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Topological Photonic Crystals: Physics, Designs, and
Applications

Guo-Jing Tang, Xin-Tao He, Fu-Long Shi, Jian-Wei Liu, Xiao-Dong Chen,*
and Jian-Wen Dong*

Recent research in topological photonics has not only proposed and realized
novel topological phenomena such as one-way broadband propagation and
robust transport of light, but also designed and fabricated photonic devices
with high-performance indexes, which are immune to fabrication errors such
as defects or disorders. Photonic crystals, which are periodic optical
structures with the advantages of good light field confinement and multiple
adjusting degrees of freedom, provide a powerful platform to control the flow
of light. With the topology defined in the reciprocal space, photonic crystals
have been widely used to reveal different topological phases of light and
demonstrate topological photonic functionalities. This review presents the
physics of topological photonic crystals with different dimensions, models,
and topological phases. The design methods of topological photonic crystals
are introduced. Furthermore, the applications of topological photonic crystals
in passive and active photonics are reviewed. These studies pave the way for
applying topological photonic crystals in practical photonic devices.

1. Introduction

With the development of information technology, the techniques
of manipulating and processing light are attracting more and
more attentions. There are many interesting phenomena and
practical applications such as all-optical switches, optical logic
gates, integrated optical circuits. However, some fundamental
problems restrict the further development of optical information
technology. One of them is the non-negligible energy loss re-
sulting from fabrication errors of photonic devices. To overcome
this problem, people try to develop physical principles besides
improving the fabrication techniques. Topological photonics is
one of the candidates to solve such a problem. Originating from
mathematics, topology distinguishes geometric structures with
some quantities that keep invariant during continuous smooth
transitions. For example, closed surfaces are classified with the
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number of “holes” which is characterized
by genus. Genus keeps invariant during
deformations without tearing or merging
the surfaces. By introducing topology into
physics, some novel phenomena are ro-
bust to perturbations and they have po-
tential of realizing transports that are im-
mune to defects or disorders.
Recently, topology has been widely

applied in different fields, including
condensed matter,[1–6] cold atom,[7,8]

acoustics,[9–13] and mechanics.[14–16]

Topology was introduced to photonics to
realize optical analogs of quantum Hall
edge states,[17] which were first observed
in electronic systems. Topology and
photonics can promote the development
of each other. On the one hand, com-
pared with electronic systems, photonic
systems are convenient to design and
tune. So photonic systems are practical
platforms to realize novel phenomena of

topological physics. On the other hand, topology provides physi-
cal principles for improving the performance of photonic devices.
Up to now, topological phenomena have been proposed and re-
alized in diverse photonic systems, including photonic crystals
(PCs),[16–25] plasmonic systems,[18–29] metamaterials,[30–42] cou-
pled resonator optical waveguides,[43–53] waveguide arrays,[54–66]

microcavity polaritonic systems,[67–74] resonators and waveguide
arrays with synthetic dimensions.[75–84] For instance, zigzag
chains of plasmonic nanoparticles can support topological edge
states and realize the photonic analog of the Kitaev model
of Majorana fermions. The correspondence between the cou-
pled dipole equations in the zigzag plasmonic chain and the
Bogoliubov-de-Gennes equations in the quantum wire on top
of superconductor was revealed.[19] Chiral hyperbolic metamate-
rials with topologically protected surface states have been pro-
posed. Such metamaterials possess gapped equifrequency sur-
faces with nonzero Chern numbers.[31] The topological surface-
state arcs in such chiral hyperbolic metamaterials have been ob-
served by the near-field scanning measurement, and confirmed
by the backscattering immune propagation of surface waves.[35]

Coupled resonator optical waveguides can be used to realize
quantum spin Hall effect of light. Hofstadter butterfly and ro-
bust edge states were found.[43] The coupled resonator optical
waveguide can also be used to realize quantum light sources
whose spectrum was less affected by fabrication disorders.[51]

With periodic modulations on the direction that light propagates,
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Figure 1. The designing procedure of TPCs. To achieve a TPC, one should first choose the model with nontrivial topology, and then determine the
dimension, lattice, unit cell, and the constitutive materials of PCs.

coupled helical waveguide arrays perform as Floquet topologi-
cal insulators.[54] Topological valley Hall edge states were also
observed in inversion-symmetry-broken honeycomb lattices of
waveguides arrays.[85] Whenmagnetic fields are applied, the non-
trivial gap were found and photonic quantum Hall effect can be
realized in cavity polaritonic systems.[69] The photonic quantum
valley Hall effect and quantum anomalous Hall effect were also
realized in this system.[71] The proposal of synthetic dimensions
provides a method to explore physics in a space with higher di-
mensions than the realistic structures, such as realizing 3DWeyl
points in the 1D PCs with the synthetic parameter space.[79] Be-
sides, the synthetic dimension can also be used to construct the
3D topological insulator in a 2D array of ring resonators.[76]

As a significant class of topological systems for controlling
the flow of light, PCs play an important role in the realization
of topological phases and applications of topological photonics.
PCs are optical structures that are periodic in one, two, or three
dimensions. Due to the Bragg scattering of light in periodic
photonic structures, PCs have photonic band structures through
which bandgaps can be obtained. Light cannot propagate in the
bulk of PCs when its frequency locates in the bandgap. Recently,
researchers reveal novel physical principles and solve practical
problems by implementing topology in photonics. Since quite a
number of quantities of topological physics are defined in the
reciprocal space, PCs are considered as good candidate systems
to study topological photonics. PCs not only satisfy the require-
ment of periodicity, but also have the benefits of good light field
confinement, multiple adjusting degrees of freedom, and ability
of integration. Many demonstrations of physical principles and
practical applications have been theoretically proposed and ex-

perimentally realized in topological photonic crystals (TPCs). In
this review, we will introduce the development of TPCs. Physics
and designs of 1D, 2D, 3D, and the recent higher-order TPCs are
discussed. Especially, we will focus on 2D TPCs which are more
favorable in further topological nanophotonics and discuss the
quantum Hall, quantum spin Hall, and quantum valley Hall ef-
fects of light. Lastly, we show the potential applications of TPCs.

2. Physics and Designs of Topological Photonic
Crystals

When designing TPCs, the first and significant step is to choose
the topological model (Figure 1). Once the model is selected, the
dimension and lattice of the PCs are determined, because most
models are based on certain dimension and lattice. For example,
once the Su-Schrieffer-Heeger (SSH) model is chosen, com-
monly 1D PCs are considered. For the SSHmodel, we consider a
1D chain of unit cells consisting of A and B sites. The intra-unit-
cell and inter-unit-cell hopping coefficients are t1 and t2, respec-
tively. For a Bloch wave with the wave vector k, the Hamiltonian
has the form ofH(k) = (t1 + t2 sin ka)𝜎̂x + (t2 cos ka)𝜎̂y where a is
the lattice constant, 𝜎̂i are Pauli matrices acting on the subspaces
of two states localized on A or B sites. By controlling the hopping
coefficients, the SSH chain can be translated between nontrivial
(|t2| > |t1|) and trivial (|t2| < |t1|) phases. On the other hand, once
the Haldane model is chosen, commonly PCs are determined
to be 2D and the honeycomb lattice is considered. As shown in
Figure 1, sites at the corners of the unit cell of a honeycomb PC
are divided into two sublattices, labeled as A and B. Besides the
hopping between nearest-neighbor sites, the hopping between
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Figure 2. 1D TPCs. a) Inversion symmetric 1D PC and the transmission spectrum of the structure between PC1 and PC2 whose bulk bands and the
associated Zak phase are given. b) Multiedge states in photonic domain wall between two 2D PCs with different Zak phases. c,d) Observation of interface
states in the c) 1D metamaterials and d) 1D dielectric rods with opposite bianisotropy. e) Location of boundary states in the 1D PCs. a) Reproduced
under the terms of Creative Commons Attribution 3.0 License.[90] Copyright 2014, The Authors, Published by American Physical Society. b) Reproduced
with permission.[92] Copyright 2017, Optical Society of America. c) Reproduced with permission under the terms of Creative Commons Attribution-
NonCommercial-NoDerivs 3.0 Unported License.[93] Copyright 2014, The Authors, Published by Springer Nature. d) Reproduced with permission.[94]

Copyright 2019, American Physical Society. e) Reproduced with permission.[95] Copyright 2014, American Physical Society.

second neighbor sites is also considered. The second neighbor
hopping contains an additional phase accumulation of ϕ. And,
the on-site energies on A and B sites are +M and –M, respec-
tively. For a Bloch wave with the wave vector k = (kx, ky), the
Hamiltonian has the form of H(k) = d0Î + d1𝜎̂x + d2𝜎̂y + d3𝜎̂y,
where a is the lattice constant, Î is identity matrix, 𝜎̂i are Pauli
matrices acting on the subspaces of two states localized on A
and B sites, d0 = 2t2 cos𝜙[

∑
i cos(k ⋅ bi)], d1 = t1

∑
i cos(k ⋅ ai),

d2 = −t1
∑

i sin(k ⋅ ai), d3 = M + 2t2 sin𝜙[
∑

i sin(k ⋅ bi)], a1 =
(1, 0)a, a2 = (−1,

√
3)a∕2, a3 = (−1,−

√
3)a∕2, b1 = (a2 − a3)∕3,

b2 = (a3 − a1)∕3, b3 = (a1 − a2)∕3. After the lattice of PC is de-
termined, we should design the unit cells. For example, the unit
cell of the 2D square PC can be one dielectric rod in the air back-
ground or one air hole in the dielectric background. Last but not
least, we need to choose the material according to the operating
frequency range. For example, metals can be used as perfect
electric conductor in the microwave region, while they are not
favor in the infrared region because of the considerable loss. For
another example, all-dielectric materials (e.g., ceramic or silicon)
are desired for on-chip nanophotonics.
In the following, we will review TPCs in different dimensions,

including their effective Hamiltonians and topological invari-
ants, and the theoretical proposal and experimental realizations.

2.1. 1D Topological Photonic Crystals

As one of the representative topological models in 1D systems,
SSH model can be realized in photonics, and has brought many

theoretical and experimental results.[86–90] For example as shown
in Figure 2a, Xiao et al. discussed the photonic SSH model in
1D PCs.[90] A topological invariant, i.e., the Zak phase is defined
as[91]:

𝜃Zak = ∫BZ i∫ dz𝜀 (z) u∗k (z) 𝜕kuk (z)dk (1)

where BZ represents the first Brillouin zone, 𝜖(z) denotes the per-
mittivity distribution and uk(z) is the normalized Bloch function.
The 1D PC with the inversion symmetry has two inversion cen-
ters, and the Zak phase is equal to either 0 or 𝜋 if the origin is
chosen to be one of the inversion centers.[91] With the analytical
deduction, they showed a rigorous relation that connects the ex-
istence of an interface state in the bandgap to the sum of all Zak
phases of bulk bands below the bandgap. They constructed two
1D PCs with different Zak phases by adjusting the structural pa-
rameters of the unit cell (right panel in Figure 2a). When two 1D
PCs with Zak phases of 0 and 𝜋 are put together, interface states
will exist at the interface, which correspond to the transmission
peaks within the bandgap. The Zak phase and the resultant inter-
face states in 1D PCs can be borrowed to 2D PCs to achievemulti-
band waveguides.[92] Two PCs with identical common gaps but
different Zak phases were considered and constructed by shift-
ing unit cell of a PC by half the lattice constant. Assembling these
two PCs, the multiband waveguide was created (Figure 2b).
Besides the existence of interface states in SSH model, other

topological phenomena have been studied in 1D systems. For ex-
ample, Tan et al. established the relation between the topological
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order and the chirality in metamaterials.[93] The band inversion
was experimentally demonstrated, and the interface states were
measured (Figure 2c). This finding provides an example that elec-
tromagnetic waves in metamaterials can simulate the topological
phenomena in electronic systems. For another example, Gorlach
et al. designed and tested 1D array of dielectric particles with
overlapping electric andmagnetic resonances and brokenmirror
symmetry.[94] The interface states between arrays of meta-atoms
with flipped bianisotropy provided the photonic realization of
Jakiw-Rebbi modes (Figure 2d). The local modification of particle
bianisotropy results in the modification of coupling constants
between neighboring meta-atoms, which offers a promising
method to engineer topological states of light. Note that 1D
PCs can also simulate the 2D lattice. In 2014, Poshakinskiy
et al. discussed topological edge states in 1D PCs with a com-
pound noncentrosymmetric unit cell.[95] With the long-range
coupling, this 1D PC was related with an “ancestor” 2D lattice.
The time-reversal symmetry was broken in the “ancestor” 2D
system because the phase accumulations along clockwise and
counter-clockwise closed paths were different. The radiative edge
states, which decay in time, were shown to survive despite the
long-range coupling of resonances and finite lifetime (Figure 2e).
In addition, the Harper model and Kitaev model also have an
analogue in photonics.[2,96–99] For example, the quasiperiodic
Harper model in optical lattices was experimentally realized,[100]

and the photonic Kitaev model was studied on the zigzag chain
of nanoparticles.[19,101]

Here, we clarify the difference between PCs based on the SSH
model and its electronic counterpart. In electronic systems, we
focus on states localized at the edges of a SSH chain. Protected
by the nontrivial bulk topology and chiral symmetry, the energy
of edge state is fixed to be zero even though the coupling coef-
ficient varies. While in PCs based on the SSH model, we focus
on states localized at the interface between PCs with Zak phases
of 0 and 𝜋. The existence of interface state is guaranteed by the
rigorous relation between the surface impedance of 1D PC in
a gap and the sum of Zak phases of isolated bands below the
gap,[90] while the frequency of interface state is not fixed because
of the absence of chiral symmetry. The frequency of interface
state will shift when the structure of PCs (especially the struc-
ture of interface) is changed. In this sense, the interface states
in PCs based on the SSH model are not as robust as edge states
in electronic systems. On the other hand, we note that in some
photonic systems such as waveguide arrays,[102,103] coupled mi-
croring resonators[104] and coupled PC nanocavity arrays,[105] the
chiral symmetry can be preserved under certain conditions.

