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In the present paper we consider some properties of defect modes in chiral photonic crystals with an
anisotropic defect layer at oblique light incidence. The problem is solved by Ambartsumian’s layer addi-
tion method. We investigated some peculiarities of the discussed system’s reflection spectra of the obli-
que light incidence for both the minimum and essential influences of the dielectric boundaries. Then we
investigated some particulars of the density of photonic states spectra. We also discussed some peculiar-
ities of the light energy distribution in the system. We found out that at large incidence angles two defect
modes arise in the two regions of the selective reflection, each in one respectively, meanwhile, none
arises in the central region of the complete reflection. Our investigations show that it is possible to rather
widely change the emission peak wavelength in the subject system doped with some laser dye, by chang-
ing the incidence angle.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Theoretical and experimental investigations of photonic crys-
tals (PC) have again drawn the attention of the specialists, because
the results of such investigations find more and more applications
in optoelectronic devices of the new generation. The chiral pho-
tonic crystals (CPC) such as cholesteric liquid crystals, chiral smec-
tics and artificial chiral-made crystals and magnetic-chiral PCs,
have been of particular interest due to their rich optical properties.
The main difference of the chiral photonic crystals (CPCs) from
usual PCs is the fact that the photonic band gap (PBG) in CPCs ex-
ists only for one circular polarization (at normal incident light),
coinciding with the chiral medium helix sign. For these crystals a
circular Bragg’s reflection occurs between wavelengths k1 ¼ rno

and k2 ¼ rne, where r is the pitch of helical structure, and
no ¼

ffiffiffiffi
e1
p

and ne ¼
ffiffiffiffi
e2
p

are the ordinary and extraordinary
refractive indices of the locally uniaxial structure. The light with
opposite circular polarization does not undergo a diffraction reflec-
tion. Recently Ross et al. [1] proposed and examined a design strat-
egy to design such ambichiral layered structures, which function
reasonably well as rejection filters for nontrivial elliptical polariza-
tion states.

The ideal PCs have many applications, but their doped versions
are more useful, because they have a greater number of applica-
tions, like the doped semiconductors. For instance, introduction
of a defect into PC structure gives rise to additional resonance
modes inside the PBG. Such defect modes are localized in defect
positions and can be used to construct narrow band filters and mir-
rors (as, in contrast to the ordinary PC, the defect modes aroused in
ll rights reserved.
CPC are either narrow transmittance lines in PBG for diffracting cir-
cular polarization of the incident light, or they are narrow lines of
reflection in the transmittance band for the not diffracting circular
polarization of the incident light) and low threshold lasers. Re-
cently, the CPCs having various types of defects have been consid-
ered, namely: a thin layer of an isotropic substance installed
between two CPC layers [2–7]; a defect caused by a helix phase
jump on the boundary of two CPC layers [4,8–10]; a defect caused
by a local change of the helix pitch [11–13]; and defects caused by
spatially varying helix pitch [14–16]. The CPC with an anisotropic
substance layer [17], three-layer system of two chiral-made thin
layers with an anisotropic uniaxial layer between them [18–20]
is discussed and it was shown that this system’s plane wave trans-
mittance spectrum exhibits narrow-stop band characteristics in
several wavelength regimes.

In the cited papers the normal light incidence is mainly dis-
cussed. In this paper we theoretically investigated peculiarities of
the defect modes in a CPC with an anisotropic substance intro-
duced between the two layers of a chiral PC at oblique light inci-
dence and found out some new features of such a system. We
also discussed some peculiarities of the light energy distribution
in the system. The importance of the present problem is the fact
that in contrast to the isotropic defect case, anisotropic defects
introduce additional phase differences, which lead to some more
interesting peculiarities, as it was shown in [19,20] and some oth-
ers which we will see below. In particular, as it was shown in
[19,20] the defect mode line width becomes depending on the de-
fect layer optical thickness and, because of this and at certain val-
ues of the latter, the medium loses its main property, viz. the
diffraction reflection polarization dependence. Besides, as it is
known, new peculiarities arise at oblique light incidence on a
CPC layer.

mailto:agevorgyan@ysu.am
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Let’s note that the concept of an anisotropic layer as a phase de-
fect has been explicitly stated by Lakhtakia and Messier in [21],
and as it was shown very recently by Lakhtakia in [22], an aniso-
tropic defect layer can actually be a chiral PC, too.

