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Topological phases have been studied in photonic, acoustic and phononic metamaterials, promising a range of applications.
Such topological modes usually stem from collective resonant effects in periodic lattices. One may, therefore, expect similar
features to be forbidden for thermal diffusion that is purely dissipative and mostly incoherent, prohibiting collective reso-
nances. Here we report the discovery of diffusion-based topological states supported by spatiotemporally modulated advec-
tions stacked over a fluidic surface. This arrangement imitates a periodic propagating potential in an effective thermal lattice.
We observe edge states in topologically non-trivial and bulk states in topologically trivial lattices. Interface states form at
boundaries between these two types of lattice, manifesting inhomogeneous thermal properties on the fluidic surface. Our find-
ings establish a framework for topological diffusion and thermal edge or bulk states, and it may allow a distinct mechanism for
the flexible manipulation of diffusive phenomena for robust heat and mass transfer.

of new wave phenomena in metamaterials. A particularly

interesting class of topological phenomena arises in open
systems®, enabling novel phenomena across a variety of fields'*-",
such as anomalous edge states'’, mode switching'>'¢, unidirectional
wave propagation'”'¥, single-mode laser'®”, pump-dependent
lasing?’* and so on. Two main recipes have been proposed to
realize these classes of non-Hermitian topological responses. The
first option is to drive the topological responses by magneto-optic
effects® or tailored lattice coupling” in cooperation with the intro-
duced non-Hermitian elements; the second is to induce non-trivial
topological phases by pumping non-Hermitian elements like gain
and loss** into otherwise Hermitian systems.

Recently, the Hamiltonian associated with classical thermal
exchange was discovered to follow a skew-Hermitian relation”,
which may offer a hint to realize a topological insulating phase for
thermal diffusion. On the other hand, the absence of a periodic
potential and dynamic coherence for thermal transport fundamen-
tally hinders this pathway. To synthesize a topological insulating
phase in purely dissipative diffusion mechanism, it is of utmost
importance to imitate the periodic potential and coherent interfer-
ence in thermal transport, such that Bloch theory could be revived
and diffusive topological transport could be thereby expected as the
photonic and acoustic counterparts'®-*.

Here we resort to judicious time-modulated Hermiticity features
in both space and time to introduce an advective paradigm for the
demonstration of thermal topological transport in periodically
stacked fluid surfaces. We incorporate spatiotemporally modulated
advections to enable an additional real dimension to thermal dif-
fusion, whereas alternating advection arrangements offer imitated
coherences and periodic potentials. Depending on the advective
configuration, the effective bandgap can be either topologically

| opological insulating phases'~ have been unveiling a variety

non-trivial or trivial. We experimentally discover thermal topologi-
cal modes with edge and interface states as well as conventional bulk
states, manifested as stationary and deviated temperature distribu-
tions, respectively. The findings provide a feasible way of creating
an effective periodic lattice on an advective fluidic surface, unlock-
ing more opportunities and applications for topological thermal
diffusion. Our proposed recipe for diffusive topological modes can
further enlighten the manipulation of general diffusive fields**~.

We consider a planar fluid surface possessing periodic advections
in a virtual space (x,,y,,2) (Fig. 1a) to demonstrate non-Hermitian
topological modes for thermal diffusion. Owing to the dissipative
nature of thermal diffusion, non-Hermiticity inherently exists in
the proposed system. To create an effective coherent resonance
for thermal fields over the fluidic surface, we apply spatiotemporal
modulation onto the corresponding advective regions* marked by
specific colours (Fig. 1a). These advective blocks could be regarded
as four modulated units, forming one effective lattice. The four-unit
lattice is used to form a pair of effective dimers and a four-band
system by effective decoupling between the units with the imposed
advections. Such implementation could reveal multifarious band
properties, topological transitions and midgap edge states for a wide
range of parameters, as well as simplify practical advective arrange-
ments, in contrast to lattices with two or three units?**~**. Further
periodic configuration of multiple effective lattices can yield an
effective one-dimensional chain that can be induced on the fluidic
surface. Here the heat transfer process between two neighbouring
super-cells # and (n+ 1) via their joint interface in the virtual space
(%, ¥ 2) can be written as
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Fig. 1| Topological transport in thermal diffusion. a, Schematic for realizing the topology in thermal diffusion by introducing periodic advections onto a
planar fluid surface (coloured curves) in a virtual space (x,, y,, 2). These periodic advections independently propagate along the x, direction and are arranged
along the z direction, thus contributing to the effective 'lattice’ with four units marked by n-(n+3). The lattice constant is 4a, whereas the field coupling

