
Nature  |  Vol 598  |  7 October 2021  |  59

Article

Topological complex-energy braiding of 
non-Hermitian bands

Kai Wang1, Avik Dutt1, Charles C. Wojcik1 & Shanhui Fan1 ✉

Effects connected with the mathematical theory of knots1 emerge in many areas  
of science, from physics2,3 to biology4. Recent theoretical work discovered that the 
braid group characterizes the topology of non-Hermitian periodic systems5, where 
the complex band energies can braid in momentum space. However, such braids of 
complex-energy bands have not been realized or controlled experimentally. Here,  
we introduce a tight-binding lattice model that can achieve arbitrary elements in  
the braid group of two strands 𝔹2. We experimentally demonstrate such topological 
complex-energy braiding of non-Hermitian bands in a synthetic dimension6,7. Our 
experiments utilize frequency modes in two coupled ring resonators, one of which 
undergoes simultaneous phase and amplitude modulation. We observe a wide  
variety of two-band braiding structures that constitute representative instances  
of links and knots, including the unlink, the unknot, the Hopf link and the trefoil. We 
also show that the handedness of braids can be changed. Our results provide a direct 
demonstration of the braid-group characterization of non-Hermitian topology and 
open a pathway for designing and realizing topologically robust phases in open 
classical and quantum systems.

There are deep connections between the mathematics of knots and 
fundamental physics. Knots exhibit a highly complex set of topologi-
cal invariants8. Therefore, a physical field with knot configurations is 
endowed with a rich and diverse class of topologically stable behav-
iours. This observation has long motivated efforts to explore the physi-
cal consequences of the topology associated with knots, from Lord 
Kelvin’s vortex atom hypothesis more than 100 years ago9 to recent 
research in areas such as photonics2,3,10,11, condensed matter physics12–15 
and high-energy physics16.

Very recently, it was noted that the energy bands of one-dimensional 
non-Hermitian systems form braids, which are intimately related to knots8, 
and the conjugacy classes of the braid groups classify the topology of such 
bands5,17. Non-Hermitian theory describes open systems such as photonic 
structures with gain and/or loss18–23, or quasi-particles with finite lifetimes 
in condensed matter24,25. Developing an understanding of the topology 
of energy bands in non-Hermitian systems is vital in creating open quan-
tum and classical systems that are topologically robust. The braid-group 
classification highlights unique aspects of band structures induced by 
non-Hermiticity5,17,26. Moreover, the highly intricate nature of the braid 
groups indicates significant potential for exploring and exploiting a large 
number of distinct topological effects in non-Hermitian systems.

As an important step towards realizing such potentials, we intro-
duce an approach to construct non-Hermitian models that can 
achieve the entire two-strand braid group 𝔹2. Using this approach, 
we provide the first experimental observation of non-Hermitian 
energy band structures exhibiting non-trivial knots and links. Our 
experimental demonstration makes use of the concept of synthetic 
dimensions6,7,27,28, as we implement several non-Hermitian lattice 
Hamiltonians in a frequency synthetic dimension23,29–36 using two 

coupled optical ring resonators, with one undergoing simultaneous 
phase and amplitude modulations.

A fundamentally distinct feature of non-Hermitian systems is their 
complex-valued eigenenergies. For one-dimensional periodic non-
Hermitian Hamiltonians, as the momentum k is restricted to the first 
Brillouin zone (0, 2π), each energy band, as described by a momentum 
(k)-dependent complex energy E(k), can be regarded as a strand of a braid 
in the (Re(E), Im(E), k)-space (this three-dimensional space is denoted 
as the E–k space below)5,17. Moreover, as the momenta at the two ends 
of the Brilliouin zone are equivalent, the two ends of the braids can be 
identified, which closes the braids to form knots or links. Thus, in general, 
one-dimensional non-Hermitian band structures can be described by 
knots or links. Achieving topologically different band structures then 
corresponds to creating different knots or links in the E–k space.

