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We present an investigation to ascertain the existence of
Tamm-plasmon-polariton-like modes in one-dimensional
(1D) quasi-periodic photonic systems. Photonic bandgap
formation in quasi-crystals is essentially a consequence of
long-range periodicity exhibited by multilayers and, thus,
it can be explained using the dispersion relation in the
Brillouin zone. Defining a “Zak”-like topological phase in
1D quasi-crystals, we propose a recipe to ascertain the exist-
ence of Tamm-like photonic surface modes in a metal-
terminated quasi-crystal lattice. Additionally, we also ex-
plore the conditions of efficient excitation of such surface
modes along with their dispersion characteristics. © 2018
Optical Society of America

OCIS codes: (240.0240) Optics at surfaces; (240.5420) Polaritons;

(240.6690) Surface waves; (230.1480) Bragg reflectors.
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Complex dielectric configurations have attracted considerable
attention due to their applications and resemblance to naturally
existing systems. For example, a conventional periodically
stratified medium, widely known as one-dimensional photonic
crystal (1D-PC) or, alternately, distributed-Bragg reflector
(DBR), exhibits photonic bandgap (PBG) in well-defined
propagation directions as a consequence of Bragg scattering
[1]. Such PC-based configurations support interesting optical
surface states (OSS) in transverse electric (TE) as well as trans-
verse magnetic (TM) polarizations [2]. Using the topological
properties of 1D-PC, which is essentially characterized by
“Zak”-phase, the existence of OSS has been predicted and clas-
sified in terms of symmetry exhibited by 1D periodicity [3,4].
Interestingly, the configurations with apparently broken trans-
lational symmetry in dielectric arrangement, but that follow a
mathematically defined sequence such as Fibonacci or period-
doubling lattices, exhibit PBG and transmission bands that
closely resemble a periodic system. This leads to interesting
dispersion and absorption characteristics that apparently im-
prove their functionality in various applications [5–10]. A
few recent investigations have shown that photonic quasi-
crystals provide better performance in an optical sensing
configuration as compared to DBR-based configurations by

optimally engineering the dielectric layer sequence [11]. Also,
a Fibonacci-sequence (FS)-based quasi-crystal geometry has
been found to add additional degrees of freedom in designing
devices for nano-photonics, biochemical sensing, nonlinear op-
tical processes, and slow light generation [12–15].

From a different perspective, the field of plasmonics has
experienced an enormous growth, and it forms a crucial
ingredient for various applications, such as sensor designing,
near-field microscopy, nonlinear optics, etc. [16,17]. Metallo-
dielectric geometries supporting surface plasmon polariton
(SPP) modes form the backbone of such applications [18].
SPP modes require dispersion-compensating elements such
as prisms and gratings for efficient excitation as well as manipu-
lation. The polarization dependence of SPP modes puts
additional constraint on devising complex configurations. The
bottlenecks imposed by SPP modes could be circumvented by
Tamm-plasmon-polariton (TPP)-based architectures [19,20].
TPP modes are strongly confined OSS that exist at the interface
of material exhibiting negative dielectric constant (e.g., metal)
and DBR. The TPP modes could be excited using free-space
plane waves for both the orthogonal polarizations [21]. Also,
due to unique dispersion properties exhibited by TPP modes,
they have been utilized in a variety of applications, such as
optical switching, optical sensing, and harmonic generation,
as well as controlling spontaneous emission [21–27]. Until
now, to the best of our knowledge, TPP modes have been in-
vestigated and excited at the interface of 1D-PC-based geom-
etries and plasmon-active metals such as Au, Ag, and Al
[19,20,25]. In the present work, we explore the possibility of
the existence of TPP-like modes at the interface of 1D quasi-
crystals such as FS lattice and plasmon-active metal with an
emphasis to topological properties of bulk photonic quasi-
crystal.

We have considered two dielectric materials, SiO2 (denoted
as “A”) and Ta2O5 (denoted as “B”), having thicknesses
“dA” (refractive index: nA) and “dB” (refractive index: nB), re-
spectively, arranged in a stacked multilayer configuration (see
Fig. 1). Layers A and B are distributed along the x axis (beam-
propagation direction). For the present study, we consider a
plane em-wave to be normally incident on the geometry,
and, for simplicity, the thicknesses (dA and dB) are assumed
to satisfy the condition kAdA � kBdB � π

2, where kA � ω
c nA
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and kB � ω
c nB are the wavevectors in A and B layers, respec-

tively. The reflection (or transmission) spectrum for the
multilayer configuration is obtained by using transfer matrix
formulation where a 2 × 2 matrix (T j) connects the electric
field in two adjacent layers. The matrix T j is defined as
follows [28]:

