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Novel phenomena found in non-Hermitian systems and
robust edge states have attracted much attention. When non-
Hermitian parameters (gain and loss) are above a critical
value, the non-Hermitian photonic crystal (PC) bandgaps
close, leading to a mixture of the topological edge state
(TES) and topological corner state (TCS) with the bulk state.
Meanwhile, new bandgaps also open, in which new TES
and TCS can appear. Thus, with appropriate non-Hermitian
parameters, TES can emerge in both the original bandgaps
and the newly opened bandgaps. The results described here
will further enrich understanding of the topological prop-
erties of non-Hermitian systems. © 2022 Optica Publishing
Group
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The robust topological edge states (TESs) and topological corner
states (TCSs) of topological insulators (TIs) have inspired the
development of similar edge/corner states in classical systems,
including photonics [1–10], acoustics [11–13], and electrics
[14–17]. Parity–time (PT) symmetric systems are of inter-
est as they exhibit many intriguing phenomena at exceptional
points (EPs) [18–20], including non-reciprocal transmission
[21–24], power oscillation [25,26], and laser absorption [27,28].
In recent years, research on the combination of topology and
non-Hermiticity has attracted enormous attention [29–42]. It has
been found that non-Hermitian parameters can lead to the break-
down of bulk–boundary correspondence [30–33], a promising
direction of research for new topological invariants in non-
Hermitian systems [34–38]. By increasing the gain parameter
beyond the EP, a trivial band can be tuned into a non-trivial
band, with topological states emerging [39,40]. Dynamically
distributing the gain area can create a reconfigurable edge
state [39].

By introducing gain and loss with PT symmetry, TESs and
TCSs that are different from those in Hermitian topological
systems can be realized. The TESs can be tuned to be either
attenuating or amplifying depending on the signs of the non-
Hermitian parameters [41]. A pseudo-hinge state is found in
PT-symmetric photonic [5] and phononic [42] crystals. Previ-
ous works introduced small amounts of gain and loss, as it is
thought that non-trivial bandgaps in PT-symmetric systems usu-
ally become degenerate when gain and loss increase beyond the
PT breaking threshold [40], causing the disappearance of TESs

and TCSs. However, a PT-symmetric system will also open up
new bandgaps at other frequencies as the critical point of gain
and loss is exceeded [43], which can reimplement TESs and
TCSs. It is therefore possible to realize a dual-band topological
waveguide, a development which promises to provide a con-
venient way to achieve flexible wave routing and to transform
topological frequencies [44].

In this Letter, a PT-symmetric topological system is con-
structed by expanding and shrinking unit cells with a diagonally
symmetric distribution of gain and loss. Increasing the gain and
loss leads to degeneracy and the opening of a bandgap, as the
low-frequency TESs and TCSs merge into the bulk states and
new TESs and TCSs appear at high frequency. Through theoret-
ical analysis of the Hamiltonian of the non-Hermitian system,
the critical points of gain and loss are verified, and a dual-
band topological waveguide is realized with appropriate gain and
loss.

The non-Hermitian square lattice is composed of diagonally
symmetrical gain and loss cylinders, as shown in Fig. 1(a).
Cylinder A (gain medium) can be implemented using InGaAsP
multiple-quantum wells on the InP substrate, and cylinder B
(loss medium) can be implemented by placing thin absorbing
Cr/Ge structures on top of the waveguide [45]. The structure
is balanced between gain and loss and possesses PT symmetry
along the x and y directions. When d < 0.5a (d > 0.5a), the intra-
cell distance is less (greater) than the intercell distance, which
corresponds to a shrunken (expanded) structure. The expanded
and shrunken unit cells are shown in Fig. 1(b).

In a non-Hermitian system, the eigenfrequencies of the band
structure vary from all-real values to part-complex values com-
pared to a Hermitian system. When the imaginary part of the
relative permittivity γ is small, the gain and loss only slightly
affect the real parts of the eigenfrequencies, and the real bands
are almost the same for the non-Hermitian system and the cor-
responding Hermitian system. The topological phases of the
system mainly depend on the imaginary parts of the eigenfre-
quencies [41,42]. When γ increases further, the real bands vary
substantially. Comparing Figs. 1(c) and 1(d), it can be seen that
as γ increases from 0 to 5, some of the real bands (i.e., the second
and third bands, the fourth and fifth bands) become degenerate,
and the Dirac point of the fifth and sixth bands is broken, opening
up a new photonic band gap (PBG).

The band structure and topological phases of PCs can be
approximately calculated through tight binding models. The
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Fig. 1. (a) 2D non-Hermitian PC and its unit cell. The radius
of the cylinders is r= 2.4 mm; the relative permittivity of cylin-
ders A (gain medium) and B (loss medium) are εA = α − iγ and
εB = α + iγ, respectively; the distance between neighboring cylin-
ders is d; and the lattice constant a= 20 mm. (b) Schematic of the
non-Hermitian topological box-shaped structure; the unit cells are
expanded (d = 0.72a) in the inner region and shrunken (d = 0.28a)
in the outer region. (c), (d) Dispersion relation for an expanded unit
cell with α= 6.1 and with (c) γ = 0 and (d) γ = 5.