2. The method of analysis

The problem of light propagation through CPC layer at its obli-
que incidence was solved by different methods. Rokushima and
Yamakita [23], and Wang and Lakhtakia [24] exemplify use of
the coupled-wave method, Abdulhalim et al. exemplify the use of
the Berreman method [25], Belyakov and Dimitrienko provided
an approximate analytical method [26,27], and Lakhtakia and
Weiglhofer provided an exact analytical method [28], and Polo
and Lakhtakia compared the exact analytical method with the
Berreman method [29].

Here the problem is solved by the Ambartsumian’s layer addi-
tion modified method adjusted to solution of problems of the given
type (see, for instance, [7]). A CPC with an anisotropic defect can be
treated as a three layer system: Two CPC layers, (the CPC(1) and
the CPC(2)), and an anisotropic dielectric layer (ADL) between
them (or a Fabri–Perrot resonator with diffraction mirrors and an
anisotropic dielectric layer filling).

The amplitude of the plane electromagnetic field Ei is incident
from the left on the system CPC(1)–ADL–CPC(2), and it gives rise
reflected Er and transmitted Et fields, respectively. The complex
amplitudes of the incident reflected and transmitted waves with p
and s linear polarizations are

Ei;r;t ¼ Ep
i;r;tnp þ Es

i;r;tns ¼
Ep

i;r;t

Es
i;r;t

" #
; ð1Þ

where np, and ns are the unit vectors of linear polarizations, and Ep
i;r;t

and Es
i;r;t are the corresponding amplitudes of the incident, reflected

and transmitted waves. The reflected and transmitted fields are re-
lated to the incident wave by the following way

Ep
r

Es
r

" #
¼

Rpp Rps

Rsp Rss

� �
Ep

i

Es
i

" #
;

Ep
t

Es
t

" #
¼

Tpp Tps

Tsp Tss

� �
Ep

i

Es
i

" #
; ð2Þ

where R
_

and T
_

are the 2 � 2 matrices of reflectance and transmit-
tance correspondingly. Rij and Tij are the amplitude reflection and
transmission coefficients of i-polarized light, assuming that the inci-
dent light has a j-polarization.

Let us first compose the reflection and transmission matrices for
one helix pitch. To do it we divide the CPC layer of thickness d ¼ r
(r is the helix pitch) into great many thin layers, having the thick-
nesses: d1; d2; . . . ; dN . If the maximum thickness is sufficiently
small, one can consider each layer a linear birefringent plate, and
take the d ¼ r layer as a stack of parallel and sufficiently small
anisotropic layers, each having a principal axis been turned of a
small angle 2p/N in respect to the preceding one.

Then the Ambartsumian’s modified layer addition method can
be presented in the form of recurrent matrix equations

bRj ¼ r̂j þ ~̂tj
bRj�1ðbI � ~̂rj

bRj�1Þ�1 t̂j;bT j ¼ bT j�1ðbI � ~̂rj
bRj�1Þ�1 t̂j;

ð3Þ

with bR0 ¼ 0̂; bT 0 ¼ bI. Here bRj; bT j; bRj�1; bT j�1 are the matrices of reflec-
tance and transmittance for the media with j and (j-1) anisotropic
layers, respectively, r̂j; t̂j are the analogical matrices for the jth
anisotropic layer, 0̂ is the zero matrix, bI is the unit matrix, and
the respective matrices for the reverse light propagation are de-
noted by tilde. Thus, the problem is reduced to finding the matrices
of reflectance and transmittance for an anisotropic layer. The solu-
tion of this problem is well-known (in the Appendix the exact
expressions of the reflectance and transmittance matrices for a bire-
fringent layer are presented, taking into account the Fresnel reflec-
tion on the borders). To find the CPC layer reflection and
transmission matrices we again use the system of Eq. (1) but we
are to take into account that now r̂j; t̂j are the matrices of reflectance
and transmittance for the d ¼ r CPC layer. We find the matrices of
reflectance and transmittance for the CPC(1)–ADL–CPC(2) system in
the same way. First, we sew the anisotropic dielectric layer with
thickness d0 (the layer A) to the layer of CPC(2) (the layer B) from
the left. In this case, it is convenient to present the layer addition
method in the form of matrix equations:

bRAþB ¼ bRA þ êT A
bSbT A;bT AþB ¼ bT B

bPbT A:
ð4Þ

Matrices bS and bP describe the resulting waves that arise in the
dielectric layer on the ‘‘sewing” plane. So