T j �
�

cos δj −r−1j sin δj
rj sin δj cos δj

�
; (1)

where rj � 1 if the jth layer is of type A, or rj � nA∕nB if it is
of type B. Here, δj � 2π

λ njd j (j � A; B) is the accumulated
phase shift due to em-wave propagation through each layer.
Light propagation through N layers of a multilayer geometry
would, therefore, be represented by TN �δ�, which is essentially
a product of an appropriate sequence of T j matrices [Eq. (1)].
For a multilayer configuration that is sandwiched between two
semi-infinite media (“air” in our case), the transmitted intensity
T �δ� is given by

T �δ� � ��m11 � m22�2 � �m21 − m12�2�∕4; (2)

where mpq (p or q � 1; 2) are the elements of TN �δ�. The
metal layer (Ag in this case) is assumed to form the last
(terminating) layer as shown in Fig. 1 and abbreviated as
“M.” To begin with, we define a conventional DBR with
sequence ABABABABABABABABABAB in Fig. 1(a) for
elucidating significant aspects in the reflection (transmission)
spectrum, which will be employed further when we discuss
the quasi-crystal in the next section. In order to obtain the re-
flection spectrum of DBR, the refractive indices of SiO2 and
Ta2O5 have been adopted from [29,30], respectively, whereas
the dispersion of Ag has been obtained from [31]. We employ
the aforementioned formulation with material dispersion for
obtaining the reflection (1 − T �δ�) spectrum of a conventional
DBR [Fig. 1(a)] and metal (Ag)-coated DBR [Fig. 1(a)], which
is shown in Fig. 2(a). Here,N � 10 is the number of unit cells,
and all the calculations have been performed assuming DBR
central wavelength to be 600 nm, which results in dA �
125 nm and dB � 60 nm. It could be easily ascertained that
the reflection spectrum for Ag-DBR geometry is characterized
by a sharp reflection minimum at λr � 661 nm within the
PBG depicting the excitation of a TPP mode at the Ag–
DBR interface [2,19]. The electric field distribution at TPP
resonance wavelength, λr � 661 nm, is shown in Fig. 2(b),

where it could be observed that the field has a decaying
envelope in the DBR as well as Ag layer. It is worthwhile to
note that the existence of TPP mode at the Ag-DBR interface
is essentially governed by the surface impedance (ZDBR) of
DBR for frequencies within PBG. In other words, the necessary
condition for realizing an OSS is ZDBR � Zm � 0, where Zm
is the surface impedance for metal (Ag). This manifests into
ϕDBR � ϕm � 0 for the existence of an OSS, where
ϕDBR and ϕm are the reflection phases for DBR and metal, re-
spectively. In general, ZDBR � 1�rDBR

1−rDBR
Z 0, where rDBR � Q

P�τ is
the reflection coefficient for DBR, and Z 0 is vacuum imped-
ance. Here, τ � sinh��N−1�K iΛ�

sinh��N �K iΛ� , P � eikAdA �cos�kBdB� � i
2 �kBkA �

kA
kB
� sin�kBdB�� and Q � e−ikAdA � i

2
�kAkB −

kB
kA
� sin�kBdB��, K i is the

imaginary part of Bloch wavenumber (K ), and kA;B are
components of wavevector along x direction [4,32]. Within
the PBG of DBR with a very large number of unit cells,
ZDBR � iζ is a purely imaginary number, and, therefore,
the reflection phase (ϕDBR) within the PBG would be given
by ϕDBR � π

2 − 2 tan
−1�ζ� [4]. It is interesting to note that

the ϕDBR and ζ share the same sign, which, in turn, is dictated
by the topological properties of the transmission bands in 1D-
PC. Alternately, the sign of ϕDBR (and ζ) within the first PBG
is given by Sgn�ϕDBR � � − exp�iθzak0 �, where θzak0 is the “Zak”
phase (or topological phase) of the first transmission band.
Since, ϕm, in general, is negative at optical frequencies, the
“Zak” phase of θzak0 � π for the lowest transmission
(m � 1) band is necessary to excite a TPP mode. With refer-
ence to Fig. 2(a), the “Zak” phase for the lowest transmission
band (m � 1) is given as exp�iθzak0 � � Sgn�1 − n2B

n2A
�, which re-

sults in θzak0 � π, and, consequently, we obtain a TPP mode
at the Ag–DBR interface.

