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Metamaterials are artificial subwavelength-structured media 
that exhibit unusual optical properties. They have become 
important for engineering electromagnetic space and con-

trolling the propagation of light and waves. Initial studies of meta-
materials concentrated on structures that possess both negative 
permittivity and negative permeability (known as double-negative 
media), as such structures are highly promising for subwavelength 
optics because they exhibit negative refraction1. In recent years, 
the focus of metamaterial research has shifted towards active and 
tunable metamaterials, as well as simplifying structures while pre-
serving many of their unusual properties and functionalities. One 
class of metamaterials is highly anisotropic media that have hyper-
bolic (or indefinite) dispersion2, as determined by their effective 
electric and/or magnetic tensors. Such metamaterials represent the 
ultra-anisotropic limit of traditional uniaxial crystals, and one of 
the principal components of either their permittivity (ε) or per-
meability (μ) tensors is opposite in sign to the other two principal 
components2–4.
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Here, the subscripts || and ^ indicate components parallel and per-
pendicular to the anisotropy axis, respectively. In this Review, we 
focus on electric hyperbolic structures with μ^  =  μ||  > 0 and either 
ε|| < 0 and ε^ > 0 or ε|| > 0 and ε^ < 0. Their unique properties stem 
from the isofrequency surface of extraordinary (transverse magnetic 
polarized) waves (Fig. 1), which is given by
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Here, kx , ky and kz are respectively the x, y and z components of the 
wave vector, ω is the wave frequency and c is the speed of light.

It is considerably easier to produce hyperbolic structures than 
double-negative media, as the only essential criterion for hyperbolic 
structures is that the motion of free electrons be constrained in one 
or two spatial directions. Such structures were first experimentally 
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demonstrated in a magnetized plasma in 19695. A few natural materi-
als, including bismuth and graphite, exhibit hyperbolic properties in 
certain spectral ranges6.

Very recently, hyperbolic metamaterials have become an active 
research area7. Research topics include spontaneous emission 
enhancement, realizing a large Purcell factor8, applications in heat 
transport9 and acoustics10, and analogue cosmology11–13. Importantly, 
hyperbolic metamaterials have been used to fabricate very practical 
metamaterial structures. Specifically, layered metal–dielectric struc-
tures and nanowire arrays with hyperbolic dispersion have been 
experimentally realized across the optical spectrum and various 
interesting effects have been demonstrated, including subwavelength 
imaging14–16, focusing16–18 and lifetime engineering19–23. In this Review, 
we cover several fundamental and applied aspects of hyperbolic 
metamaterials that distinguish them from conventional split-ring 
resonators, including their peculiar emission properties and diverg-
ing density of photonic states.

1. Realization of hyperbolic media
In metals, the real part of the dielectric function is negative below 
the plasma frequency because the polarization response of free-
moving electrons is in the opposite direction to the electric field. In 
the hyperbolic regime, the components of the dielectric tensor are 
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Figure 1 | Isofrequency surfaces of extraordinary waves in hyperbolic 
metamaterials. a,b Isofrequency surfaces given by ω(k) = constant for 
εzz = ε|| < 0, εxx = εyy = ε^ > 0 (a) and ε|| > 0, ε^ < 0 (b).
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negative in only one or two spatial directions. This can be achieved by 
restricting free-electron motion to these directions. Hence, the most 
common realization of hyperbolic metamaterials is layered metal–
dielectric structures.

Layered metal–dielectric structures. An example of a layered 
metal–dielectric structure is shown in Fig. 2a. The components of the 
effective dielectric tensor parallel (ε||) and perpendicular (ε^) to the 
anisotropy axis are given by24

εmdm + εddd

dm + dd 
ε  =                      ,        =                                              (3)

dm/εm+ dd/εd

dm + dd 
1
ε||

	

where dm (dd) is the thickness and εm (εd) is the dielectric constant 
of the metallic (dielectric) component. By tuning these parameters 
such that ε|| ε^ < 0, one can attain the hyperbolic regime. The effec-
tive medium approximation given by equation (3) is valid in the 
long-wavelength limit, namely, when the variation of the electro-
magnetic field over one period of the structure is small. However, 
the excitation of surface plasmon polaritons at the metal–dielectric 
interfaces causes the field to vary significantly on the scale of one 
period, even when the vacuum wavelength is much larger than the 
period. Hence, the approximation given by equation (3) may not be 
valid in certain spectral ranges. Plasmonic modes may have more 
complex shaped isofrequency contours that are neither elliptic nor 
hyperbolic. This leads to both negatively and positively refracted 
beams being produced by light scattered at the metamaterial inter-
face25,26. Such effects can be described by using the effective tensor 
with spatial dispersion, that is, ε depends on the mode wave vec-
tor27,28. Spatial dispersion implies a nonlocal response in real space, 
such that the electric field at one point in space induces polarization 
at another point. To the best of our knowledge, the first experimental 

