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Dirac cones exhibit linear crossing dispersion, which results in extraordinary topological properties in the
energy bands. When the dispersion around the Dirac points is tilted, type-II or type-III Dirac points are present,
which lead to intriguing transport phenomena. With the off-axis wave vector, a two-dimensional (2D) momentum
space for one-dimensional (1D) crystals can be constructed. In this work, we revealed that the band structure in
the extended 2D momentum space of carefully designed 1D plasmonic-dielectric crystals can be tuned to be
highly tilted, forming type-II Dirac cones. In particular, an approximately upright dispersion can be achieved,
which is referred to as a class-II Dirac point. Gapless interface states occur across the interface between two
connected lattices formed by two distinct inversion-symmetry-broken crystals (i.e., type A and type B). The tilt
of the band structure has a crucial influence on the formation of interface states and their sensitivity to the period,
which results from the extraordinary properties of the surface impedance in the bulk gap. More importantly,
class-II Dirac points exhibit peculiar topological properties. The wavelength area is divided into two regions,
each of which can only support interface states for one configuration, type-AB or type-BA connections. Our
results show that type-II Dirac points, especially those that are class II, have an underlying impact on the surface
impedance and determine the existence of interface states.
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I. INTRODUCTION

Topologically nontrivial states of matter have attracted
considerable attention since the discovery of topological in-
sulators [1–6]. In particular, Dirac or Weyl semimetals have
been the focus of intensive research because they exhibit
linear crossing dispersion in reciprocal space, which produces
many interesting phenomena [7–13]. The nodal degeneracy in
Dirac semimetals is protected by time-reversal symmetry and
certain spatial symmetries. These ideas have been extended to
classical systems, such as acoustic, mechanical, polaritonic,
and electromagnetic systems [14–20].

Dirac cones (DCs) have been classified into several cat-
egories depending on the tilting degree of the cone: type I
with a point-like Fermi surface and type II with a conical-like
Fermi surface [9,10,21–24]. Many studies have been con-
ducted on these peculiar DCs. In particular, the spatiotemporal
symmetries of the constituent structures characterize the bulk
bands and their topological properties. Breaking the time-
reversal symmetry may lead to the quantum Hall effect due
to the absence of counterpropagating states [25–28], while
breaking certain spatial symmetries gives rise to quantum spin
Hall effects [29,30] or valley Hall effects [24,31–33]. In these
situations, the Berry curvature plays a crucial role in char-
acterizing the topological properties. For spin Hall effects,
the Chern number of the gapped bands becomes nontrivial,
which is obtained by the integral of the Berry curvature in
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the Brillouin zone (BZ). For valley Hall effects, the Chern
number for each band is unchanged, but the Berry curvatures
in the opposite reciprocal regions have opposite signs, which
is responsible for the emergence of interface states.

In a one-dimensional (1D) periodic system, only an intrin-
sic Bloch wave vector is available. With carefully designed
parameters, the linear crossing bands can form in 1D momen-
tum space, where a Dirac point (DP) emerges. Furthermore,
off-axis propagation can extend the DC into two-dimensional
(2D) space. In such a 2D reciprocal space, the degree of the
band tilt of DCs can be tuned to be largely high. In particular,
a DC with an upright dispersion, referred to as class II, can
be constructed in the extended 2D space. To characterize
the topological properties, surface impedance serves as an
alternative metric to investigate the existence of topologically
protected interface states [34,35].

In this work, we used 1D plasmonic-dielectric crystals to
create type-II, and even class-II DCs in reciprocal space with
an off-axis wave vector. The intrinsic geometrical dimension
was used to tune the degree of tilt, especially the slope of one
energy band. Beyond a certain threshold, vertical dispersion
emerged, which could significantly affect the distribution of
surface impedance and the resultant interface states between
the opposite inversion-broken lattices (labeled as type A and
type B). The distribution of the surface impedance in the
common gap was observed to be monotonic. In particular,
a differential distribution, which was a piecewise function,
ensured the crossing of the surface impedance between two
different inversion-broken types across the interface, i.e., the
existence of topologically protected interface states. More
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FIG. 1. (a) Schematic diagram of the multilayered lattices com-
posed of four alternating stacks. (b) The dispersion of an inversion-
symmetric crystal with d1 = d3 = d0 = 52 nm. (c) The dispersion of
the symmetric and antisymmetric states on plane q = 0 of (b). (d)
The trajectory of the DPs over the (λ, d0 ) plane, where d2 = 8.5 nm
and � = d1 + d2 + d3 + d4 = 308.5 nm.

specifically, the vertical dispersion implies a peculiar topo-
logical configuration: The interface states only existed in
either type-BA or type-AB connections based on the selected
wavelength.