In order to define the quasi-crystalline sequence, we adopt
the recipe prescribed by Albuquerque and Cottam [33], which
comprises all finite words Sn for describing the sequence. For
example, we consider a FS that is defined by a word count
rule, Sn � Sn−1Sn−2 for n ≥ 2 with S0 � A and S1 � B.
Consequently, the first few strings of FS are S0:A; S1:B;
S2:BA; S3:BAB; S4:BABBA; and S5:BABBABAB. In this
example, we consider a multilayer stack with S0S1S2S3S4S5
[as shown in Fig. 1(b)] with a top metal (Ag) layer of
30 nm, which is denoted by M. The complete distributed-
reflector (DR) sequence defining the multilayer configuration
could be written as “ABBABABBABBABABBABABM,” which
will henceforth be abbreviated as Ag-FS-DR. The number of
layers in Ag-FS-DR is 21, which is identical to that contained in

Fig. 1. Schematic of sequences in horizontally stacked multilayer
configuration. (a) Silver (Ag) capped conventional distributed-
Bragg reflector (DBR) with N � 10 unit cells; and (b) Fibonacci-
sequence-based distributed reflector with terminating Ag layer
(Ag-FS-DR) with a sequence defined as S0S1S2S3S4S5).

Fig. 2. (a) Reflection spectra of DBR and Ag-DBR and (b) corre-
sponding mode-field intensity distribution at λr � 661 nm. Vertical
line (brown color) in (b) indicates the metal–dielectric interface.
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the Ag-DBR configuration [see Fig. 1(a)]. Further, A and B
layer thicknesses in FS-DR were chosen identical to that for
DBR so as to draw straightforward comparison between their
reflection spectra, i.e., dA � 125 nm and dB � 60 nm. It is
worthwhile to point out that higher-order strings in FS would
result in sharper band edges owing to a higher number of con-
stituent layers [15]. In Fig. 3(a), the reflection spectrum of FS-
DR geometry is plotted where it is apparent that there exists a
PBG extending from ∼600 to 900 nm with smoother band
edges in comparison with conventional DBR [Fig. 2(a)] for
identical geometrical parameters. The formation of PBG in
FS-DR lattice is essentially a consequence of long-range perio-
dicity exhibited by quasi-periodic configurations. For example,
the FS discussed here could be represented as XY XY jY XY X ,
where X � AB and Y � BAB. This sequence is characterized
by a periodic unit “XY ” and an inherent center for inversion
symmetry about the vertical line. Such a long-range periodicity
essentially manifests into an extended PBG [shown in Fig. 3(a)],
and the inversion symmetry plane gives rise to a “dimer-like”
chain at the center of FS-DR lattice. Consequently, we obtain a
sharp resonance at λs � 665 nm (within the PBG) depicting a
cavity-mode being supported inherently by FS-DR photonic
lattice [34]. The E -field intensity variation for the mode λs �
665 nm in Fig. 3(b) confirms a cavity-mode-like variation with
the field maxima located at central Y -layer. On the other hand,
E -field intensity distribution at λ � 593 nm distinctly depicts
a band-edge mode confirming a broadband PBG extending
from ∼600 to 900 nm. In order to obtain a physical insight
into the topological properties of FS-D geometry, we attempted
to obtain the topological phase (“Zak” phase) of the lowest-
order (m � 1) transmission band. However, it is worth noting
that the refractive indices “nX ” and “nY ” (refractive indices
of X and Y layers, respectively) are not uniquely defined in
the quasi-periodic sequence, and, consequently, the “Zak”-like
phase for m � 1 band cannot be directly obtained. A plausible
alternate would be to obtain the reflection spectrum of Ag–FS–
DR geometry. This is shown in Fig. 3(c) where sharp reflectiv-
ity minima within the PBG are observed, which is a signature of

OSS. The E -field intensity distribution at λr � 717 nm in
Fig. 3(d) clearly depicts field maxima at the Ag–B (layer) inter-
face with a decaying envelope in the quasi-periodic undulation
of FS lattice. Also, it is worthwhile to note that the linewidth
(Δλ) of TPP-like resonance in Ag–FS–DR is Δλ ≈ 14 nm,
whereas it was Δλ ≈ 10 nm for the Ag–DBR configuration
(Fig. 1). Accordingly, the quality factor, which is defined as
QF � λr

Δλ, is estimated to be QF ≈ 50 and QF ≈ 60 for Ag–
FS–DR and Ag–DBR, respectively. Hence, finesse of FS–DR
is slightly smaller than that for DBR when the total number of
layers is the same in both configurations. This is primarily due
to a fewer number of XY units in 1D quasi-crystal geometry.