between two adjacent units is m = - =
pcb cbd

b, Phase diagram by modulating advections (v,/v;). Among them, Phase | exists only when v,=0 or v;=0;

Phases Il and Il are gapped, whereas Phase IV is gapless. ¢, Practical model for implementations in a transformed space (x, y, 2). It can be created via a
conformal mapping with the model in the schematic, where the azimuthal and radial directions in € correspond to x, and y, in a, respectively. The purple
dash-dot lines in a and ¢ indicate their counterpart boundaries of a specific unit. Each effective lattice consists of four units on the fluid surface. They are
modulated by corresponding dynamic components with consistent colours inserted under the fluid surface. The entire thermal process is modulated by
ten effective lattices (bottom inset). d, Angular velocity (eigenfrequencies) sorted in a gapped phase as a function of v,.=m/k and v, =2m/k. The top and

bottom insets indicate non-trivial and trivial lattices, respectively.

In equation (1), p, ¢ and k denote the density, specific heat and
thermal conductivity of the planar fluid surface, respectively; T,
is the temperature of a specific unit of one lattice (Fig. 1a), where
subscript # indicates the unit index counting from 1. Further, a,
and h, are the width and convective heat transfer coefficient of
each unit. Equation (1) is the general thermal energy equation for
describing heat transfer and exchange between any two neighbour-
ing units with a joint interface. It consists of three terms: a conduc-

2
tive component (Kaa%), a convective component (£pcvy, %) and a
P P
heat exchange term via their joint interface Z—” (Tyq1 — Ty) derived

from Newton’s law of cooling. It implies that heat exchange via the
interface is proportional to their difference in temperatures. Hence,
only temperature is involved here to describe the heat exchange
between the two neighbouring layers n and (n+1) via their joint
interface. It is worth noting that the exchange between layers (n —1)
and n should be involved when we simultaneously take the three
units (n—1), n and (n+ 1)—possessing two joint interfaces—as an

entirety instead of the two units in equation (1). In that case, the
total exchange via the two interfaces between units (n—1,n) and
(n,n+1) becomes 2 (Tut1 + Tuor — 2Ty), which is the superposi-

2 (Tyy1 — Ty)and 2 (T, — T,_1) at the

corresponding interfaces. Thls is equivalent to equation (1) since
heat exchanges via each joint interface between any two neigh-
bouring layers are the core of thermal coupling and they should be
counted only one time in the effective lattice. For simplification,
we adopt the same width for each unit, thus leading to an effective
lattice constant of 4a. We further assign a series of spatiotemporal
advections (v, -v;, -V, v;) to each unit advection (v,, v, 1V, Viss)

tion of the two exchanges

of one lattice to create an effective ‘oscillation’ in such diffusive sys-

: T,
tems, that is, +pcv, Fre

v;>0 to indicate the scalar amplitudes of the imposed advective
velocities on each unit, whereas ‘+’ indicates the advective direc-