demonstration of a layered hyperbolic metamaterial was a hyper-
lens14. Negative refraction and hyperbolic dispersion were demon-
strated in the mid-infrared region using a structure consisting of 
doped InGaAs and intrinsic AlInAs layers29. Subsequently, numer-
ous hyperbolic metamaterials have been demonstrated that consist 
of different metal/dielectric pairs; they include Ag/Al2O3 (ref. 14), 
Ag/polymethyl methacrylate (PMMA) (ref.  20), Ag/LiF (ref.  20), 
Ag/TiO2 (ref.  21), Ag/Ge (ref.  23), Au/Al2O3 (ref.  22), Ag/MgF2 
(ref. 30) and Ag/Ti3O5 (ref. 15). In addition, an analogue of a hyper-
bolic metamaterial based on a three-layer SiO2/SiC/SiO2 sandwich 
has been fabricated31. Wave dispersion, refraction and propagation 
in layered hyperbolic metamaterials have been extensively analysed 
theoretically25–27,32.

Suitable materials for layered hyperbolic structures have been 
evaluated in detail33. Metallic systems are generally considered prefer-
able for optical frequencies, whereas semiconductors are considered 
to be optimal for lower frequencies, namely in the terahertz and near-
infrared regions34. Typically, the hyperbolic regime with Re(ε^) < 0 
is realized in a metallic system (Fig. 1b)21. An inherent problem of 
metal-based structures is Joule losses. One way to mitigate this prob-
lem is to use active media, so that the losses are compensated by the 
gain of the active media35,36. An alternative strategy involves using 
unconventional plasmonic materials that have low losses in specific 
frequency ranges37,38.

 Metal–dielectric structures may be naturally extended to the so-
called hyperlens (Fig. 2b), which consists of a hyperbolic metamate-
rial on a curved substrate39,40. As hyperbolic metamaterials support 
large propagating wave vectors, a hyperlens may magnify subdiffrac-
tion-limited objects in the far field14. It is easier to realize a superlens 
using planar plasmonic structures41.

Nanowire arrays. Hyperbolic wire metamaterials are formed by 
embedding arrays of parallel metallic wires in a dielectric matrix 
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Figure 2 | Examples of hyperbolic metamaterials. a, Layered metal–dielectric structure; b, hyperlens; c, multilayer fishnet; d, nanorod arrays;  
e, arrays of metal–dielectric nanopyramids23; f, graphene metamaterials. Figure e reproduced with permission from ref. 23, © 2012, NPG. 
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(Fig. 2d)42. In the model of thin wires in vacuum, the components 
of the effective dielectric tensor of the wire medium have the form43

(4)ω2 – б2 – c2kz
2 

Ω2
pε  = 1, ε||(kz) = 1 –                                 

where Ωp  ≈  c/a[ln(a/2πR)/(2π)  +  1/12]−1/2 is the effective plasma 
frequency, δ = Ωpa[πR2(1 − εwire)]−1/2, R is the wire radius, a is the 
period and εwire is the dielectric constant of the wire. For perfectly 
conducting wires (εwire → ∞) and in-plane propagation, equation (4) 
reduces to the Drude formula, ε|| = 1 – Ωp

2/ω2, which suggests that 
the wire metamaterial could attain the hyperbolic regime below the 
plasma frequency Ωp. An appropriate description of the metamate-
rial mode structure in which ε|| depends on kz (that is, the description 
includes spatial dispersion), yields new optical modes of the wire 
metamaterial in addition to the transverse electric (TE) and trans-
verse magnetic (TM) modes of a conventional uniaxial medium42,44. 
These extra modes have a flat isofrequency surface kz  =  ±ω/c for 
perfectly conducting wires, and they are especially important in the 
microwave frequency range. Although spatial dispersion effects are 
present in the optical range, they are quenched by the large losses45, 
allowing local Maxwell–Garnett-like approximations to be used 
instead of equation (4)46.

A standard technique to fabricate a nanostructured wire meta-
material is electrochemical deposition of a metal (gold or silver) on 
a porous alumina membrane created by anodization47. This is a very 
efficient approach, allowing samples as large as 1 cm × 1 cm × 50 μm 
to be created48. The first demonstrated hyperbolic property of such 
metamaterials was negative refraction at λ  =  780  nm (ref.  49). 
Wire metamaterials have been extensively studied19,46,50–52; in par-
ticular, they have been used in experimental studies of biosens-
ing50 and Purcell factor enhancement19. The nanorod structure has 
a key advantage of being very sensitive to the refractive index of 
the matrix, having a sensitivity exceeding 3  ×  104  nm per refrac-
tive index unit. Thus, nanorod-based metamaterials outperform 
surface-plasmon-enhanced sensors based on smooth metallic films. 
More recent studies have considered the design of metamaterial-
enhanced optical fibres53.