Hamiltonian of the non-Hermitian system is written as [46]

H =
⎛⎜⎜⎜⎝

−iγ1 t1 + t2e−ikx t1 + t2e−iky 0
t1 + t2eikx iγ2 0 t1 + t2e−iky

t1 + t2eiky 0 iγ3 t1 + t2e−ikx

0 t1 + t2eiky t1 + t2eikx −iγ4

⎞⎟⎟⎟⎠ , (1)

where t1 and t2 represent the intracell and intercell coupling
strengths, respectively. Because of the diagonal symmetry of
the gain and loss distribution, it can be shown that −γ1 = γ2 =

γ3 = −γ4 = γ.
The transformation matrix is defined as

S =
⎛⎜⎜⎜⎝
1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

⎞⎟⎟⎟⎠ , (2)

allowing Eq. (1) to be simplified to a 2×2 block matrix:

SHS−1 =

(︃
−ω g
g† ω

)︃
, g =

(︃
Aye−iθy Axe−iθx

Axeiθx Ayeiθy

)︃
, ω =

(︃
iγ 0
0 iγ

)︃
,

(3)
where Aje±iθj = t1 + t2e±ikj , with the subscript j representing the
x or y direction. The gain and loss influence the Hamiltonian
matrix by altering the diagonal elements from zero to imag-
inary numbers. The eigenvalues of the Hamiltonian remain
unchanged under the similarity transformation and can be cal-
culated through Eq. (3) as E = ±

√︂
(Ax ± Ay)

2
− γ2. This allows

the eigenvectors of the first band to be derived as

φ1 =
1

2(E1 − iγ)

⎛⎜⎜⎜⎝
(E1 − iγ)e−iθx

Ax + Ay

(Ax + Ay)ei(θy−θx)

(E1 − iγ)eiθy

⎞⎟⎟⎟⎠ . (4)

Fig. 2. (a) Variation in polarization Py with coupling strength t1
when t2 = 2 and γ = 0. (b) Variation in polarization Py with γ when
t1 = 1, t2 = 2 or t1 = 2, t2 = 1. (c) Eigenfrequencies of the first six
bands at high symmetric points X and M as functions of γ (note:
some bands overlap due to degeneracy; for example, on the left side
of point B, the second and third bands are degenerate at point M;
on the right side of point B, the first and second bands and the third
and fourth bands are degenerate at point M, and the second and
third bands are degenerate at point X). (d) Variation in PBG width
deduced from Fig. 2(c) with γ.

The topological phases are related to 2D polarization through
[47]

P = 1
2π

∫∫
dk1dk2Tr(Amn), Amn = i ⟨um(k)| ∂k |un(k)⟩, (5)

where the integral range is the first Brillouin zone, um(k) is the
Bloch function for the mth band, and the subscripts m, n run over
all bands below the PBG.

The polarization can be calculated from Eqs. (4) and (5). It is
known that Px =Py because of the symmetry of the structure, so
we only consider Py in this Letter. Figures 2(a) and 2(b) show
the variation of Py of the first PBG with coupling strength and
non-Hermitian parameters. Figure 2(a) shows that the topolog-
ical phase transition occurs at t1 = t2. When t1 < 2, i.e., t1 < t2

(t1 > 2, i.e., t1 > t2), Py = 0.5 (Py = 0), the structure possesses a
topological non-trivial (trivial) phase. The topological polariza-
tion remains invariant in the two respective regions. However,
the topological polarization begins to vary when gain and loss
are introduced, as shown in Fig. 2(b). The non-Hermitian system
has the same polarization as the Hermitian system when |γ | <
2; when the gain and loss exceed |γ | = 2, the polarization is no
longer a topological invariant.

Tuning the distance of the cylinders in an optical structure
is equivalent to tuning the coupling strengths t1 and t2 in an
electronic system. It is known from previous analysis that the
topological phase transition will occur in a photonic system
when the distance between cylinders increases from d = 0.28a
to d = 0.72a, and the PBG will be transformed from a topo-
logical trivial phase into a topological non-trivial phase. For
a non-Hermitian system, polarization will vary when the gain
and loss exceed a critical value, leading to changes in topo-
logical properties. It is shown in Fig. 2(c) that the original
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Fig. 3. (a)–(c) Projected bands with γ = 0, 5, 6, respectively; the
frequency ranges from 4 to 8 GHz in the lower region and from 12
to 16 GHz in the top region. The dotted (dashed) line represents
low (high) frequency TES bands. (d) Variation in the maximum of
the electric field intensity with γ at low frequency (dotted line) and
high frequency (dashed line). (e) Eigenmodes of points A and B
with γ = 5.

low-frequency PBG (light gray area) will degenerate while a
new high-frequency PBG (blue/dark gray area) will open up
as γ is increased. Furthermore, Fig. 2(d) shows that the low-
frequency PBG degenerates at γ = 5.5 and the high-frequency
PBG emerges above γ = 4. The PBG width is more sensitive
to a change in γ at high frequency than at low frequency. The
appropriate PBG width and frequency range can be obtained by
tuning γ. As TES can only exist in a PBG, these TESs disappear
when the topological non-trivial PBG degenerates. Therefore,
the quantity and frequency of TES may vary with different gain
and loss values.