To obtain a specific knot or link by closing a braid, there exists a 
minimum necessary number of strands in the braid, known as the 
braid index8. Given that all knots and links other than the unknot have 
a braid index larger than one, a single band can only form an unknot 
(see Supplementary Information, section 1B, for details). Thereby, 
the topology associated with a single band is limited. The topological 
invariant of a single band has to be defined in regard to the winding 
around a reference energy23,37,38. By contrast, the topological invariants 
of N bands are the braid group 𝔹N, which is defined without the need of 
a reference energy, and becomes non-trivial for N > 1 (ref. 5).

Specific theoretical models that can realize limited numbers of 
two-band complex-energy braiding have been proposed39,40. Here, 
we experimentally demonstrate a tight-binding lattice model that 
can realize arbitrary times of braiding with two energy bands.  
The Hamiltonian we construct is in the form:
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of the n-th lattice site in sublattices a and b, respectively. The param-
eters κ, g, C ± Δ ∈ ℝ denote coupling constants, and γ > 0 represents 
the additional loss rate in sublattice a in excess of the loss rate in sub-
lattice b (we note that a globally uniform loss rate does not affect the 
topology of the bands and is omitted from equation (1)). Such a model 
has nearest-neighbour coupling as well as coupling between the m-th 
neighbours within sublattice a. Each lattice site on sublattice a in addi-
tion couples to a site on sublattice b. There is no coupling between the 
sites on sublattice b (Fig. 1a,d). With a judicious choice of parameters, 
energy bands E± (k) for the Hamiltonian of equation (1) can satisfy the 
separable band condition40 (that is, E+ (k) ≠ E− (k) for all k). The topology 
of two such separable energy bands is classified by the braid group 𝔹2. 
To determine the element in 𝔹2 associated with a specific two-band 
model, as 𝔹2 is isomorphic to the group of integers ℤ, we define an 
integer topological invariant, namely the degree of a two-strand braid,
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where Hk
m( ) is the k-space representation of the Hamiltonian H(m) in 

equation (1). This braid degree describes how many times the two bands 
braid in the E–k space as k varies from 0 to 2π, with the sign of v indicat-
ing the handedness of the braid. Different from the winding numbers 
defined in the point-gap topology for non-Hermitian Hamiltoni-
ans37,38,41, the braid degree given in equation (2) does not involve any 
choice of reference energy. This topological invariant is closely related 
to the vorticity defined for separable bands40.

To understand the behaviour of the Hamiltonian in equation (1), 
we start with a simple example in which we sketch the lattice model 
having m = 1 (Fig. 1a). In this case, within sublattice a there is only 
nearest-neighbour coupling. Hence, without loss of generality we 
can take κ = 0, and the couplings within sublattice a are C ± Δ. The 
k-space Hamiltonian in this case can be written into a 2 × 2 matrix 
form,
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Fig. 1 | Braiding of two non-Hermitian bands. a, Sketch of two-band lattice 
model with m = 1. b,c, Top, two examples of complex band-energy braiding in 
the (Re(E), Im(E), k)-space for the lattice model in a with a specific choice of 
parameters, and the dotted curves are projections of the bands in the k = 0 
plane. Middle, corresponding braid diagrams with braid closures by the grey 

lines. Bottom, corresponding knot diagrams. d, Sketch of two-band lattice 
model with m = 2 (curved solid arrows show second-order coupling) and m = 3 
(curved dashed arrows show third-order coupling). e,f, Same as b,c, but for the 
model sketched in d in the cases of m = 2 (e) and m = 3 (f) for specific choices of 
parameters.
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Depending on the choice of parameters, the two band energies can 
either braid into two separate loops (Fig. 1b) or one loop (Fig. 1c). In the 
example shown (Fig. 1b, top), we take Δ = 0.15, C/Δ = 2.1, γ/Δ = 8, g/Δ = 6. 
The two complex-energy bands (denoted by strands with different 
colours) do not braid around each other. This case can be represented 
by a braid diagram (as shown in Fig. 1b, middle); the braid degree v = 0. 
The identification of the ends of each strands at k = 0 and k = 2π results 
in two separate loops, or an unlink (as shown in Fig. 1b, bottom). By 
contrast, changing g/Δ to 4.3 while keeping the other parameters fixed 
yields a system with two bands that braid around each other after a 
2π variation of k with the braid degree v = 1 (Fig. 1c, top). This braid 
can be represented by the length-one braid word σ (Fig. 1c, middle)), 
where σ is a transposition generating the two-strand braid group 𝔹2. The 
resulting knot is a single loop, which corresponds to an unknot (Fig. 1c,  
bottom).

