
on the graphene’s responses are shown in Fig. 9. In Fig. 9(a), we show the estimated Te with
increasing I0 (blue solid line, left axis), according to Eq. (14). The ratio of µ/EF is shown as
a reference (red dashed line, right axis). The absorptance α is about 0.03, which is obtained
at λFF with EF = 0.8 eV, τ = 0.1ps. As we can see, with I0 increased from 1 to 500 MW/cm2,
Te is increased from 300K to 1900K. Meanwhile, µ do not deviate EF much. The influence
of increased Te on the linear conductivity of graphene is a little larger than that of µ/EF. At
Te = 1900K, the absolute value of graphene’s linear conductivity is reduced by about 17%, and
µ is reduced by only about 7%. In Fig. 9(b), we show the influence of increased Te on the
nonlinear susceptibilities of graphene. The imaginary part of χ(3)K (blue solid line, left axis)
and |χ(3)TH | (red dashed line, right axis) are shown respectively. The influence of larger Te on
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Fig. 8. (a) Graphene’s TH nonlinear susceptibility χ
(3)
TH at 1.55µm with varying EF and

τ = 0.1ps. (b) The TH generation efficiency η with different I0, EF = 0.8eV and τ = 0.1ps.
(c) η with increasing I0 at 1.55µm.

Im(χ(3)K ) is significant, which is entirely different from the case at THz frequency. For Te <

500K, Im(χ(3)K )>0 indicates the two-photon absorption, and the saturation intensity is very large
[44]. However, for Te > 500K, Im(χ(3)K )<0 which indicates low saturation intensities. In the
inset of Fig. 9(b), we show the enlarged curve around Te = 500K. The −Im(χ(3)K ) is increased
by about two orders from 550K to 1000K. We can estimate the saturation intensity as before.
At Te = 550K, the saturation intensity is about 2.5GW/cm2. As Te increased to 700K, the
saturation intensity is about 250MW/cm2. For Te = 1000K, the saturation intensity is only about
50MW/cm2. Considering that the intensity enhancement in Fig. 6(c) is ∼80, we should limit
I0 < 30MW/cm2 for Te = 550K. Meanwhile, according to Fig. 9(a), for I0 < 25MW/cm2, Te is
smaller than 550K. Thus, we limit I0 below 25MW/cm2. If larger I0 is used as before, Te will
be larger, the nonlinear responses will be saturate and the perturbative theory may be failed.
In Fig. 9(b), we can see that |χ(3)TH | decreases with increased Te, just as demonstrated by the
experiments [48] for highly doped graphene. In Fig. 9(c) we show the influence of Te on η, the
other parameters remain the same as that in Fig. 8(c). For larger Te, |χ(3)TH | is decreased and η is
decreased accordingly.

To summarize, the influence of hot electrons on the nonlinear responses of our structure at NIR
wavelength is significant. Higher Te will result in lower saturation intensities and the incident
intensity is limited. The maximum η is only about 5× 10−6 with I0 = 25MW/cm2 and Te = 550K.
At NIR wavelength, the main limitation on the TH generation of graphene in the double resonant
structure, is the inherently small third order conductivities of graphene, which is 7 orders lower
than that at THz frequencies. Meanwhile, the proposed structure may work as a low-threshold
saturable absorber for large Te.
To highlight the enhancement of TH intensity arising from the double resonant structure, we

compare η at NIR wavelength with those experimental results. In [15], graphene was covered
on SiN waveguides and η is about 10−6, which is on the same order as our results. However,
the length of the waveguide is 100µm, about 10 times of our structure. In [17], for a few-layer
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Fig. 9. (a) The electron temperature Te (blue solid line, left axis) and the ratio of µ/EF (red
dashed line, right axis) with varied I0. (b) The Im(χ

(3)
K ) (blue solid line, left axis) and |χ

(3)
TH |

(red dashed line, right axis) with varied Te. The inset is the enlarged curve near 500K. (c) η
with increasing I0 and different Te, EF = 0.8 eV, τ = 0.1ps, and λFF = 1.55µm.

graphene, η is only about 10−10, though very intense incident light (2GW/cm2) was used. In
[18], a single layer graphene on a SiO2 substrate was studied, η is only about 10−12 and I0 is
about 240MW/cm2. In [28], TH intensity of graphene is enhanced by a FP cavity structure, the
enhancement is about 117-fold. In our structure, the enhancement factor can be estimated by
Eq. (13). In Figs. 6(c) and 6(d), the linear mode intensity at λFF and λTH are both enhanced by
about 100 times, thus the TH intensity will be enhanced by about 108. Similar enhancement
factor have also been predicted theoretically in a 2D photonic crystals [26].

4. Conclusion

In conclusion, in this work we insert graphene to the interface of two PCs with opposite topological
properties. By carefully designing the two PCs, topological edge modes appear at both the
FF and TH frequency. Strong nonlinear responses are demonstrated in the double resonant
structure both at THz and NIR range. The Kerr nonlinearity and TH generation are studied as
examples of potential applications of our structure. At THz frequency, the linear and nonlinear
conductivities of graphene are inherently large. Increasing EF will blue shifts the resonant
frequency, while increasing I0 will cause red shifts. After the two effects are balanced, TH
conversion efficiency about 2.5% can be achieved with I0 = 10MW/cm2. At NIR wavelength, the
nonlinear conductivities are about 7 orders smaller than those at THz frequency. Meanwhile, high
electron temperature will result in low saturation intensities and the incident intensity is limited.
The maximum η is only about 5 × 10−6 with I0 = 25MW/cm2 and Te = 550K. The structure is
more suitable to work as a low-threshold saturable absorber for large incident intensities and large
electron temperatures. In the work, all the incident intensities are chosen carefully to be below
the saturation intensity, and finite temperature effect is always considered. We believe the results
will have potential applications for nonlinear THz devices and nanophotonics at NIR wavelength.
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