2.2. 2D Topological Photonic Crystals

1D PCs can support interface states and realize novel topologi-
cal models in photonics. However, to realize robust transport of
lights, TPCs with 2- or 3D structures should be studied. 2D PCs
provide a versatile platform to study topological physics.

2.2.1. Quantum Hall PCs

QuantumHall effect is one of the topological phenomena in con-
densed matter physics.[1,4] In quantumHall effect, current is car-

ried by electrons along the edges of the system, inducing the chi-
ral edge states. Chiral edge states root in the nontrivial topologi-
cal property of bulk bands. They have a unique directionality and
they are robust against disorders.[6] As a seminal work of TPCs,
Haldane and Raghu[17,106] introduced topology into a 2D triangu-
lar lattice array of gyroelectric medium. They theoretically con-
structed analogs of quantum Hall effect in PCs. In a 2D PC, the
Chern number of one bulk band is defined as:

Cn =
1
2𝜋 ∫BZ Ω (k) d2k = 1

2𝜋 ∫BZ ∇k × Ann (k) d2k (2)

where Ω(k) is the Berry curvature, Ann(k) ≡ i⟨unk|∇k|unk⟩ is the
Berry connection, and unk is the periodic part of the Bloch func-
tion of eigen modes in the nth bulk band. The Chern number
characterizes the topological property of photonic bands. The
combination of time-reversal and inversion symmetry allows the
appearance of Dirac points which are found between the sec-
ond and third bulk bands of transverse electric (TE) modes (Fig-
ure 3a). The effective Hamiltonian governing states around the
Dirac points has the form of a 2D massless Dirac equation:

𝛿H (𝛿k) = 𝜈D
(
𝜎̂x𝛿kx + 𝜎̂y𝛿ky

)
(3)

where 𝛿k measures from the corner of Brillouin zone to the
wavevector, 𝜎̂i are the Paulimatrices acting on the subspace corre-
sponding to the twofold Dirac degeneracy, 𝜈D is the Dirac velocity.
Near the Dirac point, the effective Hamiltonian corresponds to
a linear dispersion 𝜔(𝛿k) − 𝜔D = ±𝜈D|𝛿k| where 𝜔D is the Dirac
angular frequency. If an external electric field is applied, the per-
mittivity tensor of gyroelectric medium will have nonzero off-
diagonal elements. As a result, the time-reversal symmetry is bro-
ken and a bandgap is obtained. The effective Hamiltonian will be
added a mass term and changes into:

𝛿H (𝛿k) = 𝜈D
(
𝜎̂x𝛿kx + 𝜎̂y𝛿ky

)
+ 𝜅𝜎̂z (4)

where 𝜅 is proportional to the difference between the imaginary
part of off-diagonal elements in permittivity tensor of gyroelec-
tric medium and that of the backgroundmaterial. The dispersion

near the Dirac points becomes 𝜔(𝛿k) − 𝜔D = ±
√

𝜈2D|𝛿k|2 + 𝜅2,
and it indicates a frequency bandgap with a width of 2|𝜅|. Below
this bandgap, the second bulk band acquires a nonzero Chern
number. According to the bulk-edge correspondence, one-way
edge states will exist in the bandgapwhen the boundary is formed
between this topologically nontrivial PC (with nonzero Chern
number) and a trivial insulator (with zero Chern number).
The proposal of the photonic analog of quantum Hall effect

was first experimentally realized by Wang et al.[107,108] They
showed that one-way modes could be generalized to 2D gy-
romagnetic PCs without the restriction of Dirac points. A 2D
square lattice of PC was designed in gyromagnetic materials.[107]

Although Dirac points were not found in this PC, the degeneracy
between the second and third transverse magnetic (TM) bands
was found at the M point. By applying an external magnetic field,
the time-reversal symmetry was broken and the band degeneracy
was lifted. A complete bandgap was obtained and it was also char-
acterized by a nonzero Chern number. Reflection-free one-way
edge modes were demonstrated at the boundary between this
gyromagnetic PC and the trivial perfect electric conductor. To
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Figure 3. Quantum Hall PCs. a) The photonic bands of a 2D triangular lattice of gyroelectric PC. b) The waveguide using in the microwave experiment
and the robust transmission of edge states against an inserting perfect electric conductor. a) Reproduced with permission.[17] Copyright 2008, American
Physical Society. b) Reproduced with permission.[108] Copyright 2009, Springer Nature.

prove their theoretical proposal, they reported the observa-
tion of unidirectional backscattering-immune electromagnetic
states.[108] The experimental sample involved a 2D gyromagnetic
PC consisting of a square lattice of ferrite rods in the air (top
panel of Figure 3b). Chiral edge states were found at the interface
between the gyromagnetic PC and the metallic cladding. The
robustness of edge states was demonstrated even when a long
metallic scatter was placed in the channel (bottom panel of
Figure 3b).
Since the theoretical proposal and first experimental demon-

stration, the quantum Hall PCs have been widely studied in
different structures to realize novel light propagation.[109–118]

For example, Ao et al. considered the honeycomb gyromag-
netic PCs and showed one-way edge states at the zigzag ribbon
boundary.[109] In this honeycomb lattice, the one-way propaga-
tion of edge states was insensitive to the imperfections on the
zigzag ribbon even if the boundary was exposed to free space.
Later then, Poo et al. presented an experimental demonstration
of such self-guiding electromagnetic edge states.[110] Periodic fer-
rite rods were arranged in a honeycomb lattice and topological
chiral edge states were found in nontrivial bandgap. In addition,
multimode one-way waveguides were proposed and realized in
gyromagnetic PCs whose bandgaps have large gap Chern num-
bers (i.e., |Cgap| > 1).[111–113]

2.2.2. Quantum Spin Hall PCs

In the realization of photonic analog of quantum Hall effect,
the large magneto-optical response and external fields are re-
quired to break the time-reversal symmetry and obtain a topo-
logical bandgap. These conditions limit the further applications
of quantum Hall PCs, as the magneto-optical effect of gyromag-
netic materials is weak in optical frequency and the absorption
is non-negligible. Hence, instead of the time-reversal symmetry
breaking TPCs, time-reversal invariant TPCs are in need.
As one kind of the time-reversal invariant TPCs, quantum spin

Hall PCs were proposed. According to the Kramers theorem, the
presence of degenerate partners is necessary for topologically
protected Z2 phase in electronic systems. Kramers degeneracy
in electronic systems can be formed by the spin-up and spin-
down states of the electron.However, it is not the case in photonic

systems. The emulation of quantum spin Hall effect (QSHE) in
photonics is not straightforward, because photons do not pos-
sess a half-integer spin and are not subject to Fermi statistics.
Therefore, constructing a pair of pseudospin is an important and
the first step when realizing QSHE in photonic systems. Up to
date, there are various approaches to construct the photonic pseu-
dospin, such as using electromagnetic dual metamaterials[119–129]

or crystalline symmetry of PCs.[130–136]

An early work to realize the photonic QSHE in PCs was pro-
posed by Khanikaev et al.[119] When electromagnetic waves prop-
agate in a 2D medium, TM waves with Ez component and TE
waves with Hz component have different propagation constants
due to different electric permittivity and magnetic permeability
tensors (i.e., 𝜖 and ‚𝜇). However, when electromagnetic dualmeta-
materials with 𝜖 = ‚𝜇 are considered, the photonic pseudospin
states can be constructed by the linear combinations of TM and
TE waves. These two pseudospin states are doubly degenerate
and are time-reversal partners. When a triangular PC with four-
fold degenerateDirac points is considered [Figure 4a], its effective
Hamiltonian has the form of:

𝛿H (𝛿k) = 𝜈D
(
𝜏zŝ0𝜎̂x𝛿kx + 𝜏0 ŝ0𝜎̂y𝛿ky

)
+ 𝜁𝜏zŝz𝜎̂z (5)

where 𝜎̂i, ŝi and 𝜏i are Pauli matrices acting on the subspaces of
twofold Dirac degeneracy, pseudospin and valley. The last term
opens a bandgap with a width of 2|𝜁 |. The spin Chern number,
the quantized topological invariant charactering quantum spin
Hall PCs, is defined as Cs = (C+ - C-)/2, where C+ (C-) is the
Chern number of pseudospin-up (pseudospin-down) states and
can be derived as C± = ±sgn(𝜁 ). Then, the circular rod within
the unit cell is filled with split ring resonators which have the
bianisotropic response (inset of Figure 4a). Specifically, the bian-
isotropic response of thesemetamaterials is described by the con-
stitutive relations: D = 𝜖 E + i ‚𝜒H and B = ‚𝜇 H − i ‚𝜒TE with the
bianisotropic tensor ‚𝜒 . With this nonzero bianisotropy, the four-
fold degenerate Dirac points will be opened and a photonic topo-
logical insulator (PTI) with a nonzero spin Chern number is fi-
nally obtained. This workmakes 2D bianisotropic PCs a powerful
platform for studying the fundamental physics of time-reversal
invariant topological states.
After the bianisotropy-induced quantum spin Hall PTI was

proposed, it was experimentally realized by Chen et al.[120]
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Figure 4. Quantum spin Hall PCs. a) Bulk bands of the quantum spin Hall PC realizing by a triangular bianisotropic PC. b) Experimental realization of
the quantum spin Hall PC in a metacrystal waveguide and the unidirectional transport of spin-polarized edge states at the boundary. c) Realization of
quantum spin Hall PC in an all-dielectric PC whose unit cell contains six cylinders. Bulk bands show the topological phase transition which is realized by
changing the distance between neighboring cylinders. The experimental realization of the quantum spin Hall PC operating at d) the microwave spectral
range and e) the visible spectral range. a) Reproduced with permission.[119] Copyright 2012, Springer Nature. b) Reproduced with permission.[120]

Copyright 2014, Springer Nature. c) Reproduced with permission.[130] Copyright 2015, American Physical Society. d) Reproduced with permission.[131]

Copyright 2018, American Physical Society. e) Reproduced with permission.[133] Copyright 2019, American Physical Society.

Instead of utilizing bianisotropy which was intrinsically weak in
metamaterials, they introduced a large “effective” bianisotropy
in a uniaxial metacrystal waveguide (Figure 4b). Within the
metacrystal waveguide, the waveguide modes are naturally cou-
pled. It leads to an effective bianisotropic response which is re-
lated to the order of waveguidemodes and the thickness of waveg-
uide. In the experimental sample, they designed two kinds of
nonresonant and 𝜖/𝜇-matching meta-atoms, arranged them in
the hexagonal lattice, and designed a PTI and a photonic or-
dinary insulator (POI). By forming an edge between PTI and
POI, the spin-polarized one-way edge states were observed. To
test the robustness of edge states, they introduced defects in the
waveguide and found that high transmittances of both Ez and
Hz fields were maintained. At the same time, Ma et al. proposed
another photonic structure, i.e., bianisotropic metawaveguides
to achieve bianisotropy-induced quantum spin Hall PTIs.[121]

Themetawaveguide consisted of a parallel-platemetal waveguide
which was filled with an array of metallic cylinders. These em-
bedded metallic cylinders were connected to the top or bottom
metal plates. The finite gap between the rods and the top/bottom
plates gave the required bianisotropy. In addition, using two topo-
logically nontrivial metawaveguides, a topological channel that

supported spin-locked edge states was constructed. These spin-
locked edge states could be guided without reflections along
sharp bends. The experimental realization of such metawaveg-
uides was carried out by Cheng et al.[125] The robust and recon-
figurable transmission of spin-locked edge states was confirmed.
In addition, they also demonstrated a pseudospin selective wave
divider showing the potential application of the spin-locked sur-
facemodes. Very recently, an all-dielectricmetasurface emulating
QSHE has been implemented.[137] By using dielectric materials,
the limitation caused by Ohmic losses in the earlier design based
on metallic metamaterials can be overcome. To emulate the spin
degree of freedom, double degeneracy between electric and mag-
netic dipolar modes were achieved by carefully tuning the struc-
tural and constituent parameter of metasurfaces. They broke the
vertical symmetry by introducing a circular notch on one of the
flat faces of the cylinders, which essentially causes the spin–orbit
interaction of light andmakes themetasurface into a PTI. The ro-
bust edge states revealing the spin-locked properties of this PTI
were visualized by the near-field spectroscopy.
Most quantum spinHall TPCs introduced above needmetallic

materials, which limits their application in higher frequency be-
cause the loss of electromagnetic waves in metal is considerable.
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The all-dielectric design is needed for the practical applications of
on-chip devices. To achieve this, Wu and Hu demonstrated that
all-dielectric PCs with crystalline symmetry could also emulate
the QSHE.[130] They deformed a honeycomb lattice of cylinders
into a triangular lattice of unit cells with six hexagon-arranged
cylinders (top panel of Figure 4c). With this deformed supercell,
the Dirac cones at the K/K’ points are folded to doubly degen-
erate Dirac cones at the Γ point. In these C6v symmetric PCs,
the role of pseudospins is played by the positive and negative
angular momenta of the wave function. By solving the Maxwell
equations, degenerate orbital-like p- and d-wave-shaped eigen-
fields were found. By shrinking or expanding the hexagonal clus-
ter of cylinders, doubly degenerate Dirac cones were opened and
two topologically distinct bandgaps were obtained (bottom panel
of Figure 4c). The evolution of band structure and the associ-
ated topological phase transition can be captured by the effective
Hamiltonian:

𝛿H (𝛿k) = 𝜈D
(
ŝz𝜎̂x𝛿kx + ŝ0𝜎̂y𝛿ky

)
+
(
M + Bk2

)
ŝ0𝜎̂z (6)

which has a similar form with the Hamiltonian of Bernevig–
Hughes–Zhangmodel. The spin Chern number charactering the
pseudospin-up and pseudospin-down can be evaluated as C± =
±[sgn(M) + sgn(-B)]/2. Since the parameter B is typically nega-
tive, the spin Chern number will be nonzero when the sign of
parameterM is positive.
The above crystalline PCs have a simple design which makes

it a promising platform for photonic applications. Later then,
Yang et al. implemented this kind of spin Hall PCs by the peri-
odic Al2O3 cylinders, as shown in Figure 4d, in the microwave
region.[131] Similarly, doubly degenerate Dirac points were de-
signed at the Γ point by the deformation from the honeycomb
lattice to a triangular lattice. A sharp bending interface between
a TPC and a trivial one was constructed and the propagation
of the pseudospin-polarized electromagnetic states was visual-
ized. In addition, a square-shaped four-antenna array was de-
signed to selectively excite one of the two pseudospin polarized
states. Although the C6v symmetric lattice using dielectric cylin-
ders is more friendly to optical devices for its simple structure
compared with the metamaterial-based PCs, it has some difficul-
ties to address when going to applications. For example, metal-
lic mirrors (which are undesirable for photonic devices) are used
to have a good confinement of electromagnetic waves along the
out-of-plane direction. To design TPCs with good out-of-plane
confinement but without metallic components, Barik et al. pre-
sented a free-standing silicon PC slab with a bandgap for TE-like
modes.[132] With a similar symmetry consideration, the honey-
comb lattice of the PC slab with triangular air holes is also de-
formed into the triangular lattice. Later in 2018, they demon-
strated the topological properties, such as spin-locked trans-
mission and robust transmission.[136] This nanostructured sili-
con slab constitutes a platform to explore many-body quantum
physics with topological protection. Recently, the operating wave-
length of spin Hall TPCs has reached visible spectral range. Peng
et al. experimentally fabricated a hexagonal photonic lattice of
silicon Mie resonators, as shown in Figure 4e.[133] By mapping
the local optical density with a deeply subwavelength resolution,
bulk bands in visible spectral range were measured. This work
presents the feasibility to realize practical silicon-based topologi-

cal geometries that are commensurate with planar silicon-based
integrated photonic technology.

2.2.3. Quantum Valley Hall PCs

Quantum spin Hall PCs are time-reversal invariant systems and
are favor in application in optical frequency. Recently, another de-
gree of freedom, “valley,” has been exploited and valley photonic
crystals (VPCs) were proposed and widely studied.[27,127,138–152] In
2016, Ma and Shvets proposed an all-Si valley Hall PTI.[143] When
the inversion symmetry is broken, a complete bandgap appears
in TE bulk bands (Figure 5a). The effective Hamiltonian has the
form of:

𝛿H (𝛿k) = 𝜈D
(
𝜏z𝜎x𝛿kx + 𝜎y𝛿ky

)
+ 𝜆𝜎z (7)

where 𝜎̂i and 𝜏i are Pauli matrices acting on the subspaces of
twofold Dirac degeneracy and valley. The topological index CK/K’
is defined as the integration of Berry curvature in the half Bril-
louin zone close to K/K’ and the valley Chern number Cv = CK
- CK’. The sign of 𝜆 determines the valley Chern number by Cv
= sgn(𝜆) and the resultant nonzero valley Chern number indi-
cates the nontrivial topology. The zigzag interface between two
VPCs with opposite valley Chern numbers supports edge states.
Robust delay lines were designed by using the scattering immu-
nity property of edge states. When edge states are refracted at the
termination between PCs and the air, different effects of zigzag
and armchair terminations were illustrated.
Valley-contrasting physics in PCs was also discussed by Chen

et al.[144] The TM waves in all-dielectric honeycomb PCs were
considered, and the opposite phase vortexes of bulk states at
the K and K’ valleys were revealed. The valley chiral bulk states
could be selectively excited by controlling the chirality of sources.
The valley contrasting Berry curvature distribution was calcu-
lated and was found to be localized around K and K’ points.
Valley-dependent edge states and their broadband robust trans-
port were illustrated by the backscattering suppression at the Z-
shaped bend. Dong et al. designed VPCs with valley-dependent
spin-split bulk bands.[139] The inversion symmetry was broken
by making two rods in a unit cell have opposite bianisotropy. The
photonic valley Hall effect was observed, even though the Chern
number, spin Chern number, and valley Chern number are zero.
The valley spin locking behavior was represented by the splitting
of flows of opposite spins along with the ΓK and ΓK’ directions
(Figure 5b). Because of the valley-spin locking behavior, the net
spin flow could be selectively excited by choosing LCP or RCP
source. TPCs with broken inversion symmetry and time-reversal
symmetry have also been studied.[153–157]

With the increasing theoretical studies, experimental realiza-
tions of VPCs become essential.[27,145–148] Compared with exper-
iments in infrared and even visible regions, microwave exper-
iments are more convenient since the samples are simpler to
fabricate. For example, Wu et al. directly observed the valley-
polarized edge states in designer surface plasmon crystals.[27]

When the mirror symmetry is broken (Figure 5c), this designer
surface plasmon crystal becomes a valley-Hall PTI and supports
topological edge states. A beam splitter was used to selectively
excite valley-polarized edge states, whose amplitude ratio spec-
trum between each port showed the valley-polarization property.
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Figure 5. Quantum valley Hall PCs. a) Proposal of quantum valley Hall PCs in the 2D dielectric PCs. Bulk bands with nonzero valley Chern number
are obtained by breaking the mirror or inversion symmetry. b) Valley-spin locking behavior in VPCs with bianisotropy. c–g) Realization of quantum
VPCs in the c,d) microwave frequency, e,f) near-infrared frequency, and g) terahertz frequency. a) Reproduced under the terms of the Creative Commons
Attribution 3.0 Licence.[143] Copyright 2016, IOP Publishing Ltd and Deutsche Physikalische Gesellschaft. b) Reproduced with permission.[144] Copyright
2017, Springer Nature. c) Reproduced under the terms of the Creative Commons Attribution 4.0 International License.[27] Copyright 2017, The Authors,
Published by Springer Nature. d) Reproduced with permission.[145] Copyright 2017, American Physical Society. e) Reproduced with permission.[158]

Copyright 2019, Springer Nature. f) Reproduced under the terms of the Creative Commons Attribution 4.0 International License.[159] Copyright 2019,
The Authors, Published by Springer Nature. g) Reproduced with permission.[160] Copyright 2020, Springer Nature.

As another example, Gao et al. proposed a VPC that supports
surface electromagnetic waves and demonstrated such VPC on
a single metal substrate.[145] Arranged as a graphene-like honey-
comb lattice, the unit cell of this VPC consisted of two metallic
rods (Figure 5d). This platform can be used to study bulk and
edge valley transport whose experimental observationsweremea-
sured by the near-field mapping. The bulk states were excited by
an incident narrow beam, and the valley-locked beam splitting
was observed.
Topological photonics is expected to be applied in on-chip in-

tegrated photonics. With the exploration of silicon-on-insulator
nanofabrication technology, VPCs working in the infrared re-
gion have been experimentally realized.[158–161] Shalaev et al. fab-
ricated an optical topological insulator that realized the QVH
effect.[158] Themirror symmetry was broken by changing the size
of two triangular holes in the unit cell (Figure 5e). Confirmed by
the transmittance spectrum of straight and trapezoidal channel,
topologically protected propagation of edge states was realized.
He et al. realized topological transport in a silicon-on-insulator
VPC slab which has a TE-like bandgap at the telecommunication
wavelength.[159] The VPC slab supported photonic edge states
that localized within the plane of slab (Figure 5f). The phase vor-

tex of magnetic fields and ellipticity angle of electric fields in
VPCs were simulated. The robust transport of edge states was
realized in flat, Z-shaped, andΩ-shaped interfaces, confirmed by
both simulated and experimental transmission spectra. In addi-
tion, the unidirectional coupling of valley-dependent edge states
can be excited by a chiral source. Based on this property, photonic
routing was realized by using a microdisk to excite phase vortex
and couple to different interfaces. On the other hand, terahertz
technology attracts more and more attention for its potential ap-
plications in the next generation of communication technolo-
gies. Yang et al. realized the robust transport of terahertz waves
in VPCs based on the all-silicon chip (Figure 5g). They demon-
strated the error-free communicationwhich enables the real-time
transmission of uncompressed 4K video through a highly twisted
domain wall.[160]

2.3. Bound States in the Continuum in Photonic Crystals

Within the aforementioned 1D and 2D TPCs, light propagates
along the in-plane directions. However, for structures with a fi-
nite height (e.g., gratings and PC slabs), light may leak out of
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the systems along the out-of-plane radiation. Nontrivial topol-
ogy of TPCs protects the light propagation from losses in the
in-plane direction, but not in the out-of-plane direction. To in-
hibit out-of-plane radiation, the concept of bound states in the
continuum (BIC) is introduced into photonics. BIC was first pro-
posed in quantum mechanics[162] and can also be realized in
classical wave systems. There are different kinds of BICs, classi-
fied by their physical origins and constructing methods, includ-
ing BICs from symmetry or separability, from parameter tuning
in resonance systems, and from inverse construction.[163] BICs
and quasi-BICs have been found in photonic systems such as
PC slabs,[164–203] gratings,[204–219] metamaterials,[220–227] coupled
waveguide arrays,[228–230] array of spheres or rods.[231–234] Here,
we will mainly introduce the topology of BICs in PCs.
Zhen et al. demonstrated that the symmetry protected and ac-

cidentally occurring BICs in PC slabs were at the vortex centers
of the polarization direction of far field radiation.[170] Taking the
z axis as the vertical direction of the PC slabs, electric fields of
resonance modes have the form of Ek(𝜌, z) = eik⋅𝜌uk(𝜌, z), where
eik⋅𝜌 is the propagation term, 𝜌 = xx̂ + yŷ is the in-plane spatial
coordinate and uk(𝜌, z) is the periodic part of wave functions.
We consider the projection of polarization of uk as a polariza-
tion vector c(k) = cx(k)x̂ + cy(k)ŷ (Figure 6a). The BICs will exist
at the vortex centers of c(k) in the k space. We consider the an-
gle of polarization vector 𝜙(k) = arg[cx(k) + icy(k)], then the topo-
logical charge carried by a BIC can be defined as the winding
number of the polarization vectors, namely q = 1

2𝜋
∮C dk ⋅ ∇k𝜙(k),

where C is a closed path in the k space that goes around the
BIC in an anticlockwise direction. The right column of Figure 6a
shows the polarization vector distribution around BICs carrying
the topological charge of +1 (top) and −1 (bottom). The topolog-
ical charge is quantized and conserved, which makes it possible
to predict and understand the behaviors of BICs such as bounc-
ing, annihilation, and generation of topological charge. Besides
2D PC slabs, 1D periodic arrays of dielectric spheres can also
support BICs.[232,233] Bulgakov et al. analyzed the BICs in peri-
odic arrays of dielectric spheres (top of Figure 6b) and demon-
strated that BICs are related to the phase singularities of the
quasimode coupling strength.[233] As shown in the bottom of
Figure 6b, BICs exist at the vortex center of coupling strength’s
phase. The nodal lines, which represent zero real part (red dash
line) and zero image part (blue line), cross at the vortex cen-
ter. At this singularity point, the coupling strength is zero, i.e.,
BICs exist. BICs are robust against any parameter variations
preserving the periodicity and rotational symmetry. However,
when the symmetry is broken, the BICs will degrade into quasi-
BICs. Koshelev et al. proposed a theory for asymmetric periodic
structures and demonstrated the connection between the BICs
and Fano resonances.[223] Based on the explicit expansion of the
Green’s function of open systems into eigenmode contributions,
the analytical approach describing light scattering by arrays of
meta-atoms was revealed. The relation between the conventional
Fano formula and the reflection (and transmission) coefficients
was also demonstrated.
The experimental characterization of the topology of BICs has

also been demonstrated.[185–192,218–221] For example, BICs in grat-
ings were experimentally presented with polarization vortex by
Doeleman et al.[235] They designed andmanufactured a 1D Si3N4
grating supporting a BIC and confirmed its existence with re-

flection measurements. They measured the polarization state of
reflection around the BIC with k-space polarimetry and the ex-
pected vortex of polarization was observed (bottom of Figure 6c).
The polarization vortices in momentum space of 2D plasmonic
crystals were observed by Zhang et al.[185] They mapped out
the detailed information of radiative states. The momentum-
space vortices of polarization were identified by the winding
patterns in the polarization-resolved isofrequency contours and
diverging quality factors. BICs in 1D and 2D periodic struc-
tures are promising to suppress the out-of-plane radiation. Jin
et al. theoretically proposed and experimentally demonstrated the
out-of-plane-scattering losses suppression in PC slabs by using
BICs.[188] The quality factor in the experiment reached 12 times
higher than those obtained with standard designs. Besides the
out-of-plane radiation suppression, BICs in gratings can also be
utilized to realize unidirectional guided resonances.[219] Such res-
onances emerged when a pair of half-integer topological charges
bounce into each other (Figure 6d). The positions of topological
charges in wave vector space could be controlled by changing the
tilted angle of sidewalls.