~E! ¼ bP~Ei; ð5Þ

is the wave arising on this surface and propagating to the right, and

~E ¼ bS~Ei; ð6Þ

is the wave arising on this surface but propagating to the left.
Accordingly, the total wave field arising in the dielectric layer on
the ‘‘sewing” plane has the following form

~Etotal ¼ ðbS þ bPÞ~Ei: ð7Þ

Accordingly, matrices bS and bP can be found from the system

bS ¼ bRB½bI � ~̂RA
bRB��1;bP ¼ ½bI � ~̂RA

bRB��1
:

ð8Þ

Then we sew the CPC(1) to the anisotropic layer with thickness
d00 (d = d0 + d00 is the thickness of the anisotropic layer) on the left
side, too. Finally, we sew these two systems. This procedure makes
possible to find the electric field in the anisotropic layer and con-
sequently investigate the light energy distribution in the layer.

Let’s note that as the exact solution for the boundary problem of
the normal light incidence on a CPC with finite thickness is known,
we found the reflectance and transmittance matrices through the
exact formulas first and then did the same by the Ambartsumian’s
layer addition method. Both results almost exactly coincide. Also,
the Ambartsumian’s layer addition method was checked at the
light oblique incidence. The exactness of the fulfilled numerical
calculations were controlled by energy (conservation) law (in the
absence of absorption R + T = 1), and also by comparing obtained
results in definite limiting cases with well known earlier results.
Note that in our paper [30] were we comparing the approximate
analytical method Belyakov and Dimitrienko with the modified
Ambartsumian’s method.

Let’s now turn to the Eigen polarizations (EP) and Eigen ampli-
tudes, as we are to investigate also the reflectance-transmittance
peculiarities of subject system in the case of incidence light with
EPs. EPs are the two light polarizations, which are not changed if
transmitted through the system. These polarizations usually coin-
cide with the normal mode polarizations excited in the system.

Designating the ratio of the field complex amplitudes at the en-
trance of the system through vi ðvi ¼ Es

i=Ep
i Þ, and the same ratio at

the exit of the system trough vt ðvt ¼ Es
t=Ep

t Þ, we get their connec-
tion from (2):

vt ¼ ðTssvi þ TspÞ=ðTpsvi þ TppÞ: ð9Þ

The function vt ¼ f ðviÞ is called polarization transfer function
[31] and it carries information about the transformation of the
polarization ellipse when light transmits trough the system.
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Each optical system has two EPs, which are obtained by the sub-
stitution vi ¼ vt . According to (9) we get for EPs v1 and v2:

v1;2 ¼
Tss � Tpp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTss � TppÞ2 þ 4TpsTsp

q
2Tps

: ð10Þ

The function

FðviÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjTpsvi þ Tppj2 þ jTssvi þ Tspj2Þ

ð1þ jvij
2Þ

s
ðTpsvi þ TppÞ
jTpsvi þ Tppj

; ð11Þ

is called the transfer function for the complex amplitude of the
transmitted wave [31]. The transfer function’s eigen values for the
transmitted wave complex amplitudes V1 ¼ Fðv1Þ and V2 ¼ Fðv2Þ
which correspond to its EPs, define the transmittance amplitude
coefficients at the incidence of light with the polarizations vi ¼ v1

and vi ¼ v2, respectively.
Similarly, the function

GðviÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjRpsvi þ Rppj2 þ jRssvi þ Rspj2Þ