In order to explore the properties of TESs in non-Hermitian
systems, a supercell structure composed of expanded and
shrunken unit cells is proposed to visualize the projected bands,
as shown in Figs. 3(a)–3(c). The supercell is composed of six
expanded unit cells (arranged to the left) and six shrunken unit
cells (arranged to the right) extending periodically along the y
direction. When γ = 0, there is a low-frequency topological band
with a frequency range of 5.82–6.36 GHz. When γ increases to
5, the frequency range changes to 6.20–6.56 GHz. Simultane-
ously, due to the new PBG between the fifth and sixth bands,
a high-frequency topological band also emerges in the range
13.43–13.68 GHz and dual-band TESs are achieved. As the first
PBG degenerates for γ > 5.5, the low-frequency TESs merge
into the bulk state at γ = 6, and only the high-frequency TESs
(13.57–13.86 GHz) remain.

As shown in Fig. 3(d), the electric field intensity of the
high-frequency TESs are more sensitive to γ than that of the
low frequency TESs. From the eigenmode diagram shown in

Fig. 4. (a), (b) Real parts of the eigenfrequencies of the non-
Hermitian box-shaped structure with γ = 5; the rhombic (triangular)
dots represent TESs (TCSs); (c) TESs for points E1 and E2 in
Figs. 4(a) and 4(b); (d) TCSs for points C1 to C4 in Fig. 4(b).

Fig. 3(e), it is found that at low (high) frequency, the expanded
structure possesses a topological non-trivial (trivial) phase, and
the shrunken structure possesses a topological trivial (non-
trivial) phase. The topological phases of the structure transition
as the light shifts from high to low frequency, and the energies of
the TESs are both localized mainly in the topological non-trivial
structure. By introducing non-Hermiticity, the transition from a
low-frequency TES to a high-frequency TES is realized, and a
TES with a higher frequency, greater electric field intensity, and
better localization is obtained.

In order to prove the topological properties described previ-
ously, a box-shaped structure is proposed; the eigenfrequencies
and eigenmodes are plotted in Fig. 4. The design of the box-
shaped structure is shown in Fig. 1(b): the inner (outer) region is
composed of 12×12 expanded (six layers of shrunken) unit cells.
It is shown in Fig. 4(c) that by introducing appropriate gain and
loss, dual-band TESs can be realized in the box-shaped struc-
ture, and the TESs at high frequency have better localization and
a greater electric field intensity than that at low frequency. The
TCS depends on the polarization of the system [1]:

Qc = 4PxPy, (6)

where Qc is a topological invariant related to the TCS. Qc = 1
when P= (1/2, 1/2) and energy is localized at the four corners
of the square interface. The Hermitian system possesses TESs
and TCSs at low frequency [48]; however, when γ = 5, there
are only TESs at low frequency, as shown in Fig. 4(a). The
TCSs disappear as the PBG between the first and second bands
narrows; the eigenfrequencies of the low-frequency TCSs are
no longer in the PBG, causing the TCSs to merge with the bulk
states. Additionally, due to the wide PBG between the fifth and
sixth bands, the eigenfrequencies of the TCSs are located in the
PBG, and four degenerate TCSs appear at high frequency, as
shown in Fig. 4(b). The TCSs of the Hermitian system appear at
four vertices of the box-shaped structure at the same time [1,48],
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while in the non-Hermitian system, the TCSs are localized at
only one corner, as shown in Fig. 4(d). The eigenfrequencies
of the four TCSs are two sets of complex conjugate pairs. As
seen in Figs. 4(b) and 4(d), the energy is localized in the top-
right or bottom-left corner of the box-shaped structure when the
imaginary part of the eigenfrequency is negative [corresponding
to C1 and C2 in Fig. 4(d), respectively]. Meanwhile, when the
imaginary part of the eigenfrequency is positive, the energy is
localized in the bottom-right or top-left corner of the box-shaped
structure [corresponding to C3 and C4 in Fig. 4(d), respectively].
Therefore, the positions of the TCSs in the box-shaped structure
depend on the sign of the imaginary part of the eigenfrequency.

In summary, we introduced gain and loss into the Hermitian
topological system, and by gradually increasing the gain and
loss, we found that the TESs and TCSs present at low frequency
disappear due to the degeneracy of bands, and that new TESs
and TCSs appear at high frequency that have greater energy
and better localization. Introducing significant gain and loss can
also broaden the PBG and allows the construction of a broadband
TES. Our work paves the way to the exploration of intriguing
topological properties in non-Hermitian systems with large gain
and loss.
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