2.4. 3D Topological Photonic Crystals

In 3D TPCs, one of the most significant concepts is the Weyl
point which is a monopole of Berry flux. As the 3D extension
of the 2D Dirac point, a Weyl point is a degenerate point where
two linear dispersion bands intersect in 3D momentum space.
However, 2D Dirac cones can be easily gapped by breaking ei-
ther the parity inversion symmetry (P) or the time-reversal sym-
metry (T), while 3D Weyl points are protected against any per-
turbations. Therefore, there are various intriguing properties of
Weyl points, which attract tremendous attention.[38,39,236–248] The
effective Hamiltonian of Weyl points has the general form of

𝛿H (𝛿k) =
∑
i,j

𝜈ij𝜎̂i𝛿kj (8)

where i, j = x, y, z. The topological property of Weyl point is char-
acterized by its chirality 𝜒 = sgn[det(vij)]. The topological property
is also characterized by the Chern number C of a closed surface
enclosing a single Weyl point, which has the relation with the
chirality as C = −𝜒 .
In 2013, Lu et al. proposed a photonic realization of Weyl

points by using a 3D perturbed double-gyroid PC whose bulk
bands are shown in Figure 7a.[238] The bulk bands of the unper-
turbed double-gyroid PC contained a frequency-isolated three-
fold degeneracy among the third, fourth and fifth bands at the
Γ point. By replacing a part of the gyroid material with two air
spheres, this threefold degeneracy was lifted without breaking P
or T symmetry. Furthermore, by breaking the P or T symmetry,
Weyl points can be obtained. When undergoing pure P-breaking
perturbation (i.e., place only one air-sphere on one of the gy-
roid), two pairs ofWeyl points with different chirality will emerge.
Based on the theoretical proposal, they presented the experimen-
tal observation of Weyl points.[237] In the experiment, the angle-
resolved transmission measurement was performed to probe the
dispersions of the 3D bulk states. As a result, 3D bulk states pro-
jected along the[101] direction and the Weyl point along the Γ-H

Laser Photonics Rev. 2022, 2100300 © 2022 Wiley-VCH GmbH2100300 (9 of 31)

http://www.advancedsciencenews.com
http://www.lpr-journal.org


www.advancedsciencenews.com www.lpr-journal.org

Figure 6. BICs in PCs. a) Characterization of topological charge of BICs in PCs. b) Periodic array of dielectric spheres and the representation of BIC in the k
space. c) Top: design of the 1DSi3N4 grating. Bottom: sketch of the expected polarization of the TM-mode radiation (left) and corresponding experimental
results (right) in wave vector space. d) Top: topologically enabled unidirectional guided resonances in 1D grating. Bottom: charge evolution from BIC to
unidirectional guided resonance. a) Reproduced with permission.[170] Copyright 2014, American Physical Society. b) Reproduced with permission.[233]

Copyright 2017, American Physical Society. c) Reproduced with permission.[218] Copyright 2018, Springer Nature. d) Reproduced with permission.[219]

Copyright 2020, Springer Nature.

direction were mapped out experimentally. In addition to using
the gyroid structure, other approaches were also explored to real-
izeWeyl points in 3D PCs. One of them is to use stacked 2D slabs
with designed interlayer coupling, which is compatible with pla-
nar fabrication technology. In 2016, Chen et al. designed and fab-
ricated a 3D PC possessing single and multiple Weyl points.[239]

To obtain 3D Weyl points, they started with the 2D honeycomb

lattice with Dirac cones, then stacked these honeycomb lattices
periodically in the z-direction and introduced chiral interlayer
coupling (Figure 7b). By doing this, Weyl points with topological
charges of±1were found at the K/K′ point whileWeyl points with
topological charges of±2 were found at the Γ point. In 2018, Yang
et al. presented a PC of saddle-shapedmetallic coils, serving as an
ideal Weyl system where theWeyl points exist at the same energy
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Figure 7. Weyl points and topological bandgap in 3D PCs. a) Frequency isolated Weyl points are obtained in the 3D gyroid PCs. b) Multi Weyl points
are realized in stacked metallic PCBs with interlayer coupling. c) Ideal Weyl points are achieved in a 3D PC. d) Theoretical proposal and e) Experimental
realization of weak 3D PTIs with a topological bandgap. a) Reproduced with permission.[238] Copyright 2013, Springer Nature. b) Reproduced with
permission.[239] Copyright 2016, Springer Nature. c) Reproduced with permission.[38] Copyright 2018, American Association for the Advancement of
Science. d) Reproduced with permission.[250] Copyright 2017, Springer Nature. e) Reproduced with permission.[251] Copyright 2019, Springer Nature.

and are well separated.[38] By the near-field measurements, the
helicoidal structure of the topological surface states was observed.
As shown in the right panel of Figure 7c, the equifrequency con-
tour shows the presence of four symmetrically displaced elliptical
bulk states with the same size located along the diagonal direc-
tions. There are other means to construct photonic Weyl points
such as creating the Weyl points in a synthetic 3D space.[76,79,249]

Due to the linear crossing bulk bands, 3D Weyl PCs are gap-
less photonic materials. On the other hand, 3D gapped TPCs
with topological bandgaps have also been studied. In 2016,
Slobozhanyuk et al. discussed a 3D all-dielectric topological pho-
tonic metacrystal which was the photonic analog of “weak”
TIs.[250] With carefully designed structure, the electromagnetic
duality between electric and magnetic fields was ensured, and
the photonic pseudospin could be constructed. Then by break-
ing the z-mirror symmetry, the effective spin–orbit interaction
was introduced (Figure 7d). As a result, the photonic metacrys-
tal experienced a topological transition and a complete 3D pho-
tonic bandgap was obtained. Without the lossy metal-based com-
ponents, this all-dielectric design serves as a promising platform
for optical applications. With the idea of constructing a “weak”
TI by stacking the 2D quantum spin Hall insulators, Yang et al.
presented the experimental realization of a 3D TPC with metal-
lic patterns on printed circuit boards.[251] In their experimental
sample, a 3D array of metallic split-ring resonators was designed
and the resonance-enhanced bianisotropy gave a strong photonic
spin–orbit coupling (Figure 7e). Therefore, the width of the topo-

logical bandgap was greater than 25%, which was much greater
thanmany bandgap widths in previous 2D or 3D TPCs. Utilizing
two dipole antennas inserted inside the sample, the transmission
spectra and field distribution along the domain wall were mea-
sured. Searching on 3D TPCs may pave the way for future ap-
plications in topological photonic cavities, circuits, lasers in 3D
structures.

2.5. Photonic Crystals with Higher-Order Topology

The above discussed TPCs host robust edge states predicted
by the bulk-edge correspondence principle: A d-dimensional
TPC hosts (d-1)-dimensional edge states. Recently, higher-order
topology has been introduced in electronic insulators and
brought into classical wave systems, featuring with in-gap cor-
ner/hinge states that do not obey the usual bulk-edge corre-
spondence principle.[252–263] Such higher-order topology has been
realized in photonic,[264–286] acoustic,[287–294] and electric circuit
systems.[295–297]

Photonic systems with higher-order topology have been pro-
posed and realized in honeycomb,[264,278] square[266–271,279–283]

and kagome lattices.[265,272] The 2D SSH model can be uti-
lized to describe the 2D second-order PCs with 0D corner
states.[254,267,270,271,298] Let us first consider the square lattice of
PCs whose unit cells consist of four sites (Figure 8a). By chang-
ing the distance between two neighboring sites in same and
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Figure 8. Higher order PCs. a) Proposal of a second-order PC in the 2D PC whose unit cell has four dielectric rods. b,c) Realization of a second-order PC
in the 2D PC and PC slab at the microwave frequency. d) Realization of a second-order PC whose corner states operate at the near-infrared frequency.
e) Type I and type II corner states of the triangular kagome PC. a) Reproduced with permission.[267] Copyright 2018, American Physical Society. b)
Reproduced with permission.[270] Copyright 2019, American Physical Society. c) Reproduced with permission.[271] Copyright 2019, American Physical
Society. d) Reproduced with permission.[269] Copyright 2019, Optical Society of America. e) Reproduced with permission.[272] Copyright 2020, Springer
Nature.

adjoining unit cells, the intra-unit-cell and inter-unit-cell hopping
coefficients (i.e., ta and tb) can be adjusted. Similar to Zak phase
in 1D systems, we can define 2D Zak phase:

Zj = ∫ dkxdkyTr
[
Âj

(
kx, ky

)]
(9)

where j = x, y, Âj(kx, ky) = i⟨u(k)|𝜕kj |u(k)⟩ and |u(k)⟩ is the pe-
riodic Bloch function. When the mirror symmetry is preserved
along with the x and y directions, Zx and Zy are quantized to be 0
or 𝜋. So there are four topological phases which are characterized
byZ= (0, 0), (0, 𝜋), (𝜋, 0) and (𝜋, 𝜋). Corner states can be found at
the corners of the bulk sample of phase characterized by Z = (𝜋,
𝜋) surrounded with the sample of phase characterized by Z = (0,
0). Such corner states have been experimentally realized in PCs
operating at microwave region[270,271] and infrared region.[269,282]

In 2D PCs with square lattice, two configurations were used to
construct higher-order topological insulating phases.[270] Differ-
ent from systems with negative coupling between sites in previ-
ous studies, the dielectric PCs shown in Figure 8b have no nega-
tive coupling. Both topological edge states and corner states were
observed with near-field scanning technique. Topological corner
states can also be supported in PC slabs.[271] Different from TM
and TE modes in 2D PCs, PC slabs have more complex polariza-

tions. A perfect electric conductor was used to filter out TE-like
modes and a complete bandgap was found (Figure 8c). PC slabs
with four different 2D Zak phases were designed. In the square
sample constructed by PC slabs with Zak phases of (0, 0) and (𝜋,
𝜋), topological corner states were observed. Corner states were
also realized in TPCs operating at infrared region. Based on cor-
ner states, a PC nanocavity with the resonance peak at 1079 nm
was designed and fabricated.[269] The presence of topological cor-
ner states could be predicted with bulk-edge and edge-corner cor-
respondences (Figure 8d). The corner mode was tightly localized
with a quality factor over 2000. Quantumdots could be used to ex-
cite topological corner states in PC nanocavities. It was reported
that the coupling between quantum dots and topological corner
states would affect the emission properties of quantum dots.[282]

The photoluminescence intensity and emission rate would be en-
hanced when the quantum dot was on resonance with the corner
state.
In addition to the 2D SSHmodel, we can also derive the polar-

izations which characterize the higher-order topology with Wan-
nier representation.[252,253,279,285] The 0D corner states can also be
found in 2D quantum spin Hall PCs.[278] Recently, a new class
of topological corner states originating from long-range interac-
tions are found in PCs with breathing kagome lattice.[272] The
tight-binding model, which only considers the nearest-neighbor
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coupling and ignores the interactions of longer distance, can pre-
dict the existence of corner states, which are well confined at
the corner of topologically nontrivial samples surrounded by the
trivial ones, so called type I corner states. However, there is an-
other kind of corner states, so called type II corner states which
have field profiles similar to that of edge states but tend to local-
ized to corners when the coupling detuning parameter increases
(Figure 8e). To analyze type II corner states, the next-nearest-
neighbor coupling needs to be considered.
Here, we clarify the robustness of corner states in PCs with

higher-order topology. Because of the absence of chiral symme-
try, corner states in PCs based on 2D SSH model are not as ro-
bust as their counterparts in electronic systems because the fre-
quencies of corner states in PCs will change with the variation
of structural parameters. The Q factor will also vary with the
structural modification.[299] However, being protected by certain
symmetries, the high-order topological corner states in PCs have
considerable robustness. For example, in PCs with C6 symmet-
ric breathing honeycomb lattice, the high-order topological states
are protected by lattice symmetries and have certain degree of
robustness against disorders and long-range interactions which
break the chiral symmetry.[273] In PCs with breathing kagome lat-
tice, the frequencies for type I corner states are insensitive to the
variation of structural parameters because of the protection of
generalized chiral symmetry. While type II corner states are not
pinned at a fixed frequency.[272]