Other realizations. Other realizations of hyperbolic media 
include the first experiment study of a strongly magnetized 
plasma5 in which electrons moved parallel to the d.c. magnetic 
field so that the structure effectively behaves as a wire medium. A 
similar effect may have occurred in the early Universe54. A hybrid 
structure of nanolayered metal–dielectric pyramids (Fig. 2e) has 
been studied theoretically55 and experimentally23; in this struc-
ture, each pyramid acts as a cavity made of a hyperbolic meta-
material. The structures operated at the infrared wavelength of 
λ = 2 μm, whereas the cavity size was of the order of 100 nm. The 
experiment revealed that cavity operation followed an unusual 
scaling law: higher-order resonance modes had lower resonant 
frequencies. This directly reflects the hyperbolic dispersion law 
given by equation (2) for the cavity material: for ε^ < 0 and ε|| > 0 
(Fig. 1b) larger mode wave vectors kz correspond to lower frequen-
cies. The obtained vertical radiation quality factors were as high as 
4,000 (this relatively high value corresponds to the theoretically 
processed experimental data from which the absorption losses in 
metal have been subtracted23). A related possibility of realizing a 
magnetic hyperbolic medium with μ||  μ^ < 0 in fishnet-like struc-
tures56 has been predicted57.

In the mid-infrared and terahertz regions, the hyperbolic regime 
can be attained in conventional homogeneous materials, such as 
bismuth and triglycine sulphate6. The plasma frequency of bismuth 
differs depending on whether the electric field is polarized along or 
perpendicular to the trigonal axis. For frequencies lying between 

these two plasma frequencies (corresponding to wavelengths in the 
range 53–62  μm), bismuth is expected to behave as a hyperbolic 
medium. Natural graphite is known to exhibit hyperbolic disper-
sion in the ultraviolet region58. However, the π-orbitals of the carbon 
atoms in adjacent graphene planes strongly overlap, modifying the 
electron band structure and giving rise to large nonradiative losses. A 
true graphene-based hyperbolic metamaterial in which the graphene 
sheets are separated by slabs of the dielectric host (Fig. 1d) has been 
theoretically proposed59. This structure has hyperbolic dispersion 
curves for TM-polarized waves at terahertz frequencies; it exhibits a 
strong Purcell effect, and can be tuned by applying a gate voltage or a 
magnetic field60. Graphene-based metamaterials have been proposed 
for hyperlens structures in the terahertz range61.

2. Light propagation and scattering
Negative refraction, backward waves and spatial filtering. Negative 
refraction of TM waves was probably the first phenomenon of hyper-
bolic metamaterials to be studied4,32,62–64. Negative refraction in hyper-
bolic media can be explained by considering the interface between a 
nonmagnetic hyperbolic medium and vacuum. We assume that the 
component of the dielectric tensor perpendicular to the interface 
plane is negative and that the other two components are positive, and 
consider a TM-polarized plane wave incident on the interface with 
an in-plane wave vector kx. We further assume that the electric field 
and the wave vector lie in the xz plane, and that the interface lies in 
the xy plane (Fig. 3d). To determine the nature of the refraction, we 
need to determine the sign of the tangential component of the aver-
age Poynting vector for the transmitted wave St

x = −c Re(Et
zHt*

y)/2π, 
where Et

z and Ht
y are the corresponding components of the electric 

and magnetic fields of the transmitted wave. Using Maxwell’s equa-
tions and the fact that ε|| < 0, we express the electric field in terms of 
the magnetic field.

(5)2πkx
ωε||Sxt =           |Hy|2 < 0 ,        

Thus, in this case, the incident beam will be negatively refracted. 
Several experiments have demonstrated negative refraction in dif-
ferent frequency ranges29,49,65. Figure 3a shows experimental results 
for negative refraction observed in the infrared region29. In this 
case, an In0.53Ga0.47As/Al0.48In0.52As superlattice with a period of 
80 nm was irradiated by a broadband TM-polarized light beam. 
After measuring the transmission spectrum, a blade was placed 
behind the sample (see Fig.  3a) to block only the negatively 
refracted beam. The measured transmission spectrum of the par-
tially blocked sample was normalized to that obtained without the 
blade. There is a steep step in the transmission spectrum of the 
partially blocked sample; this step corresponds to the transition 
between the negative and positive refraction regimes. Negative 
refraction at optical wavelengths has been observed in an array 
of metallic nanorods49. The negatively refracted beam could be 
identified from the sign of the relative displacement of the trans-
mitted beam in the interface plane, because negative and positive 
refraction are expected to give opposite signs. Negative refrac-
tion was observed only for TM-polarized incident light; it was not 
observed for TE-polarized light. This polarization sensitivity has 
been exploited in a linear polarizer based on a hyperbolic medium 
slab66; this polarizer transmits only the TM-polarized component 
of incident light.