To obtain more complex braids with |v| > 1 that correspond to more 
complex knots and links, we use long-range couplings as described by m 
> 1 in equation (1) (Fig. 1d). In Fig. 1e we show an example with the Hamil-
tonian H(m=2) taking the parameters Δ = 0.15, κ/Δ = 0.04, C/Δ = 2.1, γ/Δ = 8, 
g/Δ = 4.3. The two bands braid around each other twice as k varies from 
0 to 2π (Fig. 1e, top), hence the braid degree v = 2. The resulting braid 
is described by the braid word σ2 (Fig. 1e, middle), which corresponds 
to a Hopf link (Fig. 1e, bottom). In Fig. 1f we show an example with 
the Hamiltonian H(m=3) having the parameters Δ = −0.15, κ/Δ = −0.04, 
C/Δ = −2.1, γ/Δ = −8, g/Δ = −4.3, where the braid degree v = −3 and the 
braid word becomes σ−3, forming a non-trivial knot called the trefoil. In 
general, with a judicious choice of parameters, the Hamiltonian H(m) in 
equation (1) can realize a braid with a braid word σm or σ−m (see Supple-
mentary Information, section 1A, for further details). This Hamiltonian 
can therefore realize the entire two-strand braid group 𝔹2. Here, the 
signs in the exponent of the braid words denote either a right-handed 
or a left-handed braid. When m is even, such a braid corresponds to a 

link, which consists of two disconnected loops. When m is odd, such a 
braid corresponds to a knot that is a single connected loop.

We now experimentally demonstrate the lattice model given in 
equation (1) in a frequency synthetic dimension. In Fig. 2a we show a 
schematic of the experimental setup that involves two fibre optical ring 
resonators (a and b) having the same free spectral range Ω. We use the 
frequency modes in the two resonators in the absence of modulation 
to represent the lattice sites in the model of equation (1) (Fig. 2b, left). 
Resonator a contains a phase and an amplitude electro-optic modulator 
to implement the couplings among lattice sites in sublattice a; resona-
tor b is not modulated. The coupling between the two resonators is 
mediated by a fibre beam splitter (BS2). Continuous-wave laser light is 
injected into resonator a via another beam splitter (BS1 of Fig. 2a), with 
a tunable detuning δω with respect to a resonance frequency ωn (Fig. 2b, 
right). To extract the complex band structure, we measure a time- and 
detuning-dependent transmission signal s(k, δω) from the output port 
shown in Fig. 2a, where k is essentially time. For more experimental 
details, see Methods and Supplementary Information, section 2.

As an illustrative example (Fig. 2c, top), we show one representa-
tive s(k, δω) obtained in an experimental measurement implementing 
the lattice model shown in Fig. 1a with the parameters C = 0.058 Ω, 
Δ = −0.025 Ω, g = 0.087 Ω, and γ = 0.134 Ω. The theoretically predicted 
s(k, δω) for such parameters are also plotted (Fig. 2c, bottom). For this 
example, the deduced band energies are shown as dots (Fig. 2d), and 
these agree with theoretical predictions (curves). In Fig. 2e, we plot 
these data in the E–k space, accompanied by a corresponding braid 
diagram with the braid word σ−1. The two bands braid around each 
other once with a left handedness, and v = −1.