II. DISPERSION RELATION AND EFFECTIVE
HAMILTONIAN AROUND DIRAC POINT

Figure 1(a) schematically shows the inversion-symmetric
unit cell with multilayered stacks: Two identical dielectric
waveguides, layers A and C (both silica with a refractive index
n1 = n3 = 1.44), are connected by dielectric layer D (silicon
with n4 = 3.48) and metal layer B (silver with Drude per-
mittivity ε2 [36]). The fundamental bands are ascribed to the
coupling of modes supported in layers A and C. Note that a DP
is preserved if the coupling strengths via the plasmonic (layer
B) and dielectric (layer D) layers have opposite signs [37,38].
Herein, we use the transfer matrix method (TMM) [34,39] to
obtain the transverse magnetic (TM) dispersion relation of
such a plasmonic-dielectric crystal. The corresponding TM
dispersion relation is as follows (see Appendix A):

4 cos (q�)

�
= 4 +

(
τ24 + 1

τ24
− τ21τ34 − 1

τ21τ34

)

× tan κ2 tan κ4 cos (κ1 − κ3)

cos (κ1 + κ3)

− 2(τ21 + τ32) tan κ2 tan (κ1 + κ3)

− 2(τ14 + τ43) tan κ4 tan (κ1 + κ3)

−
(

τ24 + 1

τ24
+ τ21τ34 + 1

τ21τ34

)
tan κ2 tan κ4,

(1)

where q represents the on-axis wave vector along the x
direction; ky denotes the off-axis wave vector along the
y direction; � = d1 + d2 + d3 + d4 is the width of the

unit cell; k0 = 2π/λ0 with a vacuum wavelength λ0; � =
cos κ2 cos κ4 cos(κ1 + κ3); κm = kmdm; τmn = εmkn/εnkm; and
km =

√
k2

0εm − k2
y , with m = 1, 2, 3, and 4 corresponding to

layers A, B, C, and D in Fig. 1(a), respectively. Equation (1)
describes the dispersion relation between the frequency ω =
k0c (wavelength λ0 = 2π/k0), the on-axis wave vector q, and
the off-axis wave vector ky. In this study, we set d2 = 8.5 nm
and � = 308.5 nm. For simplicity, we ignore the loss of metal
in the following calculations.

Figure 1(b) shows the band structure of a specific crystal
with d1 = d3 = d0 = 52 nm. Here, d0 in particular is used
to characterize the inversion-symmetric structure with equal
d1 and d3. A nodal degeneracy appears with a tilted conical
dispersion, leading to a peculiar crossing dispersion in the
constant-energy plane [see the dashed line in Fig. 1(b)] [9,24].
A phase transition occurs when the parameter d0 crosses the
DP, as shown in Fig. 1(c). The symmetric and antisymmetric
states simultaneously exchange their positions [40]. The field
distribution can be obtained by the TMM (see Appendix B).
DPs in this inversion-symmetric crystal are robust due to their
emergence with an allowed d0, as illustrated in Fig. 1(d).
The role of d0 is to modify the position of the DPs and
simultaneously tune the tilt degree of the type-II DCs. We
emphasize that the tilted dispersions are critical for controlling
and modulating the topological protected interface states,
which will be discussed in more detail.