tion in each unit. That is, +v,; denotes the imposed advections

i/ii
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propagating along opposite directions with amplitudes v,;;. Owing
to the spatiotemporal properties, these advective velocities imitate
the periodic potential fields, yielding v,=v,,, between two adjacent
lattices along the z direction (Supplementary Equation (2)). On the
interaction of imposed advections and conductions, their thermal
exchange 7 b (Tyy1 — Ty) effectively provides the coupling within
two nelghbourlng units via the joint interface. Under the hypoth-
esis of small fluid thermal conductivity «, the first-order wave-like
solution T, = Ae'(*"* =) hints at the possibility of switching
equation (1) to a similar form of the Schrodinger equation, where
kn = %" =R;'and w, = —iz’;’;” — knvy denote the effective wave-
numbers and angular frequencies of the units for each lattice, respec-
tively. The phase diagram for the effective band structure under
specific advective configurations is presented in Fig. 1b, indicat-
ing four insulating Phases I-IV (Supplementary Note 2). To realize
such an effective lattice in an available thermal system, we need to
mimic the oscillations and periodic propagations with the imposed
advection in a finite system. We adopt a strategy by connecting
the two terminals along the x, direction (Fig. 1a), thus forming an
annular fluid surface in the transformed space (x, y,z). The z direc-
tion is unchanged in this process. Such a transition (Fig. 1¢) follows
a general conformal mapping (Methods). The thicknesses of the
advective components and annular fluid surface in the transformed
space are b and d, respectively. Owing to the same radii of each
unit, the effective wavenumbers are the same for the entire system,
that is, k,=k=R". The changing angular velocity corresponds
to a real angular frequency (w,) in the actual thermal system.
Based on the Bloch theorem and the imposed periodic potential
(velocity) field along the z direction, the effective Hamiltonian can
be expressed as

il _h_ _h_oikida
ikv; v 0 25
h e
pcb —ikvi pcb 0 K 2 h
H=i i , -~ + o Iyxs
0 E —lkVi m P P
h . —ik4a h 7
25€ 0 20 ikvii

where k, denotes the effective Bloch wavenumber (Supplementary
Note 1), and I is the indentity matrix. The Bloch theorem is applied
along the z direction, that is, the direction of the one-dimensional
lattice arrangement. Here D = ;‘ denotes the diffusivity, whereas we
further assume m = -, = 4 for simplification under the hypo-
thesis of small fluid surface thickness d (Fig. 1c). It is worth noting
that equation (2) is named as the effective Hamiltonian, since it is
obtained by solving the eigenvalue problem with the effective oscil-
latory parameters of wavenumbers k, and angular frequencies w,,
which do not naturally exist in thermal diffusion. The mathematical
presence of 1’ in the entire Hamiltonian (equation (2)) indicates that
the decoupled form of the matrix of heat exchanges (equation (2))
follows the skew Hermitian, which is in sharp contrast to the
coupling terms of photonic/acoustic Hamiltonians also with a four-
unit lattice”**. Thus, the imposed advections act as a Hermitian
modulation in this diffusion scenario, and it is essentially equivalent
to the non-Hermitian role played by gain and loss in the photonic
counterpart®~*. Then, we can define the eigenvalues for the periodic

lattice as
2\t —¢-F

(kvi)? — 4m?, g = 2 (kw)) (kvi), (3)

E:+ = —i(DK* +m) +
p= (k)" +

s=m (1+e‘k‘“) 1 = 4m?sin (k‘“).

NATURE PHYSICS | www.nature.com/naturephysics

This system can support topological modes, since equa-
tion (2) obeys pseudo-anti-Hermiticity, that is, H=-nH",
where n=diag(1,—1,1,—1). Considering one four-unit lattice,
two types of advective coupling can be expected in equation (3)
with imposed advections, thus leading to effective couplings

\/(ﬁ)Z — (kv kvpp1)?

