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ABSTRACT: The coupling of plasmons and vibrational modes
has been routinely observed in graphene and other 2D systems in
both near-field and far-field spectroscopy. However, the relation
between coupling strength and modal losses, and exceptional point
physics has not been discussed. Here we apply a non-Hermitian
framework to a model system of molecular layers on graphene and
show that the transition point between strong and weak coupling
regimes coincides with the exceptional point of non-Hermitian
physics. We further show that the exceptional point can be
conveniently located by changing the incident angle of the light
and the graphene Fermi energy. Finally, we show that enhanced
spectral sensitivity is obtained from small changes in molecular film
thickness when the system is tuned to the exceptional point.
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The response of coupled systems has been shown to strongly
depend on the relative strength of their coupling and

losses. Here we will be focusing on the coupling between a
graphene plasmon and a vibrational mode. At resonance, when
the coupling is strong relative to the losses, the mode degeneracy
is lifted, giving rise to hybridized modes at split frequencies.1

The resulting absorption spectrum has two peaks that are
separated by Δω ≫ γ, where γ is the line width. When the
coupling is weak, the peak’s degeneracy is no longer lifted, but
these degenerate modes can still interfere. In the limit of
contrasting line widths (γ1 ≫ γ2), destructive interference
between the modes results in a sharp optical transparency region
within a broad absorption peak.2 Such “strong” and “weak”
coupling response has been observed in many physical systems,
including three-level atoms,3 whispering-gallery-mode micro-
resonators,4 mechanical systems,5 and plasmonics.6,7

The role of coupling (κ) and loss (γ) is also an important
factor in non-Hermitian sytems,8 which are open systems that
exchange energy with their environment. The importance of
coupling and loss is highlighted in a subset of non-Hermitian
systems that obey parity-time (PT) symmetry.9 When κ/γ > 1,
the eigenstates of the system are PT symmetric and the
eigenvalues are real. When κ/γ < 1, the eigenstates are no longer
PT symmetric, and the eigenvalues become complex. At κ = γ,
there is a non-Hermitian singularity, also known as the
exceptional point (EP), where both the eigenvalues and
eigenvectors coalesce. This transition has been utilized to
demonstrate nonreciprocal propagation in waveguides,10

asymmetric transmission of polarized light,11 and PT-symmetric

lasers.12 Also, systems at exceptional points have been reported
to exhibit enhanced sensitivity to perturbations.13−15

Plasmons in graphene couple with vibrational modes, and this
interaction has been experimentally observed in various
contexts. For example, when patterned graphene is placed on
a silicon dioxide substrate, coupling with the substrate surface
optical phonon modes are directly observable in the extinction
spectra.16 Coupling with surface modes in atomically thin polar
materials such as hBNwas also observed.17 For bilayer graphene,
plasmons couple with its intrinsic Γ point optical phonon,
resulting in a sharp phonon-induced transparency.18,19 Finally,
the high confinement of graphene plasmons also allows them to
couple with vibrational modes of adsorbed molecular layers or
gases, enabling spectral fingerprinting through their extinction
spectra.20−25

In this paper, we discuss the coupling of graphene plasmons
with vibrational modes from the perspective of a non-Hermitian
system, highlighting the interplay between coupling and loss. By
applying a mode decomposition process called harmonic
inversion analysis,26 we systematically find the mode frequencies
and losses of the coupled modes from the absorption spectra of
the system. Using the graphene Fermi energy and incidence
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angle of light as tunable parameters, we map out the eigenvalue
surface of the coupled system and show the existence of an
exceptional point (EP). Furthermore, at fixed Fermi energy, we
show that the system undergoes a PT-breaking transition at the
EP, which may also be identified as a transition from weak to
strong coupling. Non-Hermitian and exceptional point physics
provides a unique perspective in the understanding of coupled
systems, and the approach we outline here sets the stage for the
future design of sensing plasmon−vibrational mode coupling
characteristics via the EP.