As reported previously, the Hamiltonian near a DP can
be effectively written as H = (v0xkx + v0yky)σ0 + vxkxσx +
vykyσy [21,24], where v0x, v0y, vx, and vy are the effective
velocities and σ0 and σi are the identity matrix and Pauli
matrices, respectively. If the tilt parameter of the aforemen-
tioned Hamiltonian, i.e., μ=

√
(v0x/vx )2 + (v0y/vy)2, is greater

than unity, it is for a type-II DP. To better understand the
topological properties of the DPs in our model, we write
the effective Hamiltonian around the DP in Fig. 1(b) as (see
Appendix C) follows:

Heff = v0y�kyσ0 + vx�kyσx + vy�kyσy + vz�qσz, (2)

where (�q,�ky) is the wave-vector deviation with respect
to that of the DP. In the form of Eq. (2), the tilt parameter

becomes μ=v0y/
√

v2
x + v2

y , where μ > 1 is also satisfied (see

Appendix C), which ensures that this is a type-II DC in
Fig. 1(b).

III. DISPERSION RELATION, SURFACE IMPEDANCE,
AND THE RESULTANT INTERFACE STATES

Generally, DPs are protected by the product of time-
reversal and inversion symmetry. The inversion symmetry of
the above-mentioned plasmonic-dielectric crystal is broken by
setting unequal thicknesses of layers A and C, i.e., d1 �= d3

(d1 = d0 + da, d3 = d0 − da), as sketched in Fig. 2(a). We
define type A as the inversion-broken crystal with da > 0 and
type B as the inversion-broken crystal with da < 0. As the
inversion symmetry is broken, the DP is lifted. For example,
by setting d0 = 52 nm and da = ±10 nm, a gapped band
structure appears, as shown in Fig. 2(b). The Zak phase of
the 1D inversion-broken crystal (da �= 0) cannot be quantized
as 0 or π [34,40]. As the nodal degeneracy is at the center
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FIG. 2. (a) Schematic plots of the inversion-broken lattices: type
A and type B, connected in BA- and AB-type configurations. (b) The
band structure of the inversion-broken crystal with da = ±10 nm for
d0 = 52 nm. (c), (d) Im(Zl ) for the left semi-infinite crystal (marked
in blue) and Im(Zr ) for the right semi-infinite crystal (marked in red)
as a function of ky for wavelength λ = 1450 nm. Here Z0 = 376.73 �

is the vacuum impedance. The crossing points of the red and blue
lines in (c), (d) indicate that Im(Zl ) + Im(Zr ) = 0.

of the on-axis wave vector q = 0, the opposite sign of the
Berry curvature for ky > 0 and ky < 0 accounts for the valley
Hall effect for inversion-broken lattices connected in the y
direction [24]. However, the semi-infinite type-A and type-B
crystals are connected in the x direction, as shown in Fig. 2(a).
Therefore, the Berry curvature can no longer be responsible
for the valley Hall effect [24].

To investigate the topologically protected interface states
across the interface, surface impedance serves as an alterna-
tive tool. The surface impedance for the right semi-infinite
crystal can be directly derived by the TMM as Zr=Ey/Hz [34].
The opposite sign of the surface impedance in the common
gap guarantees the existence of a topologically protected
interface state [34,35]:

Zl + Zr = 0, (3)

where Zl (Zr) is the surface impedance of the medium on the
left-hand side (right-hand side) of an interface. There are two
distinct sequences for the connection of the type-A and type-B
lattices, namely, the BA-type and AB-type configurations, as
shown in Fig. 2(a). We emphasize that the surface impedance
for the type-A crystal fully differs from that of type B, which
creates the intriguing possibility of engineering topologically
protected interface states.

Figure 2(b) shows the gapped band structure due to the
presence of nonzero da. Inside the gap, the surface impedance
is purely imaginary. Figure 2(c) [2(d)] plots the variation of
Im(Zr ) and Im(Zl ) of the BA-type (AB-type) configurations
for a fixed wavelength, λ = 1450 nm, as a function of ky.
For the connection of the BA-type configuration, the Im(Z ) of
the right type-A and left type-B crystals varies monotonically
as ky increases [see the red and blue curves in Fig. 2(c),

respectively]. Due to the opposite signs between Im(Zl ) and
Im(Zr ) and their monotonicity in Fig. 2(c), the intersection
points establish the zero surface impedance condition of
Im(Zl ) + Im(Zr ) = 0 and support only one interface state
at one particular pair (ky, q) [35]. The surface impedances
are identical if the magnitude of da is the same on both
sides of the interface but signs of da are opposite. Thus, the
requirement of Im(Zl ) + Im(Zr ) = 0 can be guaranteed only
if Im(Zr ) vanishes in the gap. Increasing da would enhance
the inversion-breaking degree, resulting in the expansion of
the gap region. Hence, a monotonic variation of surface
impedance can be ensured to cross the surface impedance with
the augmented |da| [see the intersection between the red line
and blue dashed (dot-dashed and dotted) lines in Fig. 2(c)].
As such, we can conclude that the interface states can always
exist in the BA-type configuration.