ð1þ jvij
2Þ

s
ðRpsvi þ RppÞ
jRpsvi þ Rppj

; ð12Þ
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Fig. 1. Plots of the reflection spectra at various incidence angles. The first column shows
(the blue solid curve) and left handed (the red dotted curve) circularly polarized light
wavelength for the first (the blue solid curve) and second (the red dotted curve) EP light
case of dielectric borders minimum influence, i.e. the case for em ¼ e. The third and fort
centre of the system. The CPC layer parameters are: e1 ¼ 2:29, e2 ¼ 2:143, r ¼ 0:42 lm, L
thickness is d ¼ 0:028 lm. (For interpretation of the references to colour in this figure l
is called the transfer function for the complex amplitude of the re-
flected wave. The transfer function’s eigen values for the reflected
wave complex amplitude, W1 ¼ Gðv1Þ and W2 ¼ Gðv2Þ, which cor-
respond to its EPs, define the reflectance amplitude coefficients at
the incidence of light with the polarizations vi ¼ v1 and vi ¼ v2,
respectively.

3. Results and discussion

If the system contains an anisotropic defect layer, then the
change of the layer’s optical thickness leads to the change of the
defect mode line width [19,20]. Below we present the results of
the defect mode peculiarities at defect layer small optical thick-
ness–when light energy accumulation in the system takes place.
In such a situation, the system can work as a narrow band filter
or mirror; also such a system can be used for creating low-thresh-
old lasers. The reflection spectra at various incident angles are
presented in Fig. 1. The first column shows the reflection
coefficient dependence on the wavelength both for the right
handed (the blue solid curve) and left handed (the red dotted
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the reflection coefficient dependence on the wavelength both for the right handed
incidence. The second column shows the reflection coefficient dependence on the
incidence ðR1;2 ¼ jW1;2j2Þ. The CPC screw is right handed. Both columns present the

h columns show the analogous dependences for the case e ¼ 1. The defect is at the
¼ 100r, and the defect layer parameters are: ed

1 ¼ 2:317, ed
2 ¼ 3:048; the defect layer

egend, the reader is referred to the web version of this article.)
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Fig. 2. Plots of the reflection coefficients R1;2 versus wavelength k for a defect layer of various thicknesses d for the case of oblique light incidence (at h = 70�). Parameters are
the same as in Fig. 1. (For interpretation of the references to color in this figure, the reader is referred to the web version of this article.)
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curve) circularly polarized light incidence. The second column
shows the reflection coefficient dependence on the wavelength
for the first (the blue solid curve) and second (the red dotted curve)
EP light incidence ðR1;2 ¼ jW1;2j2Þ. Both columns present the case of
dielectric borders’ minimum influence, i.e. the case for em ¼ e
(em ¼ e1þe2

2 ; e1; e2 are the CPC permittivity tensor’s principal values,
e is the permittivity of the medium enclosing the CPC layer with
defect inside it.) And the third and forth columns show the analo-
gous dependences for the case e ¼ 1, when the CPC layer is in the
air and the dielectric borders influence is significant. The CPC helix
is a right handed one.

In contrast to the normal incidence, qualitatively new peculiar-
ities arise in CPC optics in the case of oblique incidence. In this
case there are reflections of higher orders at frequencies multiple
to the Bragg frequency. Besides, in this case, the both EP waves
become diffraction waves (one of them is strong acting and the
other is weak acting). And at large incidence angles, a total reflec-
tion region (not selective in respect to the polarization) is formed.
Let us note that such an effect was predicted by Belyakov and
Dmitrienko [26,27] and it was experimentally established in
[32,33]. At larger incidence angles a three peak diffraction region
is formed, having a central total reflection region and two side re-
gions of selective reflection. These regions can either border with
each other, or be separate, depending on the incident angle and
the parameters of the problem. The peculiarities of the ideal
(without any defect) CPC reflection spectra and the dielectric bor-
ders’ influence on those spectra were discussed in detail in [30].
The comparison of the spectra of the present paper to the
analogous ones for CPCs with ideal periodical structures of [30]
and to the spectra for CPCs with an anisotropic defect layer at
normal incidence of [20] shows that the incidence angle increase
leads to:

(1) some increase of the defect mode line width,
(2) some increase of reflection for the weakly interacting EP

wave and a decrease of the transmission of the strongly
interacting EP wave, both at the defect mode wavelength.
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At normal incidence, such changes take place if the defect layer
optical thickness increases. The incidence angle increase also leads
to the effective optical thickness’ increase. An interesting situation
arises at larger incidence angles if the influence of the dielectric
borders is minimum (i.e. if a three peak diffraction region is
formed, having a central total reflection region and two side re-
gions of selective reflection.) In Fig. 2 the reflection spectra for var-
ious defect layer thicknesses are presented for the case of oblique
incidence (at h = 70�, h is the angle of incidence). And in Fig. 2a the
reflection spectrum of the non-defect case is brought to compare to
the defect having ones (i.e., compared to Fig. 2b–d). As it is seen,
the defect does not lead to significant changes of the central total
reflection region. Some defect modes appear in the selective reflec-
tion side regions. An increase of the defect layer thickness leads to
the defect modes line width change and their shift into PBGs. De-
fect modes appear in the selective reflection short wave region
for the both EP of the incidence wave, but they appear only for
the strongly interacting EP of the incidence wave in the long wave
region. Let us note that the defect mode also appears for only one
mode in CLC with locally deformed helix [11].

As it is known, a CPC doped with laser dyes (resonance atoms)
can be used to create feedback lasers, without using any mirror. In
the amplifying media (for instance, in CPCs doped with fluorescent
guest-molecules, but for the case that the fluorescenting peak is
either in the PBG, or covers it), the PBG significantly influences
on the radiation spectrum. The wave is evanescent (decreases
exponentially) in the PBG and consequently the spontaneous radi-
ation vanishes. The explanation is that the photonic density of
states (PDS) vanishes, and as the spontaneous radiation intensity
is proportional to PDS [34,35], the spontaneous radiation intensity
also vanishes. Indeed, according to the theory developed in [34,35],
the spontaneous radiation intensity at the point z of the layer is
found as follows:

pðk; zÞ ¼ qmðxÞ
qiso

hjdj2ijEmðzÞj2

UðkÞ ; ð13Þ

where qm and EmðzÞ are the PDS and electric field of mth EP, qiso is
the PDS of an isotropic homogeneous layer with a refraction coeffi-
cient n ¼

ffiffi
e
p

, hjdj2i is the dipole transition momentum averaged in
respect to the orientation distribution, U(k) is the total electric en-
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Fig. 4. The dependence of qmðkÞ
qiso

on the wavelength at the following incidence angles: a = 0
influence is minimum (a–d) and the system is in vacuum i.e. in the case e ¼ 1 (e–h). The i
The parameters are the same as in Fig. 1. (For interpretation of the references to colour
ergy accumulated in the CPC. At PBG borders the spontaneous radi-
ation life time ss sharply increases (ss decreases with oscillations
outside it) and makes the stimulated radiation strongly go up.

In the experiments of the laser beam generation in a dye-doped
CPC the ideal periodic structure without any defects the lasing al-
ways occurs at the lower-energy edge of the PBG. According to Ara-
oka and Shin [36], it is due to the following circumstances. It is
known that at the short wave (long wave) border of the PBG in
CPC, the diffraction mode total electric field is linearly polarized,
which is perpendicular (parallel) to the local director. The low
threshold lasing can be realized by the single mode selection.
The polymeric dye used in the said experiments gives highly or-
dered arrangement along the molecular director, because of the di-
pole interactions. Consequently, the emission transmission
moments of the monomeric units align along the same direction.
Then the emission mode may be selected. Of course, the lasing
can occur at the higher-energy edge of PBG, too [37,44].

As the CPC helix pitch can be changed and also be tuned, a pos-
sibility of tuning the laser radiation wavelength arises, which has
most important practical significance.

The effects of the electric field, temperature, light radiation and
defects on the dye-doped CPC lasing performance have been stud-
ied [36–49].

Yablonovitch has predicted that a low-threshold lasing will oc-
cur at defect modes within the band gap of PCs too, since the exci-
tation energy is not drained by spontaneous emission into modes
other than the lasing mode [50]. Lasing is further facilitated at
the wavelength of the defect mode since the photon dwell time
is enhanced, giving ample opportunity for amplification by stimu-
lated emission. Below we investigate the relative PDS spectra pecu-
liarities and the light energy distribution peculiarities in the
system. We are investigating possibilities of tuning the emission
peak wavelength by the incidence angle change.