The two-band braids we have implemented are related to the topology 
of Riemann surfaces in the vicinity of an exceptional point. Generalizing 
the k-space Hamiltonian k

(1)H  = (2C cos k + i2Δ sin k − iγ)(σz + I2)/2 + gσx of 
equation (3), we can define H(1)(α, β) = (2Cα + i2Δβ − iγ)(σz + I2)/2 + gσx, 
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Fig. 2 | Realization of two-band complex-energy braids in a frequency 
synthetic dimension. a, Conceptual sketch of the experimental realization 
using frequency modes in two coupled ring resonators. b, Discrete frequencies 
in the two resonators (left) in the absence of modulation and (right) in 
the presence of an example modulation. The input laser frequency ω = ωn + δω 
is detuned by δω from a certain resonance frequency ωn. c, An example of a 

transmission signal s(k, δω) versus δω and k measured in the experiment (top) 
and the corresponding theoretical predictions (bottom). d, Extracted real and 
imaginary band energies from c (top), where dots denote experimental data 
and curves are theoretical predictions. Error bars represent 95% confidence 
intervals in the data extraction based on fitting. e, Plot of the complex bands of 
d in the E–k space, accompanied by the corresponding braid diagram.
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where the first Brillouin zone corresponds to a unit circle α2 + β2 = 1 in 
the (α, β) space. Here, σx and σz are Pauli matrices. The eigenvalues of 
H(1)(α, β) (that is, E+ (α, β) and E− (α, β)) define two Riemann sheets of the 
map from the (α, β)-plane to the complex E-plane. H(1)(α, β) exhibits two 
exceptional points at P± = (0, γ/2Δ ± g/Δ). The non-trivial braiding of the 
two bands E+ (k) and E− (k) is closely related to the enclosure of an excep-
tional point of H(1)(α, β) by the unit circle. As one example, if the model 
in Fig. 1a with m = 1 takes the parameters C = 0.024 Ω, Δ = 0.010 Ω, 
g = 0.087 Ω, γ = 0.134 Ω, the E ± (α, β) trajectories on the Riemann surface 
with (α, β) on the unit circle are shown in Fig. 3a as yellow curves. In this 
case, both exceptional points at P+ = (0, 15.4) and P− = (0, −2) are outside 
the loop, and hence the two bands do not braid, as can be seen in the 
measurement of the experimentally realized Hamiltonian in Fig. 3c,e,g. 
The braid degree v = 0, and closing the braid forms an unlink. By contrast, 
by changing the values of C and Δ to C = 0.058 Ω, Δ = 0.025 Ω (as shown 
in Fig. 3b), one of the exceptional points is moved inside the loop, at 
P− = (0,  −0.8). The measured complex band structure exhibits a 
non-trivial braid (Fig. 3d,f,h), with a braid degree v = 1. Closing the braid 
forms an unknot. Here the non-trivial braid arises, as moving along a 
circle around an exceptional point results in the exchange of the eigen-
values of the 2 × 2 matrix H(1)(α, β). Note that the case shown in Fig. 3d,f,h 
has similar parameters as those used in Fig. 2c,d,e, except for a sign 
difference in Δ. The sign difference leads to a difference in the handed-
ness of the braids.

Now we present experimental examples with observed braids that 
form a non-trivial link and knot. We experimentally realize the lattice 
model as sketched in Fig. 1d for m = 2 with the parameters κ = 0.005 Ω, 
C = 0.052 Ω, Δ = −0.025 Ω, g = 0.087 Ω, γ = 0.134 Ω. The two bands braid 
around each other twice with a left handedness, as shown with the 
experimental measurements in Fig. 4a,c, giving rise to a braid degree 

v = −2 and a Hopf link. Then, by keeping all parameters the same as above 
but choosing m = 3, and also flipping the sign of Δ (that is, Δ = 0.025 Ω), 
we can experimentally create two bands that braid three times with a 
braid degree v = 3, forming a trefoil (Fig. 4b,d). In general, more com-
plex braids can be achieved with the use of larger m that results in a 
longer range coupling along the sublattice a in the Hamiltonian of equa-
tion (1) (further experimental results are provided in the Supplementary 
Information, section 3).