For the connection of the AB-type configuration, the be-
havior is completely different. For the left type-A and right
type-B crystals, Im(Z ) is distributed like a piecewise function.
In the positive region, Im(Z ) tends to infinity, while in the
negative region, it increases from negative infinity [see red
and blue lines in Fig. 2(d), respectively]. For this kind of
AB-type connection, the right and left surface impedances
cannot cancel out for the same |da| [see the red and blue solid
lines in Fig. 2(d)]. Similar to the aforementioned BA-type
connection, the increase in da can broaden the gap region
and ensure that an intersection occurs, as shown in Fig. 2(d)
[i.e., Im(Zl ) + Im(Zr ) = 0 ], between different crystals with
unequal values of |da|. For a more intuitive description, we
visualize the distribution of the surface impedance as a power
function of the form a(ky − ky0)b, with a positive power b =
2n + 1 for the aforementioned BA-type configuration and
negative power b = −(2n + 1) for the AB-type configuration,
where n is a positive integer. As the da of the left type
A varies, the corresponding ky where Im(Zl ) + Im(Zr ) = 0
can also be satisfied (see the intersection points between
the red solid and blue dashed [dot-dashed and dotted) lines
in Fig. 2(d)].

Referring to Fig. 1(d), the trajectory of the DP continuously
spans the allowed d0. For an arbitrary d0 between 30 and
150 nm, the DCs are of type II. In addition, the slope of
the symmetry states at q = 0 becomes steeper with increased
d0. Figure 3 shows the results for crystals with an enlarged
d0 = 116.37 nm. Apparently, the symmetric state dispersion
curve in Fig. 3(b) is approximately vertical. All of these fac-
tors have significant effects on the distribution of the surface
impedance. The dependences of Im(Z ) on ky in Figs. 3(c) and
3(d) are similar to those in Figs. 2(c) and 2(d). However, all
of the curves for the BA-type configuration shown in Fig. 3(c)
only extend slightly into the negative region. In this case, the
blue and red curves can still intersect at their appropriate ky.
However, this requires more rigorous constraints: Both sides
across the interface should possess sufficient periodicity to
mimic the semi-infinite property. For the AB-type connection,
the requirement of Im(Zl ) + Im(Zr ) = 0 is satisfied in the
region of the surface impedance extending to infinity. As such,
the resultant interface state is less sensitive to the size of the
crystal, which is similar to the behavior in Fig. 2(d).

As d0 continues to increase, the slope of the symmetric
state becomes nearly vertical upon further increasing d0 to
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FIG. 3. (a) Band structure of the inversion-symmetry-broken
crystal for d0 = 116.37 nm. (b) Band structure of symmetric and
antisymmetric states for q = 0 in (a). (c), (d) Im(Zl ) for the left semi-
infinite crystal (blue curves) and Im(Zr ) for the right semi-infinite
crystal (red curve) as a function of ky for λ = 1450 nm.

140 nm [see the red line in Fig. 4(b)]. In this case, the gap can
be divided into two parts, and they can be classified according
to the value of the wavelength: region I below the DP (ap-
proximately, 1345 nm) and region II above the DP. In region
I, the variation of Im(Z ) for the type-A crystal [solid black
and dashed red lines in Fig. 4(c)] monotonically increases in
the positive range, and that for the type-B crystal [solid black
and dashed red lines in Fig. 4(d)] is a power function with
the form a(ky − ky0)b, with b = −(2n + 1). However, when
the wavelength lies in region II, the variations of Im(Z ) for

FIG. 4. (a) Band structure of the inversion-symmetry-broken
crystal for d0 = 140 nm. (b) Band structure of symmetric and
antisymmetric states for q = 0 in (a). (c), (d) Im(Zr ) for the right
semi-infinite crystal (red curves) as a function of ky for four selected
wavelengths on both sides of the DP in (b).