2.6. Topological Photonic Crystals with Synthetic Dimension,
Deformation, and Modulation

In addition to the real spatial dimensions, topological phenom-
ena can also appear in TPCs with synthetic dimensions.[84] With
synthetic dimensions such as frequency and structural parame-
ters, researchers can use PCs to realize topological phenomena
in higher dimensions. For example, Wang et al. constructed 1D
interface states protected by the synthetic 3D Weyl point.[79] The
1D PCs had unit cells constructed with four alternate layers of
HfO2 and SiO2 (Figure 9a). The generalizedWeyl points in optical
frequency region were realized in the parameter space spanned
by the Bloch wave vector k and two structural parameters p and
q. An effective Weyl Hamiltonian for the parameters around
conical degeneration point was derived. Besides, optical inter-
face states were found between PCs with synthetic Weyl points
and reflection substrates. The reflection phase of truncated PC
was experimentally measured and exhibited vortex around a syn-
thetic Weyl point in the parameter space. The existence of inter-
face states is guaranteed by the reflection phase vortex property
of synthetic Weyl points. Researchers can even realize topolog-
ical phenomena in 4D parameter space. By using synthetic di-
mension, a topological one-way fiber was designed and realized
based on a 3D magnetic Weyl PC with double gyroids.[246] A 3D
Chern crystal was obtained by adding plain modulation of vol-
ume fraction. This 3D Chern crystal is characterized by three
first Chern numbers defined on threemomentum planes respec-
tively. Then, by changing the plane modulation into helical mod-
ulation, such structure supports modes with backscattering im-
munity and works as a one-way fiber. The topological invariant
of such one-way fiber is the second Chern number which is de-

fined in 4D parameter space spanned by three-wave vectors, kx,
ky, kz, and the angle of modulation 𝜃. Another kind of modula-
tion, Kekulé modulation, was also studied in PC fibers.[300] To
begin with, researchers added an extra air hole in a silica PC
fiber with triangular lattice of air holes, and this gaps two nodal
lines into Weyl points in k space. Then, for the sake of gap-
ping the entire nodal line and keeping the Weyl degeneracies,
supercell modulations of perturbing the lattice with generalized
Kekulé pattern[301,302] with a vortex phase were operated. Such
modulations coupled two nodal lines and annihilated them into a
bandgap. Then the existence of mid-gap defect modes was guar-
anteed to propagate at the core of such Dirac vortex fiber. And the
number of guiding modes is just the winding number of vortex
modulation. Recently, Kekulé modulation was used to construct
Dirac vortex cavity.[303]

The Dirac vortex is constructed with the angular modulation
of the structural deformation. The deformations arranged in
other forms were also studied. Some deformations can add a
gauge field in the effective Hamiltonian of PCs. When the defor-
mations cause a 𝛿k shift of band structure, that is, operate the
transform of k → k + 𝛿k, a gauge field vector potential A = 𝛿k
will be added. The gauge field vector potential will induce an ar-
tificial effective magnetic field of B = ∇ × A. For example, Deng
et al. proposed and realized the control of valley pseudospin
currents with a gauge field added by straining the graphene
structure of PCs.[304] The linear distortion along the y direction
resulted in constant effective magnetic fields with opposite signs
at K and K’ valleys. The valley-dependent propagations in bended
baths were observed. Another example is the chiral zero mode
in inhomogeneous 3D Weyl metamaterials which was designed
by rotating the saddle-shaped metallic coils at different positions
with different angles.[39] The rotation of metallic coils caused the
rotation of Weyl points with a same angle around the kz axis.
With the gradual change of rotation angle along the x direction,
an artificial magnetic field along the z axis was added and it had
opposite directions for Weyl points at kx > 0 and kx < 0. The
presence of gauge field was experimentally confirmed and the
zero-order chiral Landau level with one-way propagation was
observed.
The effective magnetic fields can be generated by not only spa-

tial modulation but also temporal modulation. Fang et al. studied
a resonator lattice with harmonically temporal modulated cou-
pling constants between resonators.[75] When the distribution of
the modulation phases was tuned as shown in the left panel of
Figure 9f, an effective gauge potential corresponding to a uni-
form effective magnetic field was introduced. The effective mag-
netic field resulted in a Lorentz force for photons and the pres-
ence of topologically protected one-way edge states. The robust
transportation could exist without using magneto-optical effects.

3. Photonic Applications

To further explore the potential applications of TPCs, many func-
tionalities and prototypes of passive or active photonic devices
have been presented, based on the novel properties of TPCs. In
this section, we will give a brief introduction of several represen-
tative potential applications of TPCs, such as robust waveguide,
lasing and other active functionalities.
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Figure 9. TPCs with synthetic dimensions, deformations, and modulations. a) 1D PCs with different p and q values. The combination of k, p and q forms
a 3D parameter space where synthetic Weyl points are constructed. b) Left: the double gyroid PC with plain modulated volume fraction (blue and red).
Right: the double gyroid structure with single helix modulation, whose helix center supports an one-way fiber mode. c) The structure of a Dirac-vortex PC
fiber. The color of each strut stands for its width. d) The honeycomb PCwithout andwith distortion which induces a gauge field. e) The inhomogeneous 3D
Weylmetamaterials supporting chiral zeromodes. The gradient ofmetallic coils’ rotation angle in the x direction induces a gauge field. The corresponding
artificial magnetic field is in the z direction. f) The photonic resonator lattice exhibiting an effective magnetic field generated with temporal modulation,
and featuring with an one-way edge mode. a) Reproduced under the terms of the Creative Commons Attribution 4.0 International License.[79] Copyright
2017, The Authors, Published by American Physical Society. b) Reproduced under the terms of the Creative Commons Attribution 4.0 International
License.[246] Copyright 2018, The Authors, Published by Springer Nature. c) Reproduced under the terms of the Creative Commons Attribution 4.0
International License.[300] Copyright 2020, The Authors, Published by Springer Nature. d) Reproduced with permission.[304] Copyright 2015, Optical
Society of America. e) Reproduced with permission.[39] Copyright 2019, American Association for the Advancement of Science. f) Reproduced with
permission.[75] Copyright 2012, Springer Nature.

3.1. Robustness of Topological Photonic Crystals

Robustness is one of the most important characteristics of TPCs.
For example, due to the robustness of edge states of 2D TPCs,
electromagnetic waves can smoothly propagate along the do-

main wall between two topologically distinct PCs, even when
disorders, defects, or sharp corners exist. In the quantum Hall
PCs under the external electric or magnetic fields, one-way chi-
ral edge modes can be achieved.[107–110,116,17,305] As shown in
Figure 10a, these edge states are unidirectional and are robust
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Figure 10. Robustness of TPCs. a) One-way propagation of chiral edge states which are insensitive to imperfections on the zigzag edge of the honeycomb
magnetic PC. b) One-way propagation of the spin-polarized helical edge states which propagate through the cavity obstacle. c) Robust transport of valley-
dependent edge states which are backscattering immune in waveguides with sharp bends. d) Robust propagation of topological surface states along a
nonplanar surface in 3D PTIs. e) Topologically protected refraction of kink states in VPCs. f) Topological type-I corner states are pinned to zero energy in
the second-order PCs. a) Reproduced with permission.[109] Copyright 2009, American Physical Society. b) Reproduced with permission.[119] Copyright
2012, Springer Nature. c) Reproduced under the terms of the Creative Commons Attribution 4.0 International License.[159] Copyright 2019, The Authors,
Published by Springer Nature. d) Reproduced with permission.[251] Copyright 2019, Springer Nature. e) Reproduced with permission.[140] Copyright
2017, Springer Nature. f) Reproduced with permission.[272] Copyright 2020, Springer Nature.

against obstacles. Even when a metallic scatterer is placed in
the interface, the left-ward propagating edge modes do not suf-
fer backscattering. Similar to chiral edge states in quantum Hall
PCs, the helical edge states can be found in quantum spin
Hall PCs. Note that such helical edge states have pseudospin-
dependent robustness against certain defects that do not induce
the coupling between two pseudospins.[119–124,130–133] For exam-
ple in Figure 10b, interfaces of electromagnetic-dual topologi-
cal metacrystals supported helical edge states that exhibit spin-

polarized one-way propagation of light, which is robust against
defects with some missing rods.[119] Later, the robustness of
valley-dependent edge states in quantum valleyHall PCs was also
discussed.[143–145,158–160,306,307] He et al. showed valley-dependent
edge states in a silicon-on-insulator VPC slab.[159] Robust trans-
port of light with the telecommunication wavelength was ob-
served along Z-shaped bends, showing the flat-top high trans-
mission of ≈10% bandwidth (Figure 10c). In addition to 2D sys-
tems, 3D TPCs have also been explored by observing the robust
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transport of surface states.[238–240,250,251] For instance, Yang et al.
realized a 3D TPC and mapped out both the gapped bulk band
structure and the Dirac-like dispersion of the photonic surface
states.[251] Then they demonstrated robust propagation of sur-
face waves along a non-planar surface. Robust surface states were
found in the bulk topological bandgap and flew robustly along the
surface, including around the two sharp corners (Figure 10d).
Here, we discuss the robustness of edge states in different

kinds of 2D TPCs. The transport of edge states in quantum
Hall PCs is robust against most defects because of the bro-
ken time-reversal symmetry. In the TPCs with preserved time-
reversal symmetry, the situations are complex. The robust prop-
erties of edge states in quantum spin Hall PCs based on electro-
magnetic dualmetamaterials and crystalline symmetry are differ-
ent. For quantum spin Hall PCs based on electromagnetic dual
metamaterials, the transports of edge states are robust against
various defects, including the sharp bending of interface, cav-
ity obstacle, and disordered domain in adjacent PCs.[119] How-
ever, for quantum spin Hall PCs based on crystalline symme-
try, the robust transports were only reported at the sharp bends
of 60°, 90°, and 120°.[130–132,136] In VPCs, the robust transports
of edge states are usually demonstrated in waveguides with 60°

or 120° bends.[138,148,160] However, even though edge states in
VPCs can only transport robustly at 60° and 120° bends, one can
also construct interfaces with arbitrary turning angles with se-
ries of 60° and 120° bends and perform robust transport in such
interfaces.[160]

We should note that backscattering-immune transport is
just one of the representative phenomena to demonstrate the
robustness of TPCs. There are some other phenomena re-
lated to topological robustness, such as the near-perfect out-
coupling[140,143] and the robustness of corner states against struc-
tural parameters.[252,253,264,265,268–273] When the intervalley scat-
tering is suppressed in quantum valley Hall PCs, the perfect
coupling of edge states into a homogeneous medium can be
achieved.[143] This is used to show topologically protected re-
fraction of spin-valley-locked kink states.[140] When the valley
pseudospin is conserved, the kink states exhibit nearly perfect
out-coupling efficiency into directional beams (Figure 10e). For
PCs with higher-order topology, corner states which are robust
against defects can be found.[264,265,268,272,273] In 2020, Li et al. re-
ported robust corner states in higher-order topological PCs with
kagome lattice that exhibits non-zero bulk polarization.[272] Pro-
tected by the generalized chiral symmetry, type I corner states are
pinned to zero energy even when some structural parameters are
changed (Figure 10f).