The presence of TPP-like mode in the Ag–FS–DR geometry
could be employed for ascertaining the topological properties of
1D quasi-crystals using the recipe described in the case of 1D-
PC. In other words, we attributed the presence of TPP-mode in
the Ag–DBR configuration due to θzak0 � π for the lowest
(m � 1) transmission band of 1D-PC. On a similar note,
the observation of TPP-like mode (or an OSS) in the first
PBG of Ag–FS–DR geometry could be attributed to θzak0 �
π for the lowest m � 1 transmission band. Subsequently, we
would like to assert that the presence of TPP-like modes in
higher-order PBG of photonic quasi-crystals could be em-
ployed for ascertaining “Zak” phase and hence the topological
properties of lower-order transmission bands. It could also be
noted that the surface impedances (Z FS-DR as well as Zm) alter
significantly when the geometrical parameters of FS–DR or the
metal layer change. This was apparent in the case of 1D-PC or
DBR where ZDBR is a function of thicknesses dA, dB , as well
as N .

As discussed in the previous section, it is important to
appreciate that coupling efficiency to TPP modes critically de-
pends on the geometrical parameters of the DR architecture, as
well as the metal [35,36]. This could be derived from the
dependence of reflection (or transmission) phases of em-waves
in periodic as well as quasi-periodic photonic lattice. In order to
appreciate that, we have plotted a map representing reflectivity
for various metal thicknesses in the case of Ag–DBR and
Ag–FS–DR geometry with dA � 120 nm and dB � 60 nm
in Figs. 4(a) and 4(b), respectively. It is apparent from
Fig. 4(a) that the most efficient excitation (Rmin) of TPP mode
takes place for metal thickness in the range 30–40 nm for the
Ag–DBR case, which is pushed down to 20–30 nm in the case
of Ag–FS–DR. Also, it is worthwhile to note that the TPP res-
onance exhibits a blue shift as a function of metal layer thick-
ness. Additionally, the TPP resonance widths (Δλ) in both
figures tend to reduce with increase in Ag layer thickness.
Both observations are primarily a consequence of increase in
reflectivity of the Ag layer (for higher dAg), which enhances
mode-field confinement at the Ag–DR. In order to gain some
physical insight for Figs. 4(a) and 4(b), it is worthwhile to recall
that ϕm � ϕFS-DR � 0 (or Zm � Z FS-DR � 0) for the first
PBG in order to realize TPP-like resonance. Here,
ϕm � Arg�rm�, where rm � r1�r2 exp�2ik0nAgdAg�

1�r1r2 exp�2ik0nAgdAg�, where r1 and
r2 are complex reflection coefficients at two interfaces of a thin
metal layer of thickness dAg, and k0 is the free-space wavenum-
ber. Consequently, ϕm varies as a function of dAg, which would
affect the resonance condition. In fact, Rmin ≈ 0 represents a
condition when ϕM � ϕDR is closest to 0 for the optimum
value of dAg. On the other hand, Rmin tends to increase for
the non-optimum value of dAg in Fig. 4, which is essentially

Fig. 3. (a) Reflection spectra of FS-DR; (b) E-field intensity distri-
bution at λr � 593 nm and λr � 665 nm characterizing a band-edge
mode and cavity-mode, respectively; (c) reflection spectrum of Ag-FS-
DR geometry; and (d) E-field intensity distribution at λr � 717 nm.
Vertical line (blue color) in (d) represents the metal–dielectric
interface.
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due to significant deviation of reflection phases from condition
ϕM � ϕDR � 0 when dAg varies.

In order to appreciate the dispersive properties of TPP-like
modes in quasi-periodic configurations, we plot a map of
reflection spectra for TE-polarized em-waves with angles of
incidence (AOI) for Ag–DBR and Ag–FS–DR in Figs. 5(a)
and 5(b), respectively. The TPP-like resonance undergoes a
blue shift at higher AOI which is essentially due to a non-zero
planar component of wavevector. It is important to note that
the angular dispersion of TPP-like modes in Ag–FS–DR, is dis-
cernibly weaker as compared to that for TPP mode in Ag–DBR
geometry. Such a behavior is primarily attributed to nominal
change in field distribution for modes in quasi-periodic lattice
as a function of frequency [37]. The weak dispersion character-
istics in quasi-periodic configurations could be useful devising
miniaturized dispersion compensating elements with enhanced
functionality.

In conclusion, we have investigated the existence TPP-like
modes in photonic quasi-periodic configurations. Since optical
surface modes are dictated by topological properties of quasi-
periodic geometry, we ascertain the “Zak” phase of the lowest
(m � 1) transmission band of FS-based DR from the presence
of TPP-like mode in the first PBG. The TPP-like mode in the
Ag–FS–DR configuration exhibits weaker dispersion character-
istics in comparison to conventional TPP modes in Ag–DBR
geometries.
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