FIG. 5. (a) Finite lattice configuration of type BA and type AB
surrounded by air. The trajectories of the interface states in the gap
regions for (b) d0 = 52 nm and (c) d0 = 116.37 nm crystal for type
A (da = 10 nm) and type B (da = −10 nm), respectively. The gray
region indicates the projection of the bulk bands.

types A and B are exchanged: Im(Z ) for type B [dot-dash
blue and dotted pink line in Fig. 4(c)] becomes monotonic
in the negative range, while Im(Z ) for type A [dot-dash blue
and dotted pink lines in Fig. 4(d)] becomes power functions.
Thus, the connection between crystals with monotonically
increasing Im(Z ) cannot support the topologically protected
interface states, while the power-function-like Im(Z ) with a
negative index can protect the formation of interface states
between the crystals with different values of |da|. It is then
straightforward to find the interface state for the AB-type
configuration located in region I. On the contrary, the interface
state for the BA-type configuration is in region II. For more
details, see Appendix D. This extraordinary type-II DP is
classified as class II, distinguished from the former cases
shown in Figs. 2 and 3.

Now we exemplify the distribution of interface states for
the inversion-broken crystal with the same |da| = 10 nm for
the right and left lattices. Figure 5(a) schematically illustrates
the constructed crystal configuration. As we revealed in the
analysis above (see Figs. 2 and 3), the semi-infinite crystal
connection for the BA type guarantees the existence of a
topological interface state, while this is not the case for
the AB type [see the red solid line in Figs. 5(b) and 5(c),
respectively]. Extended to the connection between type A
and type B with finite cells (ten periods on both sides of the
interface), the topologically protected interface states for type-
BA connections can exist for d0 = 52 nm [see red circles in
Fig. 5(b)] and do not exist for d0 = 116.37 nm [see Fig. 5(c)].
Indeed, the interface states can reappear for d0 = 116.37 nm
if we increase the sizes of the lattices, for example, to 20
periods. This is due to the small leap over zero mentioned
above [refer to Fig. 3(c)]. In addition, there are interface
states that are nontopological and some edge states supported
on the interfaces between the lattices and background air
[see the blue and green dashed lines in Fig. 5(b)]. Similarly,
the topologically protected interface states for the type-A
and type-B connections with different degrees of inversion
breaking (i.e., different values of |da|) can also be observed
and verified in a similar way (results are not shown here). We
emphasize that the unique properties of class-II DPs in this
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1D crystal are of vital significance for the existence of the
topologically protected interface states.

A few additional comments are needed. First, loss could
be a crucial issue for the system. However, for our considered
wavelength region around λ= 1550 nm, the imaginary parts
of the silver dielectric function are two orders of magnitude
smaller than the real parts. Furthermore, the filling factor of
the silver slices is around 1/50. As a result, the complex band
structure exhibits a real ky that is three orders of magnitude
larger than the imaginary ky, namely, Re(ky) ∼ 103Im(ky),
and the gap around the degeneracy point remains open when
the loss is accounted for in the inversion-symmetry-broken
crystals. The corresponding information is presented in
Appendix E. Furthermore, increasing the inversion-breaking
degree can enlarge the gaps, where the absorption effects of
smearing out the gap can be avoided.

IV. CONCLUSION

In conclusion, we explored Dirac points in the extended
wave-vector space (on axis and off axis) of 1D plasmonic-
dielectric crystals. The tilted type-II Dirac cone, especially a
nearly vertical band, has significant effects on the formation
of topologically protected interface states. This is because the
tilt degree of the Dirac cone greatly influences the features
of the gap, which are reflected in the profiles of the surface
impedance. The existence or lack of topological interface
states can be used to realize frequency-dependent optical
information transportation and optical switches. This idea has
the potential to extend to other platforms, e.g., metasurfaces,
plasmonics, and photonics. Besides the Bloch wave vector,
the off-axis wave vector and the notion of the synthetic
dimension can further enrich the topological physics in lower-
dimensional systems. More importantly, it may be possible
to engineer on-site potential profiles in 2D electron systems,
e.g., single-layer or few-layer graphene [41]; van der Waals
2D materials, such as transition metal dichalcogenides [42];
or moiré superlattices [43], providing an additional degree of
freedom and allowing the exploration of the electron surface
states with the aid of the synthetic space.
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APPENDIX A: DERIVATION
OF THE DISPERSION RELATION