These advective couplings within the four-unit lattice support an

effective bandgap A = /p — \/p> — ¢*> and the four insulating

phases shown in Fig. 1b. Here we focus on the response in gapped
Phase III with p-g>0 and p < -q. In this phase, the integer wind-
ing number is non-zero or zero when the advective arrangement
is (v, =Vyp =V, V) OF (=, — v;). The other insulating phases and
corresponding properties are dlscussed in Supplementary Note 2.
Non-zero and zero winding numbers correspond to the presence
or absence of edge states at the boundaries, respectively. To verify
their presence, we consider 40 units forming 10 effective lattices in
the schematic shown in Fig. 1¢ (lower inset) and Extended Data Fig. 1,
creating a finite fluidic system. The inherent conduction between
each pair of adjacent lattices acts as the hopping term to generate the
underlying edge and bulk states. When we consider the advective
arrangement (v;, —v;, -, v;)) for each lattice in the selected phase, the
sorted angular velocities (eigenfrequencies) indicate the emergence
of a pair of topological edge states within the bandgap (Fig. 1d, top
inset). If the advective arrangement becomes (-v,,-v;, v, v;;) in the
same phase, only the bulk state emerges (Fig. 1d, bottom inset). The
thermal distribution of the edge and bulk states in the selected phase
is illustrated in Fig. 2. The captured temperature profiles at specific
moments of the non-trivial lattice scheme are presented in Fig. 2a,c.
The thermal behaviours are robust, with stationary temperature
profiles (Fig. 2¢, right) during the entire thermal process, whereas
some deviations relative to initial locations can be observed at the
two boundaries of the system. By further tracing the experimental
azimuths and spatial locations of the maximum temperature (7,,,,)
of each unit on the fluidic surface, we find that they correspond
to the first and last lattices at the two system boundaries, respec-
tively, and slightly move to the two sides with respect to their ini-
tial azimuths (Fig. 2a) and spatial locations (Fig. 2c), revealing the
non-zero winding number (+1) (Supplementary Note 2). The spa-
tial information of T, of the other units remains almost unchanged
(Fig. 2a,c). Then, we study the state intensities of each unit, which
could be described as the effective thermal resistance in analogy
to topological electric circuits™ along the z direction between two
adjacent units and in the x-y plane (azimuth direction) within one

Z('I/H—l*l[/
Et

between any two adjacent units.

n’

ATn+1xy

T, —T,
n+1,z nz n) and Reff,xy — S » ,

unit, that is, Ry, = 5 =

respectively, where T, +1 and T, , are the temperature components
along the z direction of the adjacent lattices and AT,,,,, is the
temperature-difference component between the highest and lowest
temperatures in the x—y plane of a specific unit. P denotes the power
of corresponding area. Since the eigenvalue reveals the energy per
unit of time corresponding to the effective heat flux along the direc-
tion of lattice arrangements, each pole of Ry, and R,,, can be used
to indicate the corresponding modes on the fluidic surface. Thus,
the larger R, and smaller R, at the system boundaries compared
with the other regions (Fig. 2e,g) hint at the existence of edge states
(deviations observed in Fig. 2a,c), which suppress and contribute
to the heat-flux propagation towards the corresponding directions,
respectively. It is worth noting that stationary thermal distribu-
tion can be observed over the entire system, owing to the thermal
equilibrium under such advective configurations. The smaller R/
larger R, (not at the boundaries) lead to expedited/tough heat
transfer towards these directions.

In contrast, the thermal features of the scheme with trivial
lattices (Fig. 1d, bottom inset) are presented in Fig. 2b,d,fh.
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Fig. 2 | Measured results for topologically non-trivial and trivial responses in the gapped phase. a,b, Azimuths of T_., for each unit on the fluid surface

at specific moments for the non-trivial (a) and trivial (b) lattice. ¢,d, Visualizations of experimental T, ,, locations (left) and thermal images (right) with
respect to a (¢) and b (d). The background colours on the projective planes correspond to the coordinates shown in Fig. 1c. The temperature profile on the
fluid surface is effectively confined along the x and y directions in the non-trivial lattice, but it significantly expands along the x and y directions in the trivial
lattice. These results agree well with the azimuths in a and b. The colour bars in € and d indicate the temperature ranges of the IR images. e,f, Sums of the
amplitudes of the effective thermal resistance along the z direction for the system with the lattices in ¢ (e) and d (f). g h, Effective thermal resistances

