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Abstract: The aperiodic photonic crystal is derived by the “OR” Boolean algorithm of two
periodic photonic crystals with slightly different periods, which shows broadband reflection
features. Inspired by this, in this paper we propose an aperiodic photonic crystal with PT-
symmetry to investigate the broadband unidirectional reflection behavior. By analyzing the
scattering matrix of the proposed structure, we reveal that the broadband near-zero reflection
phenomenon is induced by the interaction of multiple exceptional points. The underlying
physics of this phenomenon is exploited by investigating the electric field distribution at
exceptional points. Furthermore, an interface state is also found to locate at the loss/gain
boundary of PT-symmetric materials. The broadband (~1200 nm) near-zero reflection
phenomenon with unidirectional property is first discussed in the PT-symmetric structure,
which gives us hints for further investigations of unidirectional reflection in non-Hermitian
systems.
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1. Introduction

Photonic crystal (PC) is an emerging field in optics and has been intensively investigated over
the past thirty years [1]. In analogy to traditional semiconductor materials with electron
bandgaps, there appears a frequency range where no electromagnetic eigenmode exists in PC,
which is also called photonic bandgaps (PBGs). Light with frequency locating in PBG
undergoes exponential decay inside the photonic structure, and shows a total reflection in their
spectra [2]. Till now, a large number of PC-based proposals have been put forward, such as

slow light [3], filter [4], waveguide [5] and topological design [6]. M@Q}W@v

riments ipe P n ri P
mmmgm&m,gg\gﬁgﬂu Short after the uncovering of the quasmrystals in
the field of crystallography in 1984 [8], QPC with the Fibonacci sequence was discussed by
Kohmoto comprehensively [9]. Compared with periodic PCs showing only single basic
bandgap in its spectrum, QPCs and APCs show diverse stopbands and self-similarity in their
band structures. In the beginning, QPCs are generated mainly by substitution rules following
different sequences, such as Fibonacci sequence, Cantor sequence and Thue-Morse structure
[10], et al. All of them show multiple stopbands in their spectra. Recently, researchers
proposed a new kind of aperiodic photonic crystal, which is also called dual-periodic photonic
crystals. As the name suggests, this kind of PC is constructed by two different periodic PCs
via applying distinct mathematical algorithms. These algorithms can be binary Boolean
operation [11], step functions [12] and some other quantitative methods. Compared with
ordinary photonic structures, dual-periodic PCs possess more advantageous properties, such as
adjustable bandgaps, broadband slow modes and predesigned optical Tamm states [13]. For
example, the logical combined photonic crystal (LCPC), which is constructed by the
combination of two periodic photonic crystals respecting the Boolean operation “OR”, shows
broadband features and flat band in its spectrum [11,14]. By applying “OR” operation in PCs,
multiple coupling of Bloch modes could be induced, and thus broadband reflection appears.
As a fast-growing topic in optics, aperiodic photonic structure thrives and flourishes, and
opens an avenue for complicated photonic design.