3.2. Passive Functionalities of Topological Photonic Crystals

In TPCs, based on their enormous potential in light manipula-
tion, many applications have been proposed and expected to re-
alize high-performance optical devices.
Optical cavity, as one of the important elements of photon-

ics, is widely used in many areas of physics and engineering,
including coherent electron–photon interactions, low-threshold
lasers, nonlinear optics. To design high-performance cavity in
photonic integrated circuits, many researches have focused on
all-dielectric PC slabs through finely engineering point defects

in a precise location of the PC slab. By using such defect modes
of PCs, researchers have proposed high-Q nanocavities with op-
tical wavelength sizes.[308] The introduction of topology into the
PCs brought a new mechanism to design optical cavities. Us-
ing robust edge modes in TPCs, researchers proposed cavities
in which lights travel along the edge,[109,134,309] and edge modes
will not be influenced by defects at the pathway of light. Besides,
several topological cavities based on real-space topology,[310] Zak
phase,[311–313] Jackiw-Rebbi model,[94] Dirac-vortex topology,[303]

and the recent higher-order topology[269,282] have also been pro-
posed. For example, Dirac-vortex topological cavities were de-
signed and realized by applying the generalized Kekulé modu-
lations on the silicon PC slabs.[303] The generalized Kekulé mod-
ulations were introduced by adding a displacement on three sites
of the unit cell with C3 symmetry. Figure 11a depicts the distri-
bution of magnitude and directional angle charactering the dis-
placement in a Dirac-vortex cavity. With such modulation, the
Dirac-vortex cavity was confirmed to have scalable mode areas,
arbitrary mode degeneracies, vector-beam vertical emission and
compatibility with high-index substrates. The free spectral range
was demonstrated to be large, which is important for the sta-
bler single-mode operation, a higher spontaneous emission fac-
tor, and a wider spectral tuning range.
Optical filters play an important role in communication sys-

tems. For example, a narrowband flat-top reflection filter is in
need for achieving the wavelength sensitivity in wavelength-
division multiplexing systems.[314] An all-pass transmission fil-
ter is useful for applications such as optical delay or disper-
sion compensation.[315] Combining waveguide modes and cav-
ity modes in 2D PCs, researchers can achieve narrow band
filters.[316] Taking advantage of the unidirectionality and robust-
ness of edge states in TPCs, Fu et al. constructed a unidirec-
tional band-stop filter and a unidirectional channel-drop filter
that could selectively process an optical signal propagating only
along a particular direction.[115] In the designed four-port filter
(Figure 11b), the transmission spectra showed that most of the
energy of the waveguide mode transmitted from port 1 to port 3
at the resonance frequency of 14.72 GHz. In comparison, away
from the cavity resonance frequency, almost all waves went to
port 2. There were hardly any waves passing through port 4, as
the waves toward port 4 of the lower waveguide were forbidden.
Besides, valley filters based on valley-dependent edge states were
also proposed.[71,127]

Beam splitters are optical devices that split one beam of light
into two beams. It is a crucial part of many optical measurement
systems such as interferometers, and also finds widespread ap-
plications in the fiber optic communications. By designing the
waveguide topography or interface, people have presented sev-
eral splitters made by PCs.[317–321] In 2014, Skirlo et al. designed
a continuously tunable power splitter based on quantum Hall
phases in PCs with large Chern numbers.[111] As shown in Fig-
ure 11c, they demonstrated the continuously tunable power split-
ter implemented with Cgap = 2 and Cgap = 1 gyromagnetic PCs
bordered on the top by a metallic wall. Since one-way modes
could not be backscattered, they only scattered into each other,
changing their amplitudes and phases. The height of the metal
scatterer controlled the total mode profile at the junction, and
consequently the power splitting between channels 1 and 2. The
total power efficiency of the splitter was always 100%. Besides,
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Figure 11. Prototype of photonic devices made by TPCs. a) Dirac vortex cavity with Kekulé modulation characterized by complex valuem. b) Schematic
and the transmittance of the unidirectional channel-drop four-port filter by one-way magnetic PC waveguides. c) A power splitter implemented with Cgap
= 2 and Cgap = 1magnetic PCs bordered on the top by a metallic wall. d) A four-port broadband circulator based on nonreciprocal topologically protected
edge waves between QSH-PTIs and a QH-PTI. e) A wavelength demultiplexer based on VPCs with dual bandgaps. f) Optical vortex generator constructed
with PC slab supporting BICs. a) Reproduced with permission.[303] Copyright 2020, Springer Nature. b) Reproduced with permission.[115] Copyright 2011,
AIP Publishing. c) Reproduced with permission.[111] Copyright 2014, American Physical Society. d) Reproduced with permission.[138] Copyright 2017,
American Physical Society. e) Reproduced with permission.[330] Copyright 2020, American Physical Society. f) Reproduced with permission.[192] Copyright
2020, Springer Nature.

both pseudospin-polarized and valley-polarized power splitters
have also been achieved in quantum spin Hall[322,323] and valley
Hall[139,144,145,147] PCs.
A circulator is a passive, nonreciprocal three- or four-port de-

vice, in which the signal entering any port is transmitted to
the next port in rotation. It can be achieved in 2D magnetic
PCs.[324,325] The key point of this type of circulator is the cou-
pling between a point defect and the waveguide channels, re-

sults in narrowband performance. TPC brings a new way to re-
alize the circulating of electromagnetic waves. For example, Ma
and Shvets proposed a four-port broadband circulator based on
nonreciprocal topological edge waves between QSH-PTIs and a
QH-PTI.[138] They constructed the sample by embedding a QH-
PTI island inside an interface-containing sea of QSH-PTIs (Fig-
ure 11d). Combining different kinds of domain walls that sup-
port different one-way edge states, the unique pathway could only
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guide incident light from each port to the next port. This kind of
circulator has the advantages of broadband frequency and robust-
ness.
In the optical communications, wavelength-division multi-

plexing is a technology that multiplexes a number of optical
carrier signals onto a single optical fiber/waveguide by using
different wavelengths. A wavelength-division multiplexing sys-
tem uses a multiplexer at the transmitter to join several sig-
nals together and a demultiplexer at the receiver to split them
apart. Wavelength-division multiplexer and demultiplexer can
be realized in PCs by carefully designing the coupling between
waveguides and cavities.[326–329] Recently, Tang et al. proposed a
frequency range-dependent photonic detouring based on VPCs
with dual bandgaps,[330] which had potential applications in
wavelength division multiplexers. The designed VPCs have dual
bandgaps, which are located at two different frequency ranges.
Frequency range-dependent edge states in two bandgaps were
found in the domain walls between different VPCs. The chan-
nel between VPC1 and VPC2 supported edge states in both
bandgaps. The channel between VPC3 and VPC2 only supported
edges states in the first bandgapwhile the channel between VPC1
and VPC3 only supported edge states in the second bandgap.
Therefore, As shown in Figure 11e, lights of edge states locating
in different bandgaps traveled along different paths and spatially
separated.
TPCs can also be used to manipulate the flow of light in the

out-of-plane direction. Based on the topological properties of
BICs, Wang et al. proposed and realized an approach to generat-
ing optical vortices, which had spiral wavefronts and screw phase
dislocations.[192] Using the topological vortex-like response of po-
larization inmomentum space centered at BICs of PC slabs, they
induced Pancharatnam-Berry phases and spin–orbit interaction
in light beams. Such vortex generators operating in momentum
space has almost homogeneous structures without a real-space
center to align at the incident beam center.

3.3. Lasing in Topological Photonic Crystals

In addition to the above introduced passive functionalities
of TPCs, there are active functionalities such as lasing be-
haviors. Recently, lasing in topological photonic structures
has been theoretically analyzed and experimentally realized in
PCs,[105,331–338] coupled ring resonators[104,339–342] and polariton
micropillars.[74,89,343] Laser in different topological systems has
different advantages such as single-mode lasing, high efficiency
and immunity to disorders and so on. Here, we focus on the las-
ing in TPCs.

3.3.1. lasing in Cavities Based on 1D States in TPCs

Lasing in cavities based on the 1D edge states in quantum
Hall,[331] quantum spin Hall[340] and quantum valley Hall[334]

topological systems has been realized. In quantum Hall TPCs,
the nonreciprocal lasing can be exhibited.[331] As shown in Fig-
ure 12a, the PC was made of InGaAsP quantum wells bonded
on yttrium iron garnet, which was grown on gadolinium gallium
garnet. The time-reversal symmetry was broken by the yttrium-
iron–garnet substrate under an external magnetic field. The PC

on the inner side of the cavity had a square lattice and was
topologically nontrivial. The outer side PC had a triangular lat-
tice and was topologically trivial. A defect waveguide was cou-
pled to the cavity. Resulting from the QH effect, the topologi-
cal edge states in this structure had properties of unidirectional
propagation and backscattering immunity from imperfections
and sharp corners. Thus, the cavity could be shaped arbitrarily.
Edge states with only one propagating direction were supported
in the cavity when the external magnetic field is fixed. The uni-
directional lasing with an isolation ratio of 11.3 dB was achieved
when the optical pump power density is 0.9 𝜇W 𝜇m-2. The topo-
logical insulator laser in quantum spin Hall system was real-
ized in coupled ring-resonator array systems.[340] The coupled
ring-resonator array was fabricated with InGaAsP and the emis-
sion intensity profiles are shown in the inset of the right of Fig-
ure 12b. The topological properties gave rise to single-mode las-
ing, robustness against defects, and considerably higher slope ef-
ficiencies. As shown in the left panel of Figure 12b, the slope
efficiency of topological array was higher than that of its triv-
ial counterparts and the enhancement reached about threefold
in experiment. In the emission spectra of topological and triv-
ial array (right of Figure 12b), the single-mode character could
be observed with narrower linewidths compared with trivial ar-
ray. Furthermore, with S-chiral microresonators assembled, the
unidirectional lasing without magnetic fields was enforced. The
topological lasers introduced above need optical pumping. How-
ever, in many practical applications, such as quantum cascade
lasers, electrical pumping is required. Recently, the electrically
pumped topological laser based on valley edge modes has been
realized.[334] The VPC was fabricated on the active medium of
a THz quantum cascade laser wafer. The PC had a triangular
lattice of quasi-hexagonal holes that break inversion symmetry.
The lasing cavity was constructed by a triangular loop of topolog-
ical waveguide. The lasing spectrum had robust regularly spaced
emission peaks that persist under certain disturbances. For ex-
ample, when an external waveguide was coupled to the cavity
and worked as a directional outcoupler, the spectra of topolog-
ical modes coupled to the left and right sides had same peaks,
compared with the spectra of non-topological modes which are
completely different (Figure 12c). Topological insulator laser in
telecommunication region with quantum valley Hall PCs have
also been proposed[344] and realized.[345]

Compared with conventional lasers based on ring resonators,
most lasers with cavities based on 1D states in TPCs have robust-
ness against certain defects, that is, the defects have less influ-
ence on the lasing effect. Besides, quantum Hall and quantum
spin Hall systems can support single-mode lasers. The single-
mode property will prevent the mode competing and, as a result,
improve the stability and efficiency of lasers.

3.3.2. Lasing in Cavities Based on 0D States in TPCs

Lasing can also be realized in cavities based on 0D states in
TPCs. For example, a nanocavity was formed at the interface
between two PCs with distinct Zak phases.[337] The nanocavity
had a high Q factor and a near-diffraction-limited mode volume.
With gain from semiconductor quantum dot, the lasing effect
with the single-mode property and a high spontaneous emission
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Figure 12. Lasing in cavities based on 1D states in topological photonic systems. a) Schematic of nonreciprocal lasing in an arbitrarily shaped and
integrated topological cavity in which time-reversal symmetry is broken by applying an external magnetic field. The InGaAsP multiple quantum wells
are bonded on yttrium iron garnet that had been grown on gadolinium gallium garnet. b) Topological laser in coupled ring resonators on an InGaAsP
quantum wells platform. The topological structure has higher output intensity and narrow linewidth compared with trivial counterpart. Inset: image of
the lasing pattern (topological edge mode) in an array of topologically coupled resonators and the output ports. c) Emission spectra for topological laser
with valley edge modes in a directional outcoupling configuration. The peak intensities of the left and right covered topological lasing modes are similar
while the spectra of the non-topological modes are completely different. a) Reproduced with permission.[331] Copyright 2017, American Association for
the Advancement of Science. b) Reproduced with permission.[340] Copyright 2018, American Association for the Advancement of Science. c) Reproduced
with permission.[334] Copyright 2020, Springer Nature.
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coupling factor of about 0.03 had been observed. The sponta-
neous emission coupling factor was orders of magnitude larger
than those of conventional semiconductor lasers, which comes
from the strongly optical confinement. The unit cell of the PC
contained two rectangular air holes in GaAs slab with a width
of 1.6a and a thickness of 0.64a, where a is the lattice constant.
These two air holes had a width of 0.5a and lengths of d1 and d2,
where d1 + d2 = 0.5a is conserved. The inversion symmetry was
preserved, which resulted in the quantization of Zak phase to ei-
ther 0 or 𝜋. By changing d1 and d2, theQ factor andmode volume
could be adjusted (Figure 13a). The robust single-mode lasing is
beneficial to develop single-mode lasers using broadband gain
media. Lasing can be also exhibited by topological edge states in
1D L3 nanocavity array embedded in a 2D PC.[105] The PC was
composed of an InAsP/InP multiple-quantum-well epilayer. The
chain of nanocavity could be described by SSH model. The cou-
pling strengths were controlled by the distance between adjacent
cavities. The structure with a winding number of one supported
topological edge states. The lasing of edge states was demon-
strated and the modal robustness was observed. In theory, the
energy stored in the cavity remained close to 1 when structural
fluctuations were introduced. In the experiment, the single-mode
lasing was preserved with a minor drift of lasing frequency.
Recently, with the exploration in higher-order topology, corner

states in 2D PC have been proposed and realized. Corner states
are localized at the corner of interface between two topologically
distinct PCs. Such localization property can be exploited in the re-
alization of nanocavity for topological lasers.[275,335] Based on the
second-order corner state, low-threshold topological nanolasers
have been realized.[335] The corner state was induced at the cor-
ner of interface between TPCs with 2D Zak phases of (𝜋, 𝜋) and
(0, 0). Lasing behavior of corner state was observed at 4.2 K. The
topological laser had a low threshold of approximately 1 𝜇W and
a high spontaneous emission coupling factor of approximately
0.25 (Figure 13b). Although theQ factor and resonance frequency
of corner state were sensitive to disorder around the corner, the
corner state existed even with harsh perturbations in the bulk of
PC.
Compared with conventional lasers based on nanocavities,

lasers with cavities based on 0D states in TPCs can survive un-
der perturbations that do not change the topological properties
of bulks, even though the resonance frequencies and Q factors
are susceptible to variations near the cavities. Besides, if the chi-
ral symmetry is approximatively preserved in some conditions,
the resonance frequencies have certain stability to the variation
of structural parameters.[105,337]