The TMM was utilized to obtain the band structure of the
four multilayered stacks as shown in Fig. 1. The relation be-
tween the incident and scattering waves can be characterized
by a 2 × 2 matrix [34,39]. Thus, the transfer matrix at the
interface from layer m to layer n is as follows:

Mmn = 1

2

[
1+τmn
τmn

−1+τmn
τmn

−1+τmn
τmn

1+τmn
τmn

]
, (A1)

where τmn = εmkn/εnkm and km =
√

k2
0εm − k2

y , with m = 1,2,
3, and 4 corresponding to layers A, B, C, and D, respectively.

The propagation matrix in layer m is described by

Mm =
[

eikmdm 0
0 e−ikmdm

]
, (A2)

where dm is the thickness of layer m. The transfer matrix of a
unit cell is

M = M41M4M34M3M23M2M12M1. (A3)

According to the Bloch theorem, the dispersion relation
[39] can be expressed as

cos (q�) = 1
2 (M11 + M22), (A4)

where q is the Bloch wave vector, � the thickness of the
lattice supercell, and M11 and M22 the diagonal elements of
M in Eq. (A3). To obtain a definite expression, we decom-
pose Eq. (A3) into two parts, each of which consists of two
layers.

M′
12 = M23M2M12M1 =

[
m11 m12

m21 m22

]
, (A5)

M′
34 = M41M4M34M3 =

[
m′

11 m′
12

m′
21 m′

22

]
. (A6)

The elements of these two matrices are as follows:

m11 = eiκ1

2
[(τ31 + 1) cos κ2 + i(τ32 + τ21) sin κ2], (A7)

m12 = e−iκ1

2
[(−τ31 + 1) cos κ2 + i(τ32 − τ21) sin κ2], (A8)

m21 = eiκ1

2
[(−τ31 + 1) cos κ2 + i(−τ32 + τ21) sin κ2], (A9)

m22 = e−iκ1

2
[(τ31 + 1) cos κ2 − i(τ32 + τ21) sin κ2], (A10)

m′
11 = eiκ3

2
[(τ13 + 1) cos κ4 + i(τ43 + τ14) sin κ4], (A11)

m′
12 = e−iκ3

2
[(−τ13 + 1) cos κ4 + i(−τ43 + τ14) sin κ4],

(A12)

m′
21 = eiκ3

2
[(−τ13 + 1) cos κ4 + i(τ43 − τ14) sin κ4], (A13)

m′
22 = e−iκ3

2
[(τ13 + 1) cos κ4 − i(τ43 + τ14) sin κ4], (A14)

where τmn = εmkn/εnkm. From Eqs. (A7)–(A14), we can fur-
ther simplify the expression if the first and the third layers are
identical, i.e., τ13 = 1. In this case, Eq. (A4) becomes

4 cos (q�)

�
= 4 +

(
τ24 + 1

τ24
− τ21τ34 − 1

τ21τ34

)

× tan κ2 tan κ4 cos (κ1 − κ3)

cos (κ1 + κ3)

− 2(τ14 + τ43) tan κ4 tan (κ1 + κ3)
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FIG. 6. Schematic diagram of the multilayered lattice composed
of four alternating stacks. The origin of the supercell is fixed at the
center of metal layer B.

− 2(τ21 + τ32) tan κ2 tan (κ1 + κ3)

−
(

τ24 + 1

τ24
+ τ21τ34 + 1

τ21τ34

)
tan κ2 tan κ4.