in the x-y plane for the two lattices in € (g) and d (h). In e-h, the orange columns with green dots denote the experimental values and ‘+' denotes the
theoretical values of the effective thermal resistances of each unit.
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Fig. 3 | Measured temperature profiles and effective thermal resistances for Case I. a, Advective configurations of Case |, consisting of five non-trivial
(20 units) and five trivial (20 units) lattices. All the advections are selected in Phase Ill (Supplementary Note 2). b, Azimuths of T, for each unit at
specific moments. ¢, Visualizations of experimental T, locations on the fluid surface (left) and captured temperature profiles (right). The colour bars

in c and d indicate the temperature ranges of the IR images. The data in b and ¢ show that the characteristic distributions of non-trivial lattices remain
almost stationary, whereas those of trivial lattices move with time and exhibit largely deviated profiles. d,e, Effective thermal resistances of Case | along
the z direction (d) and in the x-y plane (e). An interface state can be revealed at the joint between the non-trivial and trivial lattices, whereas an edge state
is also significant at the boundary between the non-trivial lattice and open ambience. The light-purple shadows in b-d indicate the regions of non-trivial
lattices. In d and e, the orange columns with green dots denote the experimental values and '+’ denotes the theoretical values of the effective thermal

resistances of each unit.

The temperature profiles and spatial information of T,,,, (Fig. 2b,d)
indicate that the thermal distributions exhibit distinctive differences
between the initial and final moments. The characteristic thermal
distributions showcase significant deviations towards both sides
with respect to their initial positions in the units near both system
boundaries and reveal relatively stable distributions in the interme-
diate units of the system over time. Such behaviours are robustly
maintained till the steady state. By further evaluating the state inten-
sities (effective thermal resistances along the z direction and x-y
plane) of each unit for the trivial lattices, there are no significant
differences between the effective thermal resistances of each unit in
these directions, revealing the bulk state on the fluidic surface with
zero winding number (Supplementary Note 2). Except the different
characteristics of the temperature distributions, the thermal process
of the scheme with trivial lattices is enhanced compared with the
non-trivial one, since the temperature amplitudes shown in Fig. 2d
indicate a faster relaxation process than those shown in Fig. 2c.
The topological edge and bulk states suggest the possibility of
flexibly manipulating the thermal properties of a fluidic surface.
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Here we further explore two cases with the tunable butting of topo-
logically non-trivial and trivial lattices, possessing non-zero (+1)
and zero winding numbers, respectively, demonstrating controllable
edge, interface and bulk states, whereas the advections are also mod-
ulated in the same gapped phase (Supplementary Note 2). For Case
I, we configure five non-trivial (20 units) and five trivial (20 units)
lattices to the fluidic surface (Fig. 3a). The characteristic thermal dis-
tributions and experimental temperature profiles are illustrated in
Fig. 3b-e. The spatial information of T, at specific moments
(Fig. 3b,c) indicate that the characteristic distributions of non-trivial
lattices could maintain stationary locations in most of the units,
whereas some deviations to the initial states occur in the units
approaching the boundary of non-trivial and trivial lattices. For triv-
ial lattices, the characteristic distributions showcase large deviations
to the initial states in most of the intermediary units, whereas the T,
locations of the last few units approaching the system boundary fur-
ther indicate near-r deviations. Such distributions in the non-trivial
and trivial lattices reveal one edge state and one interface state at the
system boundary in the non-trivial lattice and butting of the two
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Fig. 4 | Measured temperature profiles and effective thermal resistances for Case Il. a, Advective configurations of Case Il, consisting of two non-trivial
lattices (4 units each) on both sides of the entire model and eight trivial lattices (32 units) between the non-trivial ones. All the advections are selected

in Phase Ill. b, Azimuths of T,

max

for each unit at specific moments. ¢, Experimental T,

locations on the fluid surface (left) and the captured temperature

ax

profiles of Case Il (right). The colour bars in ¢ and d indicate the temperature ranges of the IR images. In b and ¢, stationary thermal distributions are
significant in the two non-trivial lattices at the system boundaries, whereas largely deviated profiles are observed in the remaining trivial lattices.