3.3.3. Vertical Emission Lasing in TPCs

In addition to the lasing confined in the in-plane of TPCs, ver-
tical emission lasing in TPCs was also explored. The lasing in
a pumped BIC cavity has been realized.[176] As shown in Fig-
ure 13c, The PC was constructed with InGaAsP multiple quan-
tumwells cylindrical nanoresonator array. By changing the radius
of nanoresonators, the quality factor of cavity modes approached
infinity to form a BIC when the radius was 528.4 nm. The las-
ing wavelength of the BIC cavities scaled with the radii of the
nanoresonators corresponding to the theoretical prediction for

the BIC mode. As the lasing in BIC cavity has been realized,
the control of such lasing behavior is in need for further applica-
tions in dynamic manipulation. By employing BICs, researchers
could also realize the ultrafast control of vortex micorlasers.[191]

Perovskite-based vortex microlasers with application in ultrafast
all-optical switching at room temperature were realized. The vor-
tex beam lasing could be switched to linearly polarized beam las-
ing, or vice versa, by breaking the fourfold rotational symmetry
with changing the spatial deviation of pumping region or using
two-beam configuration (left of Figure 13e). A parameter K was
introduced as the ratio of linear polarization to characterize the
switching time. As shown in the right of Figure 13e, the switching
time was 1 to 1.5 picoseconds. Besides, the energy consumption
was orders of magnitude lower than previously demonstrated all-
optical switching.
In addition to BICs, the cavity based on band inversion of

quantum spinHall PCs can also be used to generate vertical emis-
sion laser.[333] The topological bulk laser cavity consisted of topo-
logical nontrivial PC on the inner side and the trivial one on the
outer side. At the cavity boundaries, reflection was induced by the
band inversion. Because the band inversion only occurs around
the Γ point, the lasingmode was selected and the lasing emission
is directional. The lasing threshold was as small as ≈4.5 kW cm–2

according to the integrated output power as a function of pump
intensity (Figure 13d). The divergence angle was less than 6°. The
topological bulk laser worked at room temperature in a single
mode. The side-mode suppression was over 36 dB and reached
the requirement of most practical applications. The cavity size,
threshold, and linewidth also reached the requirements in most
applications.

3.4. Active Functionalities of Topological Photonic Crystals

In photonics, both gain and loss will make the systems be non-
Hermitian. Note that loss is unavoidable in various photonic de-
vices. Therefore, the study of non-Hermitian topological pho-
tonic systems is quite important. Based on the exploration of non-
Hermitian systems,[346–348] efforts were taken to realize topologi-
cal photonic systems with non-Hermiticity.[349–353] In addition to
topological lasing (with gainmedia), there aremany researches of
non-Hermitian photonic systems focusing on TPCs.[354–357] TPCs
with gain and loss were also realized experimentally. For exam-
ple, 1D TPC based on the SSH model was constructed in dielec-
tric microwave resonators.[86] A microwave antenna was placed
at the interface between two configurations of SSH model. Zero
mode was observed at the interface and could be enhanced by
adding absorption at proper sites in two topologically distinct
configurations. The robustness of such midgap state was exhib-
ited by the similar intensity profiles under structural disorders.
The topological corner states in non-Hermitian PCs were also

studied recently. As shown in Figure 14a, gain and loss were in-
troduced in PCs whose superlattice contains four cylinders ar-
ranged in square.[357] Two kinds of structures, one was diago-
nal non-Hermiticity and the other was parallel non-Hermiticity,
were demonstrated. Topological corner states could be presented
in such non-Hermitian PCs which contained a nontrivial region
enclosed by a trivial region. Four near-degenerate midgap cor-
ner states emerged in both diagonal and parallel non-Hermitian
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Figure 13. Lasing in nanocavities based on 0D states and vertical emission in TPCs. a) Schematic of 1D TPC nanocavity (top), and measured photolu-
minescence (PL) spectra and Q factors for the nanobeams in TPCs with different parameters (middle and bottom). b) The pump-power dependence of
nanolasers based on the second-order corner states. The insets show the field pattern of corner states and the enlarged curve around the threshold of
lasing. c) Lasing action from BICs in PC slab. d) Topological bulk laser based on the band-inversion-induced reflection. e) Ultrafast controlling of quasi-
BIC vortex microlasers with the delay time of two incident pulses. a) Reproduced under the terms of the Creative Commons Attribution 4.0 International
License.[337] Copyright 2018, The Authors, Published by Springer Nature. b) Reproduced under the terms of the Creative Commons Attribution 4.0 Inter-
national License.[335] Copyright 2020, The Authors, Published by Springer Nature. c) Reproduced with permission.[176] Copyright 2017, Springer Nature.
d) Reproduced with permission.[333] Copyright 2020, Springer Nature. e) Reproduced with permission.[191] Copyright 2020, American Association for
the Advancement of Science.
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Figure 14. Active applications of TPCs. a) The dependence between the imaginary part of eigenfrequencies and the gain/loss parameter 𝛾 in a square
PC whose unit cell has four rods with gain or loss. The exceptional point pointed by a green arrow indicates the position where two eigenmodes become
nondegenerate. b) Bulk Fermi arc arising from paired exceptional points splits from a single Dirac point. c) An optical switch based on reconfigurable
TPCs. The optical switch is controlled by applying voltage to the electrodes. d) Tuning of transmission of the topological PC is enabled by refractive
index modulation due to optically induced free carrier excitation. e) Third-harmonic intensity distribution image in the all-dielectric TPC. f) Scanning
electron microscope image of the topological quantum optics interface. The supported helical edge states with opposite circular polarization have dif-
ferent transport directions. a) Reproduced with permission.[357] Copyright 2020, Elsevier. b) Reproduced with permission.[358] Copyright 2018, American
Association for the Advancement of Science. c) Reproduced under the terms of the Creative Commons Attribution 3.0 License.[363] Copyright 2018, The
Authors, Published by IOP Publishing Ltd on behalf of Deutsche Physikalische Gesellschaft. d) Reproduced with permission.[365] Copyright 2019, Optical
Society of America. e) Reproduced with permission.[372] Copyright 2019, American Physical Society. f) Reproduced with permission.[136] Copyright 2018,
American Association for the Advancement of Science.
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structures. For the diagonal non-Hermiticity system, there were
two of the four corner states experiencing thresholdless phase
transition as the non-Hermitian coefficient 𝛾 grows. The rest two
states would be nondegenerate when 𝛾 continues to grow and
reach an exceptional point. After reaching the exceptional point,
the real parts of all four eigenfrequencies degenerated. For par-
allel non-Hermiticity system, before 𝛾 reached the exceptional
point, four eigenfrequencies were real and the system was Her-
mitian. As 𝛾 continued to grow and reached the exceptional point,
the eigenfrequencies transited into two complex conjugate pairs
and the system turned into non-Hermitian.
In principle, material absorption and radiation are two basic

mechanisms for the origin of loss in photonic systems. The ra-
diation loss is common in PC slabs. The study of radiation loss
can help to clarify its effects on the modes in PC slabs. Zhou
et al. explored the non-Hermitian topological properties of ex-
ceptional points.[358] Consider a 2D-periodic PC slab with a finite
thickness, where resonance modes experience radiation loss, the
Dirac point would split into a pair of exceptional points. The pair
of exceptional points were connected with a bulk Fermi arc, the
open-ended contour of degeneration of the real part of eigenfre-
quencies (Figure 14b). The half-integer topological charges of po-
larization were discovered in the far-field radiation around the
bulk Fermi arc. These topological charges described the direc-
tion and number of times the polarization vector winds around a
point or line singularity.
In addition to the unavoidable loss in photonic systems, some-

times we will advisedly increase the loss to actively control the
optical signals. An optical switch is a device that selectively
switches optical signals from one channel to another in the
time domain. It has been achieved in PCs based on nonlinear
optics,[359,360] self-imaging principle[361] and dynamic shift of the
photonic bandgap.[362] In TPCs, robust edge states are able to
wrap around sharp corners, which allows optical signals pass
through a bended channel. Otherwise, if the operation frequency
of signal locates at the range of bulk states, it will scatter into
the bulk. Using this property, researchers have designed optical
switches based on tunable or reconfigurable TPCs.[28,363–365] Fig-
ure 14c shows an optical switch made by reconfigurable TPC.[363]

The dynamic control of topological edge states was demonstrated
by applying the external electric field to modify the refractive
index of a liquid crystal background medium. It resulted in a
change of the spectral position of the photonic bandgap and the
topological edge states. Thus, the optical switch could be realized
by controlling external electric field. When external electric field
was applied, i.e., ON-state, there was no bulk state allowed for
both topologically nontrivial and trivial regions, so light was ef-
ficiently guided along the rhombus-shaped path. When the ex-
ternal electric field was absent, i.e., OFF-state, bulk states were
present at the operation wavelength, enabling light scattering
into the bulk.
Researchers can also control the transmission of optical signal

with another beam of light. The optically tunable TPC has been
proposed and realized.[365] The all-optical free-carrier excitation,
which allowed for fast refractive index modulation, was utilized
to dynamically control the transmission in a silicon-based TPC.
When the ultraviolet pump beam is illuminated, there are two
mechanisms of the free carrier excitation, i.e., single-photon ab-
sorption and two-photon absorption, leading to the change of re-

fractive index (Figure 14d). Resulting from the changes of real
and imaginary parts of the refractive index, a blue shift up to
20 nm occurred in the transmission spectrum and the transmit-
tance was reduced by approximately 85%. Such all-optical con-
trol mechanism could achieve switching times of the order of
nanoseconds.
The refractive index in ref. [365] is controlled by free car-

rier excitation. Other refractive index modulation methods can
also be explored, such as Kerr nonlinearity, which has a non-
linear response. Nonlinear optics is of great importance in fre-
quency operation, optical information processing, and quan-
tum optics. Many topological photonic systems have been pro-
posed and applied in nonlinear optics.[276,366–372,51] For instance,
third-harmonic generation has been used in the characteriza-
tion of TPCs.[372] To overcome the limitations in the experimen-
tal characterization of topological photonic structures, nonlin-
ear topological photonics could be employed by observing non-
linear light conversion in a topological photonic nanostructure.
By measuring the generated third-harmonic light under pump
beams with different frequencies and polarizations, the selective
imaging of bulk states and edge states was demonstrated (Fig-
ure 14e). The proposed nonlinear imaging, compared with lin-
ear approach, had benefits of superior contrast, sensitivity, and
large imaging area. Similar nonlinear process was also demon-
strated with TPCs supporting topological corner states.[276] An-
other example is the frequency mixing process of one-way edge
states in TPCs.[373] The band structure and topological proper-
ties of 2D PCs with hexagonal symmetry were analyzed in de-
tail. Topological protected one-way edge states within bandgaps
at different frequencies were exhibited. By tailoring the edge con-
figuration, phase matching of nonlinear optical processes was
achieved. Frequency processes, such as second-harmonic gen-
eration and third-harmonic generation, were demonstrated. Be-
sides, other behaviors such as slow-light effects and counter-
propagating mode interaction were also exhibited in this setup.
In addition to the interaction between photons in the nonlin-

ear optics, the interaction between photon and electron in po-
laritonics can also be utilized in active functionalities of TPCs.
The strong coupling between edge states in TPCs and excitons in
monolayerWS2 has been demonstrated by Liu et al.[374] The topo-
logical polaritonic systemwas formed bymonolayerWS2 coupled
with quantum spin Hall PCs with breathing honeycomb lattice.
The topological polaritons in this system can be observed with-
out deep cryogenic temperature and externalmagnetic fields. The
spinmomentum-locked helical property of the topological polari-
tons was demonstrated by real-space image and angle-resolved
spectral measurement. More recently, Li et al. have demonstrated
the strong coupling of bulk photonic states and excitons in 2D
materials, which leads to topological transition and formation
of topological polaritonic phases characterized by non-zero spin
Chern numbers.[375] In addition to topological photonic edge
states in optical frequencies, topological photonic states in mid-
infrared frequency range were also studied by Guddala et al. Mid-
infrared topological photonicmodes were confirmed to have abil-
ity of coupling with the phononic modes in hexagonal boron
nitride.[376] Besides, with the photoluminescence of quantum
spin Hall PCs coupled with monolayer WSe2, the valley polariza-
tion of edge polaritons was confirmed. Themonolayer of 2D tran-
sition metal dichalcogenides has exhibited nonreciprocity under
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circularly polarized pumping,[377] which have potential applica-
tions in tunable all-optical devices. Considering the tunability and
active property of 2D transition metal dichalcogenides, the pos-
sibility of integrating 2D materials with existing topological pho-
tonic systems provides a novel and attractive direction in topolog-
ical polaritonics and active topological photonic applications.
Recently, topological photonics has been applied in quantum

optics to generate and control topologically protected quantum
states.[102,136,276,378–382] Topologically robust electromagnetic
modes were realized in a 2D array of ring resonators. Their
vacuum fluctuations were utilized to create a quantum light
source.[51] The spectrum of generated photons was much less
affected by disorder. The correlated photon pairs were generated
by spontaneous four-wavemixing. Compared with their topologi-
cally trivial 1D counterparts, such correlated photon pairs outper-
formed in terms of spectral robustness. Another application of
TPCs in quantum optics is the interface between single quantum
emitters and topological photonic states.[136] A quantum emitter
was efficiently coupled to topological edge states at the interface
between two topologically distinct all-dielectric PCs, as shown
in Figure 14f. The power was reduced below the quantum dot
saturation power to isolate a single quantum emitter within the
topological edge state. The chiral nature of the topological edge
states was demonstrated. When an external magnetic field was
applied in the out-of-plane direction, Zeeman splitting would
be induced in the quantum dot emitter under an ultralow tem-
perature. The excited states split into two nondegenerate states
with opposite circular polarizations. These two opposite circular-
polarized states would propagate in different directions along the
waveguide. Besides, the topological edge states had robustness
to bends. According to the results of second-order correlation
measurement, the routed photons are confirmed to be single
photons.