The braid group topology that we demonstrate for the bulk system 
has direct consequences manifested in the corresponding edge state 
spectrum. To illustrate this, we provide a detailed calculation of the 
edge-state spectrum for our two-band model in the Supplementary 
Information, section 1C. For a semi-infinite system, we show that for a 
braid degree |v| > 0, there is always a region in the energy space where 
the number of localized states is equal to |v|, and moreover, this region 
always contains an exceptional point of the energy spectrum. For a large 
finite lattice truncated by open boundary conditions, if the Bloch bands 
form a non-trivial braid with |v| > 0, the spectrum of such a finite lattice 
forms branches (Supplementary Fig. 6), and the number of branches 
is equal to the braid degree |v|. Although the results here are for our 
specific models, we believe that these observations can be proven 
more generally using the mathematical tools previously developed for 
studying the edge-state behaviours of systems exhibiting non-trivial 
point-gap topology37,38,41.

To summarize, we have experimentally demonstrated non-trivial 
braids of two non-Hermitian bands in their complex band energies, 
as characterized by the braid group 𝔹2. By adding more resonators29,30 
or using extra degrees of freedom33,42, such an experimental scheme 
can be used to achieve 𝔹N group for N > 2, which should exhibit an 
even richer set of topological behaviours since 𝔹N group becomes 
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Fig. 3 | Braided non-Hermitian bands in relation to loops on Riemann 
surfaces. a,b, Band-energy trajectories (yellow curves) on a Riemann surface 
in the vicinity of an exceptional point (EP) P− that (a) do not enclose the EP and 
(b) encircle the EP as k varies from 0 to 2π. c,d, The measured transmission 
signals s(k, δω) for the cases shown in a,b, respectively. e,f, Extracted real and 
imaginary band energies from c,d, respectively, where dots denote 

experimental data and curves are theoretical predictions. Error bars 
correspond to 95% confidence intervals in the data extraction based on fitting. 
g,h, E–k-space plots of data in e,f, respectively, accompanied by the 
corresponding braid diagrams. As in e,f, dots denote experimental data and 
curves are theoretical predictions.
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non-Abelian for N > 2 (for a specific discussion, see the Supplemen-
tary Information, section 4). The lattice we implement in synthetic 
frequency space can be truncated to introduce boundaries by incor-
porating extra ring resonators with a larger free spectral range43. Such 
a modified platform can be used to explore boundary effects in combi-
nation with complex-frequency excitation approaches such as virtual 
excitation44. We anticipate that our demonstration of braid-group 
non-Hermitian topology can open a pathway to the design and synthesis 
of a broad range of robust non-conservative systems exploiting the rich 
topological features associated with knot invariants.
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Methods

Implementation of non-Hermitian lattice Hamiltonians in 
frequency synthetic space
The experimental setup in Fig. 2a implements the Hamiltonian of equa-
tion (1). The operators an

† (an) and bn
† (bn) in equation (1) correspond to 

the creation (annihilation) of the n-th frequency mode (ωn = ω0 + nΩ) in 
resonator a and b, respectively. We utilize a pair of modes in the two 
rings propagating along opposite directions (Fig. 2a). The coupling of 
modes at the same frequency between the two resonators implements 
the terms g g+n n n n

† †a b b a  in equation (1). The loss difference γ between 
the two sublattices is realized by adding an additional loss rate γ in reso-
nator a for all frequencies. In practice, as resonator a contains modula-
tors, whereas resonator b does not, the loss rates of the two resonators 
are usually different. The couplings between the frequency modes in 
resonator a are implemented via a dynamic modulation. Specifically, 
the Hermitian coupling terms a a a a a a a aκ κ C C+ + +n n n n n m n n n m+1