d,e, Effective thermal resistances of Case Il along the z direction (d) and in the x-y plane (e). Two edge states and two interface states are observed at
both boundaries of the entire system and the two joints between the non-trivial and trivial lattices, respectively. The light-purple shadows in b-d indicate
the regions of non-trivial lattices. In d and e, the orange columns with green dots denote the experimental values and '+’ denotes the theoretical values of

the effective thermal resistances of each unit.

lattices, respectively, implying larger effective thermal resistance
(Fig. 3d,e). The captured temperature profiles (Fig. 3b, right) further
validate the above characteristic T, locations and demonstrate the
distinctive thermal distributions of the two lattices. Besides, faster
relaxation can also be observed in trivial lattices with significant
homogenized temperature amplitudes at different moments.

For Case II, we adjust the configuration strategy by inserting one
non-trivial lattice (4 units) at the two system boundaries, whereas
eight trivial lattices (32 units) are further filled in the regions between
the two non-trivial lattices (Fig. 4a). The characteristic distributions
of each unit (Fig. 4b,c) indicate that the spatial information of T, of
the two non-trivial lattices at the system boundaries remain almost
unchanged during the measured thermal processes, whereas those
of the trivial lattices exhibit significant deviations from the initial
states. The experimental temperature profiles at specific moments
(Fig. 4c, right) further manifest the thermal behaviour in these lat-
tices, revealing almost stationary profiles in the two non-trivial lat-
tices and largely deviated distributions in the trivial lattices. Besides,
faster relaxations can also be indicated in the trivial lattices with

quicker temperature homogenizations than the non-trivial ones.
By further evaluating the state intensities with the effective thermal
resistance (Fig. 4d,e), two edge states at both system boundaries and
two interface states at the butting of the non-trivial and trivial lat-
tices are observed with larger (smaller) effective thermal resistances
along the z direction (in the x-y plane) compared with the units
of trivial lattices. The above two cases reveal the possibility of flex-
ibly manipulating the thermal properties on a fluidic surface with
non-trivial and trivial lattices, and more modulations can be antici-
pated with different lattice configurations and advections.

This work introduces an advective route to reveal the thermal
topological modes by stacking periodic advections on a fluid sur-
face. These spatiotemporally modulated advections introduce
manipulation in momentum space for a purely dissipative phenom-
enon like thermal diffusion, enabling effectively non-trivial and
trivial lattices. Thermal topological edge, interface and bulk states
were observed on modulating the advections within these effec-
tive lattices in a gapped phase. Our findings point to a direction
beyond conventional topological physics based on oscillatory fields,
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offering a unique platform to study unexpected non-Hermitian
topological modes in purely diffusive systems. The critical strategy is
to create the conduction-advection form in different diffusive fields
with actual or effective advective terms. If the actual advection does
not naturally exist such as electric conductivity, one feasible way is
to adopt spatiotemporal parameters to derive an effective advective
term from the intrinsic conduction. Besides, this work also suggests
a distinctive mechanism of arbitrary diffusive manipulations with
combinations of non-trivial and trivial lattices.

Online content

Any methods, additional references, Nature Research report-
ing summaries, source data, extended data, supplementary infor-
mation, acknowledgements, peer review information; details of
author contributions and competing interests; and statements of
data and code availability are available at https://doi.org/10.1038/
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Methods