4. Conclusions and Outlook

In summary, we have reviewed the fundamental physics, optical
design, and promising applications of TPCs. The studies of TPCs
experience three stages: the theoretical proposal, the experimen-
tal observation, and the functionality demonstration. Along this
roadmap, we firstly introduce the topological physics in 1D, 2D,
3D TPCs, BICs in PC slabs, PCs with higher-order topology, and
TPCs with synthetic dimension, deformation, and modulation.
Then, we represent the potential applications of TPCs in passive
devices such as waveguides, cavities, circulators, filters, splitters,
wavelength-division multiplexing prototypes, vortex generators,
and in active devices such as lasing, non-Hermitian functionali-
ties, applications in nonlinear optics and quantum optics.
PC provides a convenient platform for realizing those in-

triguing phenomena of topological physics experimentally. For
example, non-Hermitian topological photonic systems are at-
tracting more and more interests of researchers.[383–392] The
combination of non-Hermitian and topological physics inspires
the observation of intriguing phenomena and practical applica-
tions. For another example, the real-space lattice defects in topo-
logical systems have also inspired the interests of researchers
recently.[393–398] The edge states and bound states have been ob-
served in PCs with bulk disclinations.[394] The disclination states

with fractional spectral charge have been realized in PCs.[395,398]

The researches of classical wave systems with lattice defects will
promote the study of phenomena that interact topology in mo-
mentum space and real space. Recently, the bilayer photonic crys-
tals have attractedmany researchers’ attention.[399–406] Bilyer pho-
tonic crystals provide a platform to study the novel physical prop-
erties in bilayer systems with Moire superlattices.
Based on the theoretical exploration, more and more re-

searches devote the topological physics to photonic device pro-
totype, particular for on-chip phenomena demonstration in opti-
cal frequency region. The all-dielectric design of topological pho-
tonic system which is compatible with CMOS technics will be
hopefully applied in practical photonic devices. At the same time,
some ineluctable challenges should be overcome when dealing
with the issues in integrated optics, such as insertion loss and
out-of-plane radiation. Because of the mismatching between the
modes in TPC waveguides and conventional rectangular or ridge
waveguides, the loss at the interface between two kinds of waveg-
uides is significant. On the other hand, because of the limitation
on materials utilized in available technology, some functional
demonstrations that require propagation modes in TPC slabs
have to use edge states above the light cone, which will introduce
out-of-plane radiation and increase the loss. The insertion loss
and propagation loss are unevadable problems in the practicality
process of TPCs. In addition to robust transport, there are more
andmore properties of lightmanipulation realized in TPCs.Mak-
ing the best of topology induced property in particular function-
ality is quite important. Compared with topologically trivial sys-
tems, the advantage of topological systems, such as the ability
of reaching extreme parameters, should be explored. Comparing
topological systems with conventional devices in practical oper-
ating conditions is necessary for the application of topological
photonics in practicable devices. Another challenge for the prac-
tical applications, especially the on-chip applications, of TPCs
is the dynamic regulation and reconfiguration with technolo-
gies compatible with existing devices. Compared with regulation
based on optical induced effects, electrical control is more com-
mon in practical devices. Recently, there have been some TPCs
with electric controlled reconfigurability theoretically proposed
and experimentally realized in microwave region.[363,364,407] For
the application of topological photonic systems in optoelectronic
technologies, exploring the topological physics and topological-
related light manipulation in optoelectronic materials and de-
vices is also necessary.[408–410] Further exploration of the dynamic
tunable and reconfigurable TPCs operating at infrared regionwill
promote the applications of topological photonic systems in opto-
electronic devices, such as modulators, photodetectors and elec-
tric pumped lasers.
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Phys. Rev. Lett. 2015, 115, 253901.
[113] W. Y. He, C. T. Chan, Sci. Rep. 2015, 5, 8186.
[114] J.-X. Fu, R.-J. Liu, Z.-Y. Li, EPL 2010, 89, 64003.
[115] J.-X. Fu, J. Lian, R.-J. Liu, L. Gan, Z.-Y. Li, Appl. Phys. Lett. 2011, 98,

211104.
[116] J. Lian, J.-X. Fu, L. Gan, Z.-Y. Li, Phys. Rev. B 2012, 85, 125108.
[117] K. X. Liu, L. F. Shen, S. L. He, Opt. Lett. 2012, 37, 4110.
[118] Y. Yang, Y. Poo, R.-x. Wu, Y. Gu, P. Chen, Appl. Phys. Lett. 2013, 102,

231113.
[119] A. B. Khanikaev, S. H. Mousavi, W.-K. Tse, M. Kargarian, A. H. Mac-

Donald, G. Shvets, Nat. Mater. 2012, 12, 233.
[120] W.-J. Chen, S.-J. Jiang, X.-D. Chen, B. Zhu, L. Zhou, J.-W. Dong, C. T.

Chan, Nat. Commun. 2014, 5, 5782.
[121] T. Ma, A. B. Khanikaev, S. H. Mousavi, G. Shvets, Phys. Rev. Lett.

2015, 114, 127401.
[122] C. He, X.-C. Sun, X.-P. Liu, M.-H. Lu, Y. Chen, L. Feng, Y.-F. Chen,

Proc. Natl. Acad. Sci. USA 2016, 113, 4924.
[123] K. Lai, T. Ma, X. Bo, S. Anlage, G. Shvets, Sci. Rep. 2016, 6, 28453.
[124] X.-D. Chen, W.-M. Deng, F.-L. Zhao, J.-W. Dong, Laser Photonics Rev.

2018, 12, 1800073.
[125] X. Cheng, C. Jouvaud, X. Ni, S. H. Mousavi, A. Z. Genack, A. B.

Khanikaev, Nat. Mater. 2016, 15, 542.
[126] B. Xiao, K. Lai, Y. Yu, T. Ma, G. Shvets, S. M. Anlage, Phys. Rev. B

2016, 94, 195427.
[127] Y. Kang, X. Ni, X. Cheng, A. B. Khanikaev, A. Z. Genack, Nat. Com-

mun. 2018, 9, 3029.
[128] A. P. Slobozhanyuk, A. B. Khanikaev, D. S. Filonov, D. A. Smirnova,

A. E. Miroshnichenko, Y. S. Kivshar, Sci. Rep. 2016, 6, 22270.
[129] D. J. Bisharat, D. F. Sievenpiper, Laser Photonics Rev. 2019, 13,

1900126.
[130] L.-H. Wu, X. Hu, Phys. Rev. Lett. 2015, 114, 223901.
[131] Y. Yang, Y. F. Xu, T. Xu, H.-X. Wang, J.-H. Jiang, X. Hu, Z. H. Hang,

Phys. Rev. Lett. 2018, 120, 217401.
[132] S. Barik, H. Miyake, W. DeGottardi, E. Waks, M. Hafezi,New J. Phys.

2016, 18, 113013.
[133] S. Peng, N. J. Schilder, X. Ni, J. van de Groep, M. L. Brongersma, A.

Alù, A. B. Khanikaev, H. A. Atwater, A. Polman, Phys. Rev. Lett. 2019,
122, 117401.

[134] Y. Yang, Z. H. Hang, Opt. Express 2018, 26, 21235.
[135] W.-M. Deng, X.-D. Chen, F.-L. Zhao, J.-W. Dong, J. Opt. 2018, 20,

014006.

Laser Photonics Rev. 2022, 2100300 © 2022 Wiley-VCH GmbH2100300 (26 of 31)

http://www.advancedsciencenews.com
http://www.lpr-journal.org


www.advancedsciencenews.com www.lpr-journal.org

[136] S. Barik, A. Karasahin, C. Flower, T. Cai, H. Miyake, W. DeGottardi,
M. Hafezi, E. Waks, Science 2018, 359, 666.

[137] A. Slobozhanyuk, A. V. Shchelokova, X. Ni, S. Hossein Mousavi, D.
A. Smirnova, P. A. Belov, A. Alù, Y. S. Kivshar, A. B. Khanikaev, Appl.
Phys. Lett. 2019, 114, 031103.

[138] T. Ma, G. Shvets, Phys. Rev. B 2017, 95, 165102.
[139] J.-W. Dong, X.-D. Chen, H. Zhu, Y.Wang, X. Zhang,Nat.Mater. 2017,

16, 298.
[140] F. Gao, H. Xue, Z. Yang, K. Lai, Y. Yu, X. Lin, Y. Chong, G. Shvets, B.

Zhang, Nat. Phys. 2017, 14, 140.
[141] K. Lai, Y. Yu, Y. Han, F. Gao, B. Zhang, G. Shvets, arXiv: 2017.04589

2017.
[142] H. Xue, F. Gao, Y. Yu, Y. Chong, G. Shvets, B. Zhang,

arXiv:2018.00393 2018.
[143] T. Ma, G. Shvets, New J. Phys. 2016, 18, 025012.
[144] X.-D. Chen, F.-L. Zhao, M. Chen, J.-W. Dong, Phys. Rev. B 2017, 96,

020202.
[145] Z. Gao, Z. Yang, F. Gao, H. Xue, Y. Yang, J. Dong, B. Zhang, Phys.

Rev. B 2017, 96, 201402.
[146] L. Ye, Y. Yang, Z. Hong Hang, C. Qiu, Z. Liu, Appl. Phys. Lett. 2017,

111, 251107.
[147] X.-D. Chen, F.-L. Shi, H. Liu, J.-C. Lu,W.-M. Deng, J.-Y. Dai, Q. Cheng,

J.-W. Dong, Phys. Rev. Appl. 2018, 10, 044002.
[148] L. Zhang, Y. Yang,M.He,H. X.Wang, Z. Yang, E. Li, F. Gao, B. Zhang,

R. Singh, J. H. Jiang, H. Chen, Laser Photonics Rev. 2019, 13, 1900159.
[149] W. S. Ruan, X. T. He, F. L. Zhao, J. W. Dong, J. Lightwave Technol.

2021, 39, 889.
[150] J.-W. Liu, F.-L. Shi, X.-T. He, G.-J. Tang, W.-J. Chen, X.-D. Chen, J.-W.

Dong, Adv. Phys.: X 2021, 6, 1905546.
[151] H. Xue, Y. Yang, B. Zhang, Adv. Photonics Res. 2021, 2, 2100013.
[152] C. Y. Ji, Y. Y. Zhang, B. S. Zou, Y. G. Yao, Phys. Rev. A 2021, 103,

023512.
[153] T. Ochiai, M. Onoda, Phys. Rev. B 2009, 80, 155103.
[154] T. Ochiai, Phys. Rev. B 2012, 86, 075152.
[155] Y. Poo, C. He, C. Xiao, M. H. Lu, R. X. Wu, Y. F. Chen, Sci. Rep. 2016,

6, 29380.
[156] H.-C. Chan, G.-Y. Guo, Phys. Rev. B 2018, 97, 045422.
[157] J.-C. Lu, X.-D. Chen, W.-M. Deng, M. Chen, J.-W. Dong, J. Opt. 2018,

20, 075103.
[158] M. I. Shalaev,W.Walasik, A. Tsukernik, Y. Xu, N.M. Litchinitser,Nat.

Nanotechnol. 2019, 14, 31.
[159] X. T. He, E. T. Liang, J. J. Yuan, H. Y. Qiu, X. D. Chen, F. L. Zhao, J.

W. Dong, Nat. Commun. 2019, 10, 872.
[160] Y. Yang, Y. Yamagami, X. Yu, P. Pitchappa, J. Webber, B. Zhang, M.

Fujita, T. Nagatsuma, R. Singh, Nat. Photonics 2020, 14, 446.
[161] T. Yamaguchi, Y. Ota, R. Katsumi, K. Watanabe, S. Ishida, A. Osada,

Y. Arakawa, S. Iwamoto, Appl. Phys. Express 2019, 12, 062005.
[162] J. von Neuman, E. Wigner, Phys. Z. 1929, 30, 465.
[163] C. W. Hsu, B. Zhen, A. D. Stone, J. D. Joannopoulos, M. Soljacic,

Nat. Rev. Mater. 2016, 1, 16048.
[164] S. Fan, J. D. Joannopoulos, Phys. Rev. B 2002, 65, 235112.
[165] E. N. Bulgakov, A. F. Sadreev, Phys. Rev. B 2008, 78, 075105.
[166] C. W. Hsu, B. Zhen, S.-L. Chua, S. G. Johnson, J. D. Joannopoulos,
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