† †
+1 +

† †
+  

are achieved by a phase modulator that generates a time-dependent 
transmission TPh = exp[−iK cos(Ωt) – iA cos(mΩt)], and we have κ ∝ K and 
C ∝ A. The skew-Hermitian coupling terms a a a a−Δ + Δn m n n n m+

† †
+  are 

achieved by an amplitude modulator with the time-dependent transmis-
sion TAm = 1 + B sin(mΩt) that gives rise to Δ ∝ B. In both cases, the terms 
implemented by the modulation with frequency mΩ, with m being an 
integer, introduce the long-range coupling when m > 1. As an example, 
the m = 2 case is shown (Fig. 2b, right; further information about such 
an implementation is provided in the Supplementary Information,  
section 1D).

Measurement of complex band structures
We measure the complex-energy band structure in the frequency syn-
thetic space for the experimental system of Fig. 2a. Here, we briefly 
summarize the theory that underlies such a measurement. More details 
can be found in refs. 23,32 as well as in the Supplementary Information. 
In general, to measure the band structure E(k) of any lattice system, 
one can measure a response function of the system as a function of  
E and k. The band structure then corresponds to the resonance in 
such a response function. Since our lattice space is along the fre-
quency axis, its reciprocal space is the time (t) axis, and we can define 
a quasi-momentum along the frequency axis, k = tΩ. As our system is 
modulated periodically in time, with the modulation period equal to the 
free spectral range, its ‘energy’ is inherently the Floquet quasi-energy, 
corresponding to the detuning δω of the excitation frequency off any 
resonant frequency ωn (Fig. 2b, right). Therefore, we excite the system 
with a tunable continuous-wave laser, and we measure the system as 
we sweep the frequency of the laser across a resonant frequency ωn.  
At each specific detuning δω, we allow the system to reach the steady 
state, and then perform a measurement of its transmission coeffi-
cient (see Fig. 2a) as a function of time. The resulting time-dependent 
transmission coefficient can be written as

s k δω a δω δω a( , ) = 1 − ( ) ( ) , (5)k k
†S S

where the 2 × 2 matrix Sk = I2 + iγin(Hk − δω − iγin/2)−1 with γin being 
the effective in–out coupling constant and I2 the 2 × 2 identity matrix. 
In equation (5), the first term ‘1’ corresponds to the direct transmission 

of the incident wave without exciting any resonance. In the second 
term, a = [1, 0]T since we directly excite resonator a; moreover, a part 
of the transmission as described by this term is the leakage radiation 
of resonator a into the output waveguide. Assuming a small γin, we have

H








s k δω γ a δω a

γ μ k
E k δω

μ k
E k δω

( , ) ≈ 2 Im[ ( − ) ]

= 2 Im ( )
1

( ) −
+ ( )

1
( ) −

,
(6)

kin
−1

in +
+

−
−

where the coefficients satisfy μ+(k) + μ−(k) = 1 and E+, E− denote the two 
eigenvalues of Hk. At each δω, we perform a fitting of the measured  
s(k, δω) as a function of k using equation (6) to extract the values of E+ 
and E− in both real and imaginary parts (see Supplementary Informa-
tion, section 2B, for further details).

We emphasize that our measurement approach allows us to deter-
mine the band structure that corresponds to an infinite periodic system 
as long as our lattice in the experiment possesses a sufficient number 
of lattice sites23, without the need for periodic boundary conditions. 
It is known that for non-Hermitian Hamiltonians, the eigenstates of a 
finite system can be drastically different from those of an infinite peri-
odic system even if there are a large number of lattice sites. Neverthe-
less, here our measurement is not an observation of the eigenvalues 
of the finite system. Instead, the t-resolved detection projects the 
Hamiltonian to the space spanned by the state k a k= ⊗a  to obtain 
the expectation value k ka aH , where the discrete Bloch state ka  of 
sublattice a is always extended. The measurement outcome thus nat-
urally approaches the corresponding quantities in the infinite periodic 
system as the number of lattice sites increases.
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