In addition to the polarization of the incident light, the incident 
angle also influences reflection from and transmission through 
hyperbolic media. This effect has been utilized to produce a spa-
tial filter67 that transmits only certain angular or spatial harmonics 
of the source. In a further development of this idea, a spatial filter 
for terahertz radiation has been fabricated from a semiconductor 
superlattice that operates in the hyperbolic regime68. It can be tuned 
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by using an infrared or optical control beam to generate additional 
free carriers in the semiconductor, which alter the effective plasma 
frequency of the layers.

Negative refraction raises the possibility of realizing a lens based 
on a hyperbolic metamaterial slab as an analogue of the superlens 
made from negative-index metamaterials. A crucial difference is that 
the group and phase velocities are always antiparallel in negative-
index metamaterials, whereas the mutual orientation of the group 
and phase velocities in hyperbolic media depends on the propagation 
direction relative to the principal axis. This results in partial focusing 
of radiation by a hyperbolic metamaterial slab2,69,70. The ray-tracing 
diagram in Fig. 3e shows that at small angles of incidence, the lens 
focuses rays in a similar manner to a negative-index slab, whereas 
rays with larger angles of incidence remain defocused. The effect of 
partial focusing has been experimentally observed for microwaves17 
(see Fig. 3b).

Hyperbolic waveguides. Waveguides made from the hyperbolic 
media possess some unique properties not inherent to bulk hyper-
bolic media. In particular, hyperbolic waveguides can behave as non-
magnetic left-handed media71–73. To explain this property, we consider 
a waveguide made from a hyperbolic medium that is finite in the z 
direction (coinciding with the anisotropy axis of the metamaterial) 
but infinite in the x and y directions71. For a TM electromagnetic 
mode, the dispersion relation given by equation (2) can be recast as

ε q2kx
2 + ky

2  = ε|| 1–          q2                                     (6)kz
2 

where ε|| ≡ εzz, ε^ ≡ εxx = εyy, q = ω/c and kz is a quantized wavenumber 
in the z direction, which can be expressed as kz = 2πj/d, where j is 
an arbitrary integer and d is the waveguide thickness. Propagating 
solutions exist if ε|| < 0 and 1 – kz

2/(ε^q2) < 0; for these modes, the 
waveguide behaves as a left-handed two-dimensional medium. 
A two-dimensional superlensing based on this effect has been 

proposed71–73, and guided wave propagation in a hyperbolic meta-
material waveguide has been analysed in detail74. Unique properties 
of these waveguides are the absence of the fundamental mode, the 
coexistence of forward and backward modes, and the existence of 
surface modes. It has also been shown that an array of disordered 
coupled hyperbolic waveguides can suppress the Anderson locali-
zation of light75, and that extremely high field enhancement occurs 
in hyperbolic waveguides76.

Subwavelength imaging and superlenses. Hyperbolic media that 
have nearly flat isofrequency contours because of the very large 
components of their permittivity tensors are beneficial for trans-
ferring the near field of a point source. Indeed, if a point source is 
placed near a slab made from such a medium, the emitted evanes-
cent waves with arbitrarily large in-plane wave vectors can excite 
propagating modes in the slab, which will transfer the near-field 
information to the opposite interface of the slab. The realization of 
such a set-up using different types of hyperbolic media has been 
suggested77–79. One of the most promising applications of hyper-
bolic metamaterials is the hyperlens39,40. It permits the near field of 
an object (either an emitter or a scatterer) to be transformed into 
a far-field image, which can be processed by conventional optical 
devices. To explain the operation principle of the hyperlens, it is 
instructive to assume cylindrical symmetry and to expand the elec-
tromagnetic field as a series of waves with fixed angular momen-
tum m. As the angular momentum conservation law imposes the 
constant value of m  =  kθr, the wave vector kθ should increase as 
1/r with decreasing radius. Thus, the vacuum dispersion relation 
kr

2 + kθ
2 = ω2/c2 ensures that kr will be imaginary for small radii, 

and hence the mode will be evanescent. However, for a hyperbolic 
medium, the dispersion relation becomes