Transition between schematic and actual models. The schematic of a planar
fluid surface in virtual space (x,, y,,z) and the practical annular fluid surface in
transformed space (x, , z) are shown in Fig. 1a,c. To mimic the oscillations and
periodic propagations in thermal diffusion, we make the advections transfer

along the x, direction in the virtual space of the model. However, it brings great
challenges in practical implementations for a finite thermal system. Here we
connect the two terminals along the x, direction in the virtual space, thus forming
an annular fluid surface in the transformed space to create the effective model for
practical experiments. Such a transition can be regarded as a general conformal
mapping from the virtual space (x,, ,, 2) to the transformed space (x, y,z) under
the relation » T around the z direction (direction of lattice arrangement). In that
case, the z directions shown in Fig. 1a,c are consistent. The x, direction (parallel

to the imaginary axis) shown in Fig. 1a becomes the azimuthal direction around
the perimeter of the annular fluid surface (Fig. 1c). The y, direction (parallel to the
real axis; Fig. 1a) transforms into the radial direction (Fig. 1c), satisfying R= e’?.
After the above transformation, the imposed advections (Fig. 1c) now propagate
along the perimeter of the annular fluid surface around the z direction, whereas the
oscillatory properties in Fig. 1a (along the x, direction) can remain the same in the
effective model (Fig. 1c). It is worth noting that the Cartesian system, instead of a
cylindrical one, is adopted as the general coordinate in the transformed space

(Fig. 1c) for easy data collection in practical implementations, since the direct
measured data captured by dynamic components and thermocouples are in the
form of Cartesian coordinates.

Experimental structure and actuation of the measured sample. After the
theoretical spatial transition, an annular fluid surface with radius R (Fig. 1¢) is
created in the transformed space (x, y,z). This surface is the objective for realizing
the effective lattice in thermal diffusion and observing the underlying topological
transitions. To simultaneously modulate the different lattice units on this fluid
surface, we insert four independent gear sets (including one internal gear and one
driving gear) on each lattice type to impose tailored advections on the specific
units via four transmission shafts (Fig. 1c and Extended Data Fig. 1; same colours
are adopted to mark the correspondence between the gear sets and specific fluid
regions/units). Considering the lattice periodicity along the z direction and lattice
constant 44, we only need to keep the same advection on the congeneric units of
the other lattices (marked using the same colours). Hence, we configure multiple
driving gears on each transmission shaft with the interval of 4a (lattice constant)
between two neighbours and then combine the four types of gear set, thus forming
the real structure shown in Fig. 1c and Extended Data Fig. 1. In that case, each
congeneric unit on the fluid surface coated outside the internal gears can be
simultaneously modulated by tailored functions via the same transmission shaft.
Note that all these gear sets as well as specific units should implement concentric
rotations to observe the continuous temperature fields on the annular fluid
surface. Hence, we further set a constraint outside the entire structure to guarantee
concentric rotations (Extended Data Fig. 1). For the experimental measurements
at specific moments, the constraint is removed to directly observe the temperature
distributions of the fluid surface. Additional visualizations can be found in
Supplementary Videos 1-5.

Fabricated parameters and general setups. The schematic and fabricated
samples are illustrated in Extended Data Fig. 1. The advections on the annular
fluid surface are imposed by the corresponding advective components, that is,

the gear sets including one internal gear and one driving gear for each. All these
advective components are made of polycaprolactam with a thermal conductivity
of 1.2Wm™ K. The external and internal radii of the spinning rings are
R.=50.0mm and R,,,=47.5 mm, respectively; further, 40 inner teeth are inlaid
into the internal surface of the spinning rings and the thickness of each spinning
ring is 5mm. Each driving gear is equipped with 20 teeth, whose external radius
and thickness are 34 and 5 mm, respectively. Four transmission shafts made of
polycaprolactam are employed to hold the driving gears for implementing the
required advections of the non-trivial and trivial lattices. Here 10 driving gears are
installed on each transmission shaft with an interval of 20 mm between the central
points of two neighbours, and spatiotemporal excitations corresponding to each
unit within the lattice are imposed on the transmission shafts. The transmission
ratio of the gear system is 2; thus, double velocities than the internal gears should
be imposed on the driving gears. A constraint shell made of polyamide 66 (PA66)
with a conductivity of 0.24 W m™" K-, thickness of 0.5 mm, length of 30.0mm

and internal radius of 51.0 mm is fabricated to concentrically hold the advective
components. The interspace between the shell and advective components is filled
with grease (1.2Wm™K™; d=1mm) to act as the fluidic surface for supporting
the thermal topological behaviours. Thus, the advective components could be
located at the downward side of the fluid surface and provide momentums on the
fluid surface. The initial temperature profile is provided by a heating strip on one
side of the outermost shell, whereas a constant-temperature (room temperature)
strip is attached to the opposite side of the heating one during the heating process.
After heating for 30 min, the sources are removed, and the motors are started. All

the temperature profiles are captured by an infrared (IR) camera with a setting
emissivity of 0.97.