(A15)

APPENDIX B: BLOCH WAVE FUNCTION IN THE
SUPERCELL AND ZAK PHASE CALCULATION

We choose the origin of the supercell to be at the center of
metal layer B. The eigenvector of the transfer matrix of the
supercell is [M12, exp(iq�) − M11], where M11 and M12 are
the elements of the total transfer matrix shown in Fig. 6. The
modal magnetic field (Hz) and electric field (Ey) along the x
direction in the first layer are as follows [34]:

Hz(x) = M12eik4(x+�/2) + (eiq� − M11)e−ik4(x+�/2), (B1)

Ey(x) = k4

ωε4
[M12eik4(x+�/2) + (eiq� − M11)e−ik4(x+�/2)],

(B2)

where M12 and exp(iq�) − M11 are, respectively, the coef-
ficients of the forward and backward wave at the left port.
After the wave reaches the next layer, layer A in Fig. 6, the
coefficients of the forward and backward wave change to s12,
s11, respectively. They can be directly obtained by

(s12, s11)T = M41M′
4[M12, exp (iq�) − M11]T , (B3)

where M′
4 is the propagation matrix in the first layer with

length d4/2. The magnetic and electric fields in the second
layer (Fig. 6) are

Hz(x) = s12eik1(x+�/2−d4/2) + s11e−ik1(x+�/2−d4/2), (B4)

Ey(x) = k1

ωε1
[s12eik1(x+�/2−d4/2) + s11e−ik1(x+�/2−d4/2)]. (B5)

Extending this treatment to the entire supercell, the eigen-
field distribution can be obtained. Furthermore, with periodic
gauge, the Zak phase of each band can be calculated by the

Pancharatnam discrete approach [34]:

θZ = i
∫

BZ

∫
unit

u∗
q∂quqdxdq, (B6)

where uq(x) is the Bloch wave function Hz,q(x) =
uq(x) exp(iqx) for the supercell of Fig. 6. The results are
in accord with the symmetry distribution of the band edge
states in the main text.

APPENDIX C: EFFECTIVE HAMILTONIAN
AROUND THE DEGENERACY

To obtain the effective Hamiltonian, we begin from the
entire transfer matrix of the unit cell, i.e., Eq. (A3). Note
that the DPs in the inversion-symmetric system with d0 =
52 nm are located at (λ = 1654.3 nm, ky0 = 2.35k0). The
effective Hamiltonian around this point can be obtained by
the following procedure.

The eigenvalue formulation of this problem can be written
as

(M − eiq�)

[
a+
a−

]
= 0, (C1)

where a+ and a− indicate the coefficients of the forward-
and backward-propagating waves inside the first layer, respec-
tively. We define the following coefficients,

(�λ,�q,�ky ) =
(

λ − λ0

λs
,

q − q0

π/�
,

ky − ky0

k0

)
, (C2)

where (d0, q0) indicates the position of the DP with propa-
gation constants ky0 as shown in Fig. 1(e), and q0 = 0 lies
in the center of the Brillouin zone. Here λs = 1500 nm and
p = d1 + d3 + d4 denotes the thickness of the entire dielectric
medium. Expanding M up to the first order with respect to
(�d1,�d2,�ky) around the DP, we have

M =
(

a11 + b11�λ + c11�ky a12 + b12�λ + c12�ky

a21 + b21�λ + c21�ky a22 + b22�λ + c22�ky

)

+ O
(
�λ2,�k2

y

)
. (C3)

Considering only the first order, Eq. (C3) can be rewritten
as(

a11 + c11�ky − 1 − j�q a12 + c12�ky

a21 + c21�ky a22 + c21�ky − 1 − j�q

)[
a+
a−

]

= �λ

[−b11 −b12

−b21 −b22

][
a+
a−

]
. (C4)

We denote the matrix on the left-hand side of Eq. (C4) by
T, and the matrix on the right-hand side by V. The matrix
V can be decomposed as V = UDU†. Equation (C4) can be
rewritten as

D−1/2U†TUD−1/2(D1/2U†a) = �ky(D1/2U†a). (C5)

This can also be represented as

Hp = �λp, (C6)

where H can be regarded as the Hamiltonian of the system
near a random point.

043828-6

delta lambda



TYPE-II DIRAC POINT AND EXTREME DISPERSION … PHYSICAL REVIEW A 99, 043828 (2019)

FIG. 7. Dispersions near the DPs. The lines are the rigorous
theoretical results obtained by the TMM, and the black squares are
the results from the effective Hamiltonian.

For the DP (d1 = d2 = d0 = 52 nm, λ = 1654.3 nm, ky =
2.35k0), the Hamiltonian can be written as

Heff = v0y�kyσ0 + vx�kyσx + vy�kyσy + vz�qσz, (C7)

with v0y = −1.7539, vx = −0.3358, vy = −0.4382, and vz =
−1.7843.