–       =      ,   (εr< 0, εθ  > 0 )    (7)
ω2

c2
kr

2 kθ
2
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This equation states that for any value of the tangential wave vector kθ, 
the component kr will be real; that is, modes with an arbitrarily large 
angular momentum m will propagate for an arbitrary radius r. The 
conventional hyperlens is a hollow cylinder made from a hyperbolic 
medium (Fig. 2b). Evanescent modes with high angular momenta are 
radiated by an object inside the cylinder, and they carry near-field 
information about the object. They excite propagating modes inside 
the hyperlens, which can be used to transfer the near-field informa-
tion to the far-field region of the outer radius of the cylinder. The reso-
lution Δ of such a device can be estimated using Δ = (Rin/Rout)λ, where 
Rin and Rout are the inner and outer radii of the cylinder, respectively39.

Modifications of the original hyperlens designed to enhance its 
imaging abilities have been investigated in several studies10,15,80–85. A 
hyperlens for terahertz frequencies that is based on a fan-like arrange-
ment of graphene sheets has been proposed61. Hyperlenses have been 
experimentally realized for acoustic waves10 and in the microwave86, 
optical15,41 and near-ultraviolet14 regions. The experimental geometry 
for the microwave hyperlens14 is depicted in Fig. 3b. The hyperlens 
consists of a curved stack of alternating Al2O3 and Ag layers that are 
35 nm thick. To create a subwavelength object, the word “ON” was 
inscribed on a 50-nm-thick chrome layer deposited on the inner sur-
face of the hyperlens. The object was illuminated with a laser beam 
(central wavelength, 365 nm; linewidth, 10 nm). The far-field image 
was focused onto the image plane by a conventional lens. Using this 
experimental configuration, a subwavelength resolution of 130  nm 
was achieved. Recently, an optical hyperlens formed on a semi-
spherical substrate has been demonstrated15. The structure operates 

at a wavelength of 410 nm, and it permits two 100-nm-diameter dots 
separated by a distance of 100 nm to be resolved. Hyperlenses are 
described in more detail in a recent review87.

Radiation from a localized source. The unique optical proper-
ties of hyperbolic media are revealed in the emission pattern of 
an embedded point dipole source, which can be described by the 
Green function88. Here, we focus on the electric field induced by a 
dipole oriented along the anisotropy axis z. The field component Ez 
calculated for ε|| = −3 and ε^ = 1 is presented in Fig. 4a. It may be 
written in the following compact form, E  =  (q2  + ∇∇)z^ exp(iqR

~
) 

where R
~
 = [ε||(x2 + y2) + ε^z2]1/2. This expression has the same form 

as that for an isotropic medium89, but the scaled ‘distance’ R
~
 may be 

complex for a hyperbolic medium. In particular, in a lossless hyper-
bolic medium with ε|| < 0 (see Fig. 1a for its isofrequency surface) 
the waves propagate inside cones defined by the condition

	 |θ| < (−ε||/ε^)1/2 and |π – θ| < (−ε||/ε^)1/2	�  (8)

Here, θ is the polar angle. The waves are evanescent outside these 
cones (where R

~
 < 0) (see Fig. 4a). Such a conical emission pattern 

is the real space counterpart of isofrequency cones in wave-vector 
space. The Green function has a singularity along the entire bound-
ary of the cones, where R

~
 = 0. This is a manifestation of the enhance-

ment of near-field effects in the hyperbolic medium. In the elliptic 
case, the near-field zone corresponds to the region near a single point 
located at the coordinate origin, r  =  0. In the hyperbolic case, the 
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scaled distance R
~
 is zero at the infinite number of points that lie on 

the cone boundary.
The general conical shape of the Green function pattern is an 

inherent property of the hyperbolic medium. However, some details 
of the pattern may be sensitive to the particular metamaterial realiza-
tion. Figure  4b shows the absolute value of the lattice Green func-
tion calculated for an infinite hyperbolic metamaterial, which was 
modelled as an array of discrete dipoles with negative polarizability 
in the z direction90. The pattern retains the hyperbolic shape, but it 
has superimposed periodic vertical ripples, in contrast to the effec-
tive medium model shown in Fig. 4a. These ripples are a result of the 
interference of the waves interacting with the subwavelength struc-
tural elements of the metamaterial. They are specific for the discrete 
structure of the hyperbolic material, and cannot be described within 
the effective model.