Experimental demonstrations for insulating phases. The motors are

started after the heating process. Based on the fabricated parameters of the
system, the critical values on the exceptional points (EPs) should follow

kv = (mpgp)? = (k/pcbd)*=0.0225 2. Four independent motors for spinning
motions are employed to demonstrate the selected insulating phases and
non-trivial/trivial behaviours (Fig. 2). The spatiotemporal advections for the
four axes are 2|R mypsin(27/108)|, —|Roxpsin(27/10¢)|, —2| R mgpsin(2/10t)|
and |R,, mypsin(2n/10t)|, where ¢ denotes time. The spatial information of T,,,, is
measured by a thermocouple and dynamic components, whose data format is in
the form of Cartesian coordinates. Thus, the experimental T, azimuths (Figs.
2-4) can be calculated as 6 = arctan (%).

Experimental systems for topological manipulations. Since the demonstrations
of manipulated Cases I and II require different lattice configurations on the fluidic
surface under corresponding advections, additional transmission shafts and
motors are employed to implement the experiments. For Case I, the fluid surface

is actuated by five non-trivial (20 units) and five trivial (20 units) lattices. The
velocities of the non-trivial/trivial components are independently modulated by
four transmission shafts corresponding to the four advective configurations of each
lattice. The spinning velocities for each unit of one non-trivial lattice are 3|R,,my
pSIN(27/108)|, =2|R o #1gpsin(2n/108) |, =3| R mppsin(2n/10¢)| and 2|R, mgpsin(2m/1
0¢)|, whereas the velocities for each unit of the trivial lattice are 3|R#ppsin(2nt/1
08)|, 2|Reumgpsin(27/10¢)|, —3| Remppsin(27/10¢)| and -2|R . gpsin(27/108)|. The
same modulated method is also implemented in Case II. Considering the advective
configurations and manipulated behaviours, two non-trivial lattices (4 units each)
at both system boundaries and eight trivial lattices (32 units) between them are
adopted. The advective velocities for each of the 4 units in the non-trivial lattices
are 3|R, Mysin(27/108)|, —=2|Ro mgpsin(27/108)|, 3| R mgpsin(2/10¢)| and 2[R, my
psin(2n/10¢)|, whereas the velocities for each unit of the internal trivial lattice

are 3| R mypsin(27/10¢)|, 2| Reymypsin(27/108)|, —2| R mypsin(27/10t)| and -3|

R mypsin(27/102)|.

Data availability

Source data are provided with this paper. All other data that support the
plots within this paper and other findings of this study are available from the
corresponding author upon reasonable request.
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Extended Data Fig. 1| The entire structure and experimental setups. a indicates the entire structure for implementing advections (effective oscillations)
on the fluid surface, a constraint shell is adopted outside the fluid surface to keep the concentric rotations for each unit and the internal gear. During

the measurements, this constraint shell is removed to directly capture the temperature-related data of the fluid surface. b and ¢ present the fabricated
dynamic components and their combinations consisting of 40 internal gear sets for modulating the fluid surface. The azimuthal direction of the units is
marked in (b). The black dashed border in (¢) indicates the region for IR images when fluid is coated on these dynamic components, while the interval of
two neighboring deriving gears on a transmission shaft is 4a. The black dot marked with ‘1" indicates the first unit of the entire system at the initial location
of z=0. d provides the real experiment setups, and the left upper inset presents the general engagement of the internal gear set for one unit cell. The
colored dots indicate the corresponding motors.
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