■ EXCEPTIONAL POINT PHYSICS FROM A COUPLED
MODE MODEL

Exceptional point physics in coupled systems can be elucidated
from using a simple coupled mode formulation.27 Consider

graphene covered by a material with a vibrational mode ω0. The
equations of motion for the plasmon (a(t)) and vibrational
mode (b(t)) amplitudes are

a t i a a i b s( ) pl pl pl,e a,inω γ κ γ̇ = − + + (1)

b t i b b i a( ) 0 0ω γ κ̇ = − + (2)

where γpl = γpl,e + γpl,i accounts for plasmon loss, including
contributions from electron scattering channels in graphene
(intrinsic contribution, γpl,i) and coupling of the plasmon
resonance with free space radiation (extrinsic contribution, γpl,e),
γ0 is the vibrational mode loss, ωpl and ω0 are the resonant
frequencies of the plasmon and vibrational mode, κ is the near-
field coupling strength, and sa,in quantifies the input field that

Figure 1. (a) Schematic of the structure. By patterning graphene into ribbons of widthw = 50 nm and periodicity p = 100 nmwe excite plasmons with q
= π/w30 under incident light polarized along the width of the nanoribbons. Absorption spectra for (b) weak coupling (s = 1 nm) and (c) strong
coupling (s = 20 nm), where s is the thickness of the molecular layer. The dashed lines show results of decomposition using the harmonic inversion
analysis method. (d) |Ex| fields for weak (s = 1 nm) and strong (s = 20 nm) coupling are shown for ω = 1450 cm−1.
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couples into the plasmon. Assuming that the amplitudes have a
eiωt time dependence, the response of the plasmon is given by

a t
i s

e( )
( )

( )( )
i tpl,e a,in 0

2
pl 0

γ ω ω

κ ω ω ω ω
=

− ̃

− − ̃ − ̃
ω

(3)

where we have defined ω̃pl/0 = ωpl/0 + iγpl/0. From eq 3, a
r e s o n a n t r e s p o n s e o c c u r s w h e n

( )/2 ( ) 4 /2pl 0 pl 0
2 2ω ω ω ω ω κ= ̃ + ̃ ± ̃ − ̃ +± . When ωpl =

ω0, the poles are at i0
2 2ω ω γ κ γ= + ̅ ± −± , where we have

defined γ̅ = (γpl + γ0) /2 and γ = (γpl − γ0)/2. Written in this
form, we see that there is a transition at the poles for κ = γ. The
poles found from eq 3 can be identified with the eigenvalues of a
matrix28 of the form

H
i

i

pl pl

0 0

ω γ κ

κ ω γ
̂ =

+

+

i

k

jjjjjj
y

{

zzzzzz
(4)

which is a general non-Hermitianmatrix. For the conditionωpl =
ω0 the matrix above describes a passive PT symmetric system,29

which exhibits the same behavior with PT symmetric systems
that have balanced loss and gain. By making this connection, we
see that the transition point at κ = γ may be identified as the
exceptional point of non-Hermitian Hamiltonians. If we
consider a system in which the coupling is fixed and loss is
tunable, writing γ = κ + Δγ gives the eigenvalues

i i 20ω ω γ γ γ κ= + ̅ ± Δ Δ +± (5)

This shows the characteristic square-root dependence of the
mode splitting under perturbations near an EP.13

■ MODE SPLITTING AT THE EXCEPTIONAL POINT
The coupling of plasmons in graphene with vibrational modes
can be studied through a far-field scattering experiment via its
absorption spectrum. Here, we numerically calculate the
scattering coefficients31 for a typical device consisting of an
array of electrostatically gated graphene nanoribbons as
illustrated in Figure 1a. Graphene was modeled as a surface
current density with conductivity given by