Since a seminal work on magnetized plasma5, various experimen-
tal set-ups have been proposed to visualize and utilize Green func-
tions. The observed polar diagram of the field emitted by an antenna 
in a plasma has two distinct maxima, which correspond to the coni-
cal angles given by equation (8). The positions of these maxima can 
be controlled by the magnetic field. Although such ‘resonance cones’ 
are a well-known phenomenon in plasma physics, it was not until 
2002 that Balmain et al.18 succeeded in reproducing them in meta-
materials. Their experimental set-up was based on two-dimensional 
microwave transmission lines consisting of capacitors aligned in the 
z direction and inductors aligned in the x direction. Their results have 
been subsequently improved by other groups91,92. In particular, dis-
tinct cross-like patterns (Fig. 4c,d) have been produced. In one case, 
this was achieved by locating the source at the structure edge, which 
allowed both wave steering along the resonant directions to be real-
ized and wave reflection from the metamaterial edges to be observed92 
(Fig. 4d). In another experiment, the source was placed at the centre 
of the sample, resulting in a similar emission pattern to that in an 
infinite structure91 (Fig. 4c).

Peculiar point-source emission patterns might be directly used in 
future near-field optical devices, such as the ‘hypergrating’ that has 
been proposed for subwavelength focusing at arbitrarily large dis-
tances93. This proposed hypergrating consists of several slits formed 
on top of a hyperbolic metamaterial (Fig. 4e). Each slit acts as a small 
source of radiation at the metamaterial boundary, and the construc-
tive interference of the conical patterns generated by neighbouring 
slits results in the formation of the subwavelength focal spots inside 
the metamaterial. This concept has recently been experimentally 
verified using a layered silver–silica hyperbolic metamaterial cov-
ered by a perforated chromium layer16; the design of this loss-com-
pensated hypergrating lens is currently being improved to overcome 
the diffraction limit94. Other designs of metamaterial-based lenses 
have also been proposed, such as a hyperbolic metamaterial with a 
plasmonic waveguide on top95,96.

The concept of hyperlenses and hypergratings may be exploited 
to solve the inverse problem by using hyperbolic metamaterials with 
corrugated surfaces to control light absorption. When light is irradi-
ated on such a surface, each scatterer on the surface acts as a source, 
efficiently guiding all the light into the metamaterial substrate97.

3. Enhanced spontaneous emission
One of the most promising applications of hyperbolic metamateri-
als is spontaneous emission engineering33. Purcell98 first proposed 
the concept of radiative decay enhancement in a cavity in 1946 in the 
context of nuclear magnetic resonance. The Purcell factor is generally 
defined as the ratio of the radiative rate in a particular electromag-
netic structure to that in vacuum. In a cavity for which the resonant 
wavelength of the quantum emitter λ is tuned to the photonic mode 
wavelength, the Purcell factor is given by the ratio of the cavity finesse 
Q to the effective mode volume V, f = 3Qλ3/(4π2V); in the off-reso-
nance case, radiative decay is suppressed. Unlike cavities, hyperbolic 

metamaterials offer the opportunity of realizing broadband enhance-
ment of radiative decay8,33.

Purcell effect. To illustrate this effect, we write the Fermi golden rule 
for the radiative decay rate 1/τ in a homogeneous lossless medium.

∑  〈 f | H
int

(k, σ)|i〉   2

 δ(hω
k,σ – hω)          (9)     

h
2π

τ =1
k, σ

Here, the summation runs over all the wave vectors k and polariza-
tions σ of emitted photons with energies hωk,σ , <f|Hint(k, σ)|i> is the 
matrix element of the transition from the initial state |i> to the final 
state |f> with the emission of the photon (k, σ) and hω is the transi-
tion energy.

Clearly, equation (9) has the same structure as the density of pho-
ton states with polarization σ.

ρ
σ
 (ω) = ∑ δ(ω

k, σ – ω)                   (10)     
k

In this case, the summation is by definition proportional to the 
area of the isofrequency surface ωk,σ = ω, and hence it diverges in a 
hyperbolic medium. This leads to strong enhancement of the radia-
tive decay at any frequency for which the isofrequency surface is 
hyperbolic. This naive consideration assumes that the density of 
states is directly proportional to the radiative decay rate, and that 
the effective medium description is valid for arbitrarily large wave 
vectors. More rigorous treatment reveals that the singularity in 1/τ 
is cancelled because of the following four reasons. First, the finite 
period a of the metamaterial introduces a cutoff in equations (9) and 
(10) for wave vectors k ≈ 1/a corresponding to the Brillouin zone 
edge8,90,99. The maximum Purcell factor is of the order of (λ/a)3, where 
λ = 2πc/ω is the wavelength. Second, the finite distance between the 
source and the metamaterial makes source coupling to modes with 
large wave vectors k impossible8,33,100,101. The Purcell factor may be 
estimated using f ∝ λ3/h3, where h is the distance between the emit-
ter and the metamaterial surface. Additional corrections to the effec-
tive medium approximation may be required102. Third, the spatial 
dispersion of the dielectric constant of the metallic components of 
the metamaterial causes the Purcell factor to be approximated by 
c3/νF