In Fig. 3 the dependence of lnðjEðzÞj2Þ on z (the axis z coincides
with the medium axis) at the normal light incidence is presented.
The CLC layer occupies the region 0 6 z 6 L ðL ¼ 100rÞ, the defect
is at the CLC center and the defect center is at the z ¼ zd ¼ 50r. As
it follows from the Figure, the maximum of jEðzÞj2 is at the defect
center.

In Fig. 4 the spectra of qmðkÞ
qiso

are presented in the case of dielectric
borders minimum influence, i.e., the case for em ¼ e (a–d) and in the
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case e ¼ 1, i.e. the case when the dielectric borders influence is sig-
nificant (e–h) for various incidence angles.

The density of states qðxÞ is the inverse of the group velocity
and is given by [52,53]

qðxÞ � dk
dx
¼ 1

L
v du

dx� u dv
dx

v2 þ u2 ð14Þ

where v and u are the real and imaginary parts of the transmission
coefficients, respectively.

As it can be seen from Fig. 4, qmðkÞ
qiso
ðqmðkÞ ¼ dx

dk qmðxÞÞ has maxi-
mums on the PBG borders and at defect mode wavelength and at
certain circumstances the second one is much higher than the first
one. Here a low-threshold lasing appears because of light energy
abundant accumulation at the defect location at the defect mode.

The presented results show that there is one more possibility of
tuning the emission peak wavelength in CLC, namely, changing the
incidence angle. If this angle increases, both qmðkÞ

qiso
at its maximum

and its peak frequency location change. And if the dielectric bor-
ders influence is minimum, the number of maximums of qmðkÞ

qiso
in-

creases (consequently, the number of wavelengths, at which
emission has peaks, increases), because, as it is mentioned above,
at the oblique incidence a complicated three-peak diffraction re-
gion appears; besides, at larger incidence angles the diffraction
modes appear in both regions of the selective diffraction reflection.
But at larger incidence angles the relative PDS, qmðkÞ

qiso
maximums de-

crease. When the dielectric borders influence is minimum, the las-
ing wavelength changes within a rather large interval, but the
incident angle increase significantly decreases the maximums of
qmðkÞ
qiso

. In contrast to these, when the dielectric borders’ influence is
significant, the lasing wavelength changes in a comparatively
smaller interval, but the above mentioned maximums are rela-
tively stable in respect to incident angle changes.
4. Conclusion

Summing up, let us note that in the present paper we have
investigated defect mode peculiarities in CLC with an anisotropic
defect inside. CLC with anisotropic defects can be created, for in-
stance, on the base of cholesteric liquid crystals (CLC). Liquid crys-
tals (LC), containing chiral molecules, have a self organizing
helicoidal structure, and these media are 1D CLC. And, as liquid
crystals can be easily tuned, it is possible to create an anisotropic
defect inside the CLC layer and tune its location, for instance, by
a static external electric field created by a series of electrodes ar-
ranged along the CLC axis. Then the defect layer thickness will be
defined by the electrode longitudinal dimensions and the applied
voltage. Besides, applying voltage to different pairs of electrodes,
one can change the defect location inside the system.

We showed that at large incidence angles and at the minimum
influence of the dielectric boundaries, two defect modes arise in
the system – each one in the two regions of the selective reflection,
respectively – provided that such a three peak diffraction reflection
region is aroused, which has a complete reflection region with
sided regions of the selective reflection.