To verify the validity of the effective Hamiltonian, we
plotted the dispersion along the three directions in Fig. 7. The
results obtained by the TMM and the effective Hamiltonian
agree very well near the degeneracy. The effective Hamilto-
nian for the other DPs in Fig. 1(d) can be obtained using a
similar procedure.

FIG. 8. The values of Im(Zl ) for a left semi-infinite crystal
(marked in blue) and Im(Zr ) for a right semi-infinite crystal (marked
in red) as a function of ky for a fixed wavelength λ = 1650 nm with
(a), (b) d0 = 52 nm and (c), (d) d0 = 116.37 nm.

FIG. 9. The values of Im(Zl ) for a left semi-infinite crystal
(marked in blue) and Im(Zr ) for a right semi-infinite crystal (marked
in red) as a function of ky for a fixed d0 = 140 nm with (a), (b)
λ = 1200 nm and (c), (d) λ = 1450 nm.

APPENDIX D: DISTRIBUTION OF SURFACE IMPEDANCE
AT OTHER WAVELENGTHS

The variation of surface impedance at λ = 1450 nm is
shown in Figs. 2 and 3. These figures characterize the consis-
tence of the distribution of Im(Z ). We offer the distributions
of Im(Z ) at wavelengths above the DP. Figure 8 shows the
variation of Im(Z ) for the BA- and AB-type connections at
λ = 1650 nm. The results are in accord with the main text.

To verify the different properties of the crystal with d0 =
140 nm, we provide similar distribution of Im(Z ) at different
wavelengths, as shown in Fig. 9. This is similar to the results
in Figs. 3(c) and 3(d). However, a surprising transition occurs
for the surface impedance between the BA- and AB-type
connection.

In addition, to verify the efficiency of the prediction in
Fig. 2(c), we implement the BA-type connection with finite

FIG. 10. Hz distributions of the topological interface states for
the BA-type connection with ten periods at λ = 1450 nm from
full-wave simulation. The crystals have d0 = 52 nm and da = 10 nm
for the right type-A lattices. The left type-B lattices have (a) da =
−10 nm, (b) da = −20 nm, (c) da = −30 nm, and (d) da = −40 nm.
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FIG. 11. The band structure for this 1D crystal with q = 0 ob-
tained by Eq. (1). The geometrical parameters of the lattice for (a),
(b) are same as that in Fig. 2(b), i.e., d0 = 52 nm and |da| = 10 nm,
and the same for (c), (d) is with d0 = 52 nm and |da| = 20 nm.

lattices via a full-wave simulation using the finite element
method. Figure 10 shows the Hz distributions of the topologi-
cal interface states predicted by the intersection points (black
dots) in Fig. 2(c).

APPENDIX E: LOSS EFFECT ON THE DISPERSION
RELATION AND THE EXISTENCE

OF INTERFACE STATES

In our considered frequency region, the loss of silver is
relatively small compared to the real part. For example, the
relative permittivity for the wavelength 1550 nm is ε2= −
125.179 + 2.888i. Now we focus the effect of the loss on the

FIG. 12. The field distribution of magnetic component Hz for the
BA-type connection. The geometrical structure for the left panel is
the same as that in Fig. 10(a), and the right panel is the same as that
in Fig. 10(b).

dispersion relation. Here, we take the case of Fig. 2(b) as an
example. If the loss of metal is added, the bands structures for
q = 0 are shown in Fig. 11. It is obvious that the loss factor
can barely affect the real parts of ky, and the corresponding
imaginary parts are completely small.

To investigate the propagation of the interface states on
the condition that loss of metal is involved, we take the
wavelength of λ = 1450 nm and the BA-type connection (as
revealed in Fig. 10) as an example. In our model, the loss
cannot smear out the gap of the inversion-symmetry-breaking
crystal, as illustrated in Fig. 11. Thus the prediction based on
the Hermitian case is still valid. Figure 12 clearly shows the
existence of the interface states for the BA-type connection
and their propagation with little attenuation. By contrast to the
results in Fig. 10 of the main text, the off-axis ky are consistent
except for the small attenuation.
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