3, where vF is the Fermi velocity in the metal103. Fourth, the 
source has a finite size a that is determined by the overlap between 
the wavefunctions of the initial and final states104. This results in the 
maximum Purcell factor being of the order of (λ/a)3. The radiative 
rate remains finite despite the density of states diverging, because 
the dipole approximation is violated at k ≈ 1/a and the interaction 
matrix element <f|Hint(k, σ)|i> is quenched. The calculated Purcell 
factors104 for different dipole orientations are presented in Fig.  5a 
(isofrequency surface of the type shown in Fig. 1a) and Fig. 5d (iso-
frequency surface of the type shown in Fig. 1b). This figure dem-
onstrates that the Purcell factor increases at the transition from the 
elliptic to hyperbolic regime, where ε|| (Fig. 5a) or ε^ (Fig. 5d) goes 
through zero. The enhancement is achievable for both dipole tran-
sition polarizations with respect to the symmetry axis (the z-axis), 
and hence it is a general characteristic of hyperbolic media.

The situation for lossy hyperbolic metamaterials is more com-
plicated. In this case, the interaction with light leads to two decay 
channels: ‘true’ radiative decay resulting from the emission of propa-
gating photons and nonradiative decay because of Joule losses in 
the metamaterial. The competition between these two channels in 
actual hyperbolic metamaterials is the subject of ongoing studies22. 
The sum of the two decay rates can be conveniently determined from 
the Green-function formalism as f = 3Gσσ(0)/(2q3), where G(0) is the 
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electromagnetic Green tensor evaluated at the source origin88 and the 
subscript σ denotes the transition polarization. Such a Green-function 
approach allows Purcell factors to be calculated for both electric and 
magnetic dipole emission105.

Experimental results. Some experimental results19–22 for spontaneous 
emission enhancement in hyperbolic metamaterials are summarized 
in Fig  5b–f. Figure  5b presents the wavelength dependence of the 
Purcell factor of CdSe/ZnSe quantum dots on top of a layered metal–
dielectric hyperbolic metamaterial21. The metal (Ag) and dielectric 
(TiO2) layers are very thin, with thicknesses of the order of 10 nm. 
The three sets of points in Fig. 5b correspond to samples with three 
different silver fill fractions. The quantum dot array has a wide emis-
sion band as a result of inhomogeneous broadening, which allows the 
emission kinetics to be measure at different wavelengths for both the 
elliptic and hyperbolic regimes. The emission lifetime in Fig. 5 is nor-
malized to that of a control sample containing only one pair of metal 
and dielectric layers. The horizontal axis represents the detuning of the 
wavelength from the value corresponding to the transition from the 
elliptic to the hyperbolic regime (ε^ = 0), as determined by ellipsom-
etry measurements. This transition takes place at l ≈ 620 nm for the 
sample with a silver fill fraction of 0.29 (red circles in Fig. 5b). These 
results clearly indicate lifetime shortening in the hyperbolic regime. 
For the sample with a fill fraction of 0.29, the lifetime is suppressed by 
a factor of approximately three at the transition threshold. The overall 

reduction in the lifetime of the quantum dots on a hyperbolic meta-
material relative to that of quantum dots on a glass substrate is about 
f ≈ 10. Interestingly, the Purcell factor decreases when the silver fill 
fraction increases from 0.29 to 0.33, and the structure goes deeper 
into the hyperbolic regime (Fig. 5b). This indicates that the maximum 
enhancement of the Purcell factor occurs near the transition from the 
elliptic to the hyperbolic regime, in qualitative agreement with the 
theoretical predictions shown in Fig. 5d.