We also investigated the possibility of tuning the emission peak
wavelength in a CLC layer with an anisotropic defect doped with a
laser dye. We showed that one can change the emission peak
wavelength in a sufficiently large wavelength range by changing
the incident wave angle.
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Appendix

Let us consider light propagation through a one-axis crystal
with its optical axis parallel to the boundary surfaces, and having
the angle / with x-axis of the laboratory system. The incidence
plane coincides with the (x,z) plane, and the z-axis is directed along
the normal of the crystal’s surface, the y axis is perpendicular to
light incidence plane, and the incidence angle is h. The dielectric
permittivity tensor of such a layer has the following form:

ê ¼ em

1þ d cos 2/ d sin 2/ 0
d sin 2/ 1� d cos 2/ 0

0 0 1� d

0B@
1CA; ðA1Þ

where em ¼ e1þe2
2 , d ¼ e1�e2

e1þe2
, e1 and e2 – are the crystal’s dielectric per-

mittivity values along its optical axis and along the direction per-
pendicular to that axis, respectively. We are considering a non-
magnetic crystal and take l �1. Solving the wave equation for such
a crystal, we get the following dispersion equation for kz:

k4
z � 2k2

z
x2

c2 em � k2
x

1� d sin2 /
1� d

" #
þ k4

x
1þ d cos 2/

1� d

� 2
x2

c2 emð1þ d cos2 /Þk2
x þ

x4

c4 e2
mð1� d2Þ ¼ 0;

ðA2Þ

where kx ¼ x
c n0 sin h, n0 – is the reflection coefficient of the medium

having borders with subject layer at its both sides. The solutions of
this equation are:

kz1;2 ¼ �
x
c

n1;2 ¼ �
x
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
emð1� d� g2 sin2 hÞ

q
;

kz3;4 ¼ �
x
c

n3;4 ¼ �
x
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
em 1þ d� g2 1þ d cos 2/

1� d
sin2 h

� �s
;

ðA3Þ

where g ¼ n0=
ffiffiffiffiffi
em
p

.
Solving the reflection and transmission problems of this layer

for the reflection and transmission matrix elements r̂; t̂, we get
(also see [51]):

r11 ¼ ½ðh11 � h21Þðh32 þ h42Þ � ðh12 � h22Þðh31 þ h41Þ�=D;
r12 ¼ 2 cos hðh31h42 � h32h41Þ=D;
r21 ¼ �2ðh11h22 � h12h21Þ=ðD cos hÞ;
r22 ¼ ½ðh31 � h41Þðh12 þ h22Þ � ðh32 � h42Þðh11 þ h21Þ�=D;
t11 ¼ 2 cos hðh32 � h42Þ=D;
t12 ¼ �2 cos hðh31 þ h41Þ=D;
t21 ¼ �2ðh12 þ h22Þ=D;
t22 ¼ 2ðh11 þ h21Þ=D;

ðA4Þ

where:

h11 ¼ P1 cos hþ n0P2; h12 ¼ P3 þ n0 cos hP4;

h21 ¼ ðP5 cos hþ n0P1Þ cos h=n0;

h22 ¼ ðP6 þ n0 cos hP7Þ cos h=n0;

h31 ¼ P7 cos hþ n0P4; h32 ¼ P8 þ n0 cos hP9;

h41 ¼ ðcos hP6 þ n0P3Þ=ðn0 cos hÞ;
h42 ¼ ðP10 þ n0 cos hP3Þ=ðn0 cos hÞ;
P1 ¼ ðe2 cos2 / cos b1 þ n2

1 sin2 / cos b3Þ=a;

P2 ¼ in1 cos2 / sin b1 þ
n3

1

n3e2
sin2 / cos b3

� �
=a;

P3 ¼ n2
1 sin / cos /ðcos b1 � cos b3Þ=a;

P4 ¼ i sin / cos / n1 sin b1 �
n2

1

n3
sin b3

� �
=a;

P5 ¼ ie2
e2

n1
cos2 / sin b1 þ n3 sin2 / sin b3

� �
=a;

P6 ¼ ie2 sin / cos /ðn1 sin b1 � n3 sin b3Þ=a;
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P7 ¼ e2 sin / cos /ðcos b1 � cos b3Þ=a;

P8 ¼ ðn2
1 sin2 / cos b1 þ e2 cos2 / cos b3Þ=a;

P9 ¼ iðn1 sin2 / sin b1 þ
e2

n3
cos2 / sin b3Þ=a;

P10 ¼ iðn3
1 sin2 / sin b1 þ e2n3 cos2 / sin b3Þ=a; ðA5Þ

a ¼ e2 � n2
0 sin2 h sin2 /; bi ¼ kid; i ¼ 1; . . . ;4, d – the layer thickness.
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