E
i

( )
4

gr
0 F

gr

σ ω
σ
π γ ω

=
ℏ − ℏ (6)

where σ0 = e
2/4ℏ. The lifetime of carriers in graphene is set to τgr

= γgr
−1 = 50 fs, which has been shown to be dominated by edge

scattering.16 Other contributions include electron−electron
scattering32 and electron-impurity scattering.33,34 The periodic
ribbon structure is accounted for by writing the conductivity as a
Fourier series

x e( , ) ( )
m

m
imGx

GNR ∑σ ω σ ω= ̃
(7)

p
x w e x( )

( )
( ) dm

p
imGxgr

0
∫σ ω

σ ω
̃ = Θ − −

(8)

where p is the periodicity, w is the ribbon width, G = 2π/p is the
reciprocal lattice vector, andΘ(x) is the Heaviside step function.
The vibrational mode is modeled using the dipole oscillator
model

f
i

( ) 0
2

0
2 2

0

ω
ω

ω ω γ ω
ϵ = ϵ +

− −∞
(9)

where ω0 is the vibrational mode frequency, γ0 is the scattering
rate, ϵ∞ is the high frequency limit of the dielectric function, and
f is the oscillator strength. For concreteness, we set ω0 = 1450
cm−1, τ0 = γ0

−1 = 4 ps, f = 0.01, and ϵ∞ = 2.8, in reference to the
dielectric properties of the C−H deformation vibration of 4,4′-
bis(N-carbazolyl)-1,1′-biphenyl (CBP).35 Note that the results
presented are not in any way tied to a specificmaterial and can be
shown in general for other material parameters.
To first demonstrate the weak and strong coupling behavior of

the system, we vary the thickness, s, of the vibrational mode
layer. The graphene plasmon frequency is tuned to match the
vibrational mode frequency via electrostatic gating. The
absorption spectra for strong and weak coupling in Figure 1b,c
show line shapes (solid lines) that are qualitatively different. In
the strong coupling case, the absorption spectrum shows two
distinct peaks that are well separated in frequency. The splitting
in frequency is due to hybridization between the plasmon and
the vibrational modes, resulting in a region of near-zero
absorption with no excitations. For the weak coupling case, we
see a sharp transparency window within a broader absorption
peak. This behavior is analogous to the electromagnetically
induced transparency (EIT),2 produced by a destructive
interference between the plasmon and the vibrational
modes.18,36 While the absorption spectrum for both strong
and weak coupling has a transparency region at ω0, the
corresponding field patterns shown in Figure 1d are clearly
dissimilar. The strong coupling case shows negligible field
excitation when compared to the weak coupling case in which a
strongly excited plasmon field is observed. This observation is
consistent since the transparency in the weak coupling case
arises not from an absence of modes but rather from an
interaction between the modes resulting in destructive
interference.
While the peaks of the absorption spectra are typically

identified with the coupled mode frequencies, such an approach
is only valid in the strongly coupled regime when the modes are
clearly separated in frequency. When the system is in the weak
coupling regime or near the transition between weak and strong
coupling, the absorption peaks will not always correspond to the
modes of the two isolated systems. Indeed, there has been
considerable discussion on distinguishing between strong and
weak light−matter coupling through its extinction/absorption
spectrum.3,4,37,38 A precise classification can be facilitated by
using the harmonic inversion analysis method,26 which
spectrally decomposes the absorption spectrum into a super-
position of complex Lorentzian resonances, with the form

A
d

i
( ) Im

i

i

i i
∑ω

ω ω γ
=

− −

i

k
jjjjjj

y

{
zzzzzz (10)

where di determines the line shape of the decomposed
resonance, while ωi and γi are the resonance frequency and
scattering rates, respectively. Results of the harmonic inversion
analysis applied to absorption spectra are shown as dashed lines
in Figure 1b,c. In the weak coupling limit, the decomposedmode
frequencies are degenerate with contrasting line widths, as in
EIT. For the strong coupling limit, mode frequencies are well
separated, indicating hybridized modes. Thus, the harmonic
analysis clearly demonstrates that two different physical
mechanisms are responsible for the two types of lineshapes.
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Discussion on the efficacy of the harmonic inversion method to
decompose the absorption spectrum is given in the Supporting
Information (SI).
Having seen the strong and weak coupling regimes of the

system, we now examine it more closely and show that an
exceptional point exists at the transition point from weak to
strong coupling. To find the exceptional point, we need at least
two tunable parameters to probe the parameter space in which
the exceptional point exists. From eq 4 we see thatωpl and either
κ or γ needs to be tuned. The ribbon width, along with the Fermi
energy, will affect the plasmon frequency according to the
relation ωpl

2 = q|EF|e
2/2πℏ2ϵ0. The ribbon width defines the

excited plasmon wavevector by q = π/W. In an experimental
setting, the ribbon width will also have an effect on the damping
of the plasmon originating from scattering off the ribbon
edges.16 Therefore, to minimize variations in the edge damping
and take advantage of the electrical tunability of the system we
use the Fermi energy to control the plasmon frequency. As a
second tuning parameter, we show that the angle of incidence
effectively tunes the loss of the system.

By comparing expressions derived from the coupled mode
equations in eq 1 and from conventional electromagnetic
scattering calculations (see SI), we find that the extrinsic loss of
the plasmon is given by

cFD

8 cospl,e
0γ

μ
π θ

=
(11)

where D = e2EF/ℏ
2 is the Drude weight and F = w/p is the filling

factor. To physically understand the angle dependence, consider
the plasmon to be an oscillating dipole oriented along the x-axis.
γpl,e describes the radiative loss of the plasmon through coupling
to free space plane wave channels. The far-field radiation of the
dipole is then independent of the angle θ (Figure 1a).
Translational invariance along the y-direction implies that the
free-space plane waves provide a uniform sampling of ky.
However, the plane wave channels do not uniformly sample θ;
the number of states in an interval δθ is δN = δθ cos θ/Δk, where
Δk is the spacing of k-states.39 Hence, for isotropic radiation, the
out-coupling strength to a plane wave channel at angle θmust be
γpl,e(θ) ∝ (cos θ)−1.

Figure 2. (a, b) Mode frequency and scattering rates extracted from the calculated absorption spectra as a function of EF and θ are shown to be self-
intersecting Riemann surfaces. (c, d) A slice of the Riemann surfaces at constant θ clearly show the simultaneous merging of the mode frequency and
scattering rate. (e, f) Along constant EF at which ωpl(EF) = ω0, we see that a PT-breaking transition is observed as a function of θ.
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For s = 8 nm, we calculate the absorption for EF ∈ [0.465,
0.48] eV and θ ∈ [0,70] degrees, then apply the spectral
decomposition using eq 10. The resulting mode frequencies and
scattering rates are plotted as a surface in Figure 2a. We indeed
observe the characteristic self-intersecting Riemann surface
topology of an exceptional point.8 Slices along EF and θ further
confirm the simultaneous crossing of the mode frequencies and
scattering rates, showing the existence of an exceptional point.
Figure 2e,f shows a PT-symmetry breaking transition along
which the system evolves from strong to weak coupling. Thus,
we can identify the exceptional point as the transition point
between strong and weak coupling. For a given vibrational
mode, the required Fermi energy may be lowered by using
ribbons with a smaller width. In general, it is also possible to
locate an exceptional point at lower Fermi energy if the graphene
plasmon is coupled to a vibrational mode at lower frequency.
One limitation of the presented setup is that the system can

only be tuned from strong to weak coupling as the angle of
incidence θ is moved away from the normal. This indicates that
locating the EPwill not be possible when the vibrational mode of
interest is weakly coupled to the graphene plasmon.
Interestingly, we find that by simply rotating the plane of
incidence by 90° and using p-polarized light (see Figure 3a), the
system can be tuned from weak to strong coupling as we move
away from normal incidence. In such a configuration, the far-
field plasmon radiation is now proportional to (cosϕ)2. Since we
still have δN = δϕ cos ϕ/Δk, it follows that γpl,e(ϕ) ∝ cos ϕ.

To observe the transition from weak to strong coupling as a
function of ϕ, we now set s = 5.5 nm such that the plasmon and
vibrational mode are weakly coupled at normal incidence. The
mode frequencies and scattering rates are plotted in Figure 3b,c,
and we once again observe the self-intersecting Riemann surface
and the exceptional point. Compared to Figure 2a,b, note how
the dependence on incident angle is now reversed, indicating
that we are tuning the system in the opposite direction with the
modified configuration.

■ DETECTION OF THE EP AND IMPLICATIONS FOR
OPTICAL SENSING

We have shown that a typical plasmon-vibrational mode coupled
system has an exceptional point that can be accessed via tuning
of incident angle and Fermi energy. We now show that once the
system is tuned to the exceptional point, sensitivity to
perturbations in the thickness of the vibrational mode layer,
which modify both the plasmon frequency and coupling
strength, can be significantly enhanced. For simplicity, we will
consider the case of normal incidence in this section. Then by
electrostatically tuning the graphene Fermi energy to EF =
0.4635 eV, we find the exceptional point when the layer
thickness is s = sEP = 7.2 nm (see Figure 4a,b). Plotting the
splitting in mode frequencies (Δω) and scattering rates (Δγ) as
a function of perturbations to the film thickness (Δs), we show
in Figure 4c that the expected square-root dependence of
eigenvalue splitting on perturbations is indeed observed.

Figure 3. (a) Schematic of the modified configuration for incident light. (b, c) Mode frequency and scattering rate as a function of EF and ϕ.
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As an alternative measure for sensitivity of the spectrum of the
system to small changes in the film thickness, we define dω/ds as
the thickness sensitivity. From the thickness sensitivity as a
function of thickness for different values of EF, shown in Figure
4d, we observe that sensitivity is indeed maximized when tuned
to the exceptional point. Hence, for a localized region around the
sEP, the thickness sensitivity can be significantly enhanced.
Furthermore, by changing the incident angle of light in either of
the configurations mentioned, sEP can be shifted to the thickness
at which enhanced sensitivity is required. Thus, for applications
in which we know the target thickness a priori, our configuration
can be utilized to enhance sensitivity to minute changes in the
thickness.

■ CONCLUSION
By applying a non-Hermitian framework to the plasmon-
vibrational mode system and with the help of harmonic
inversion analysis, we have shown that an exceptional point
can be found at the boundary between weak and strong
coupling. Such an interpretation can facilitate the classification
of various coupling phenomena observed for coupled polariton
modes. The observation of different coupling regimes typically
requires the repeated fabrication of the sample to change either
the physical distance between the coupled modes or the mode

strength. By using two different configurations for varying the
angle of incident light, along with the gate tunability of graphene,
we show that the system can be tuned both from the strong to
weak and weak to strong coupling regimes.
Furthermore, the existence of an exceptional point at the

boundary between weak and strong coupling indicates that an
enhanced sensing of vibrational modes can be achieved even in
the intermediate coupling regime. Although the sensitivity of the
exceptional point implies that small fabrication errors can
perturb the system away from the exceptional point, tunablility
of the proposed system via incident angle and Fermi energy
allows us to reach the exceptional point to great proximity. Once
the system is tuned close to the exceptional point, we
demonstrate that minute perturbations to the molecular layer
thickness are visible in the measured absorption spectrum.

■ METHODS
The absorption spectrum was obtained through a numerical
calculation of the scattering coefficients. The calculation is set up
by defining three dielectric regions with dielectric functions
ϵj(ω) and a surface conductivity σj(ω) at each boundary (see
Figure 5).

The surface conductivity of graphene nanoribbons is defined
using a Fourier series expansion,

x e
a

x e x( ) ,
1

( ) d
m

m
imGx

m

a
imGx

0
∫∑σ σ σ σ= ̃ ̃ = −

(12)

and is placed at the boundary z = d. The molecular layer is
modeled as a bulk dielectric with a dielectric function given by
the Lorentzian dipole model. For calculations presented in this
work, σ1 = 0.

s-Polarized Incidence. First consider the configuration
shown in Figure 1a, which gives s-polarized incident light. The
incident wave vector is kinc = (0, ky, kz) and the fields in each
region are given by

z E E e e E e e eregion 1( 0): x x
ik y ik z

n
n

x n
r ik y inGx i z1 inc

,0 ,
1y z y n1,∑δ< = + γ−

(13)

z d E E e E e e eregion 2(0 ): x
n

x n
r i z

x n
t i z inGx ik y2

,
2

,
2n n y2, 2,∑< < = [ + ]γ γ−

(14)

z d E E e e eregion 3( ): x
n

x n
t i z inGx ik y3
,

3 n y3,∑> = γ

(15)

where G = 2π/a and nG k( )j n c y,
2 2j

2

2γ = − −
ωϵ

. The nth

diffractedmode will have a wave vector kj,n = (nG,ky,γj,n). For n≠
0, sinceG≫ ky, we may assume that kj,n≈ (nG, 0, γj,n). Applying
boundary conditions at z = 0 and z = d, we find the relations

Figure 4. (a, b)Mode frequency and scattering rate as a function of thin
film thickness. The simultaneous crossing of real and imaginary parts
for EF = 0.4635 eV reveals the exceptional point. (c, d) Mode frequency
and scattering rate splitting as a function ofΔs = s− sEP, where sEP is the
thickness at which both the mode frequency and scattering rate are
degenerate. Fermi energy is set to EF = EF

EP = 0.4635 eV. (d) Spectral
sensitivity (dω/ds) as a function of film thickness for different values of
EF.

Figure 5. Schematic for the scattering coefficient calculation setup.
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If we consider modes in the range n∈ [−N,N], eq 16 can be cast
into a (4N + 2) × (4N + 2) matrix equation that is numerically
solved to give the fields in each region.
p-Polarized Incidence. For p-polarized incidence, the

incident wave vector is kinc = (q, 0, kz). The fields in each
region are then
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where G = 2π/a is the reciprocal lattice vector and

q nG( )j n c,
2j

2

2γ = − +
ωϵ

is the z-component wavevector of

the nth mode in region j. Using Maxwell’s equations and
applying boundary conditions for the electric and magnetic
fields at z = 0 and z = d gives us
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If we consider modes in the range n∈ [−N,N], eq 20 can be cast
into a (4N + 2) × (4N + 2) matrix equation that is numerically
solved to give the fields in each region.
Field Maps. The field maps shown in Figure 1d were

simulated using the electromagnetic waves, frequency domain
module of COMSOLMultiphysics. Graphene was modeled as a
surface current density with the conductivity given by eq 6. The
molecular layer was modeled using the dielectric function in eq 9
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(10) Rüter, C. E.; Makris, K. G.; El-Ganainy, R.; Christodoulides, D.
N.; Segev, M.; Kip, D. Observation of parity-time symmetry in optics.
Nat. Phys. 2010, 6, 192−195.
(11) Lawrence, M.; Xu, N.; Zhang, X.; Cong, L.; Han, J.; Zhang, W.;
Zhang, S. Manifestation of PT symmetry breaking in polarization space
with terahertz metasurfaces. Phys. Rev. Lett. 2014, 113, 093901.
(12) Hodaei, H.; Miri, M.-a.; Heinrich, M.; Christodoulides, D. N.;
Khajavikhan, M. Parity-time-symmetric microring lasers. Science
(Washington, DC, U. S.) 2014, 346, 975−978.
(13) Wiersig, J. Review of exceptional point-based sensors. Photonics
Res. 2020, 8, 1457.
(14) Hodaei, H.; Hassan, A. U.; Wittek, S.; Garcia-Gracia, H.; El-
Ganainy, R.; Christodoulides, D. N.; Khajavikhan, M. Enhanced
sensitivity at higher-order exceptional points. Nature 2017, 548, 187−
191.
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