Figure 5e presents the dye emission kinetics for different hyper-
bolic metamaterial samples20. In this case, the light-emitting material 
(IR-140 laser dye) was located in the dielectric layers of the metama-
terial, rather than on top of the metamaterial. The metal layers were 
made from silver, and the dielectric layers were made from PMMA 
polymer infiltrated with the dye. Curves 1 and 2 in Fig. 5e show the 
kinetics for control samples on glass and silver substrates, respec-
tively; curves 3 and 4 correspond the kinetics to the metamaterial 
sample fabricated on a flexible substrate and illuminated from above 
and below, respectively. Curves 5 and 6 present the kinetics for the 
sample on the glass substrate with dielectric and metal top layers, 
respectively. Figure 5e indicates that the Purcell factor f ≈ 6, which is 
the same order of magnitude as those measured for emitters placed 
on top of metamaterials19,21,22. We stress that the experimental results 
shown in Fig 5b,c,e highlight the Purcell enhancement of the radiative 
rate, rather than the enhancement of the emission intensity. Although 
the Purcell effect is commonly considered to increase both the rate 
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and intensity, this is generally not the case for hyperbolic metamate-
rials. Indeed, most emitted waves have large in-plane wave vectors, 
propagate only inside the metamaterial and are evanescent in air. 
Hence, the intensity of the emission in air decreases as the emitter 
approaches the metamaterial21,101. It may be possible to couple these 
high-k states in the hyperbolic metamaterial to photons propagating 
in air by employing special surface corrugation and structuring96. The 
competition between emission into air and emission into the substrate 
has been studied experimentally and theoretically based on simulta-
neous lifetime and quantum yield measurements22. Figure 5f presents 
the measured emission spectra of a dye with a 21-nm-thick spacer 
between it and a layered metamaterial structure consisting of gold 
and glass layers. This experimental technique allows the rates of pho-
ton emission into air and the substrate to be determined. Although 
the latter channel dominates as the emitter approaches the surface, 
the intensity of emission into air can still be enhanced (Fig. 5f). This 
enhancement is not because of coupling to high-k states; rather it 
originates from simple interference between the wave propagating 
directly from the source to the detector and the wave entering the 
detector after being reflected from the metamaterial surface22. A simi-
lar effect has been shown to affect the light absorption of a dye on top 
of a hyperbolic metamaterial30.

4. Concluding remarks and outlook
Initial studies of the physics of hyperbolic metamaterials led to the 
demonstration of negative refraction and lensing, which were already 
common in the field of meta-optics. Recently, research has been stim-
ulated by theoretical predictions and experimental observations of 
novel effects, such as Purcell-factor enhancement for specific hyper-
bolic media.

The successful application of hyperbolic metamaterials requires 
making the following four improvements. First, it is important to 
realize hyperbolic isofrequency surfaces that span wide spectral and 
wave-vector ranges. For actual metamaterials, the inverse of the size 
of structural elements represents an upper limit for the magnitude 
of wave vectors. Second, similar to plasmonic nanostructures, losses 
need to be mitigated. Third, it is necessary to overcome the limited 
performance of hyperbolic metamaterials as imaging and lensing 
devices for particular orientations and polarizations. Fourth, nano-
photonic applications and Purcell-factor engineering may require 
tailoring the surface of a metamaterial to mediate coupling between 
waves propagating in air and the high-k states inside the metamaterial.

The implications of the strong enhancement of the optical den-
sity of states in hyperbolic metamaterials are not restricted to radia-
tion effects. An emerging area is heat-transfer engineering based on 
hyperbolic media106. The large wave vectors achievable using hyper-
bolic metamaterials result in heat transfer with an efficiency exceed-
ing that stipulated by the Stefan–Boltzmann law107, and in broadband 
thermal emission that exceeds that given by the Planck law106. In par-
ticular, a heat flux between two hyperbolic metamaterials based on 
SiC nanowire arrays that is ~300 times larger than that between two 
gold plates has been predicted9.

One further development in the field of hyperbolic metamateri-
als is the study of nonlinear effects such as nonlinear self-action 
effects and frequency conversion, which may boost the develop-
ment of various methods for creating tunable and switchable func-
tionalities of metamaterials. Very recently, it was predicted that 
a periodic stack of graphene layers may function as a hyperbolic 
metamaterial for terahertz frequencies60; for such a material, tuning 
from elliptic to hyperbolic dispersion can be achieved by applying 
an external gate voltage. Graphene-based hyperbolic metamaterials 
exhibit a strong Purcell effect that could be used for boosting tera-
hertz emission in semiconductor devices. The tunability of these 
structures can be further enhanced by applying an external mag-
netic field, which produces unconventional hybridization of the 
TE- and TM-polarized waves.

We believe that future technologies will lead to photonic integra-
tion and increased energy efficiency by realizing data processing and 
waveguiding functionalities at the material level, creating a new gen-
eration of metadevices. We also believe that the concept of hyperbolic 
metamaterials, although simple in nature, may generate a family of 
metadevices that will permit the functionalities of a wide range of 
photonic systems (not just those used for telecommunication applica-
tions) to be dramatically improved. 
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corrigendum

Hyperbolic metamaterials
Alexander Poddubny, Ivan Iorsh, Pavel Belov & Yuri Kivshar

Nature Photon. 7, 948–957 (2013); published online 28 November 2013; corrected after print 28 November 2013.

In the version of this Review published in print, “Si/Ge (ref. 23)” was listed on the eight line of the second column on the second page 
(page 949). This should have read “Ag/Ge (ref. 23)”. This error has been corrected in both the HTML and PDF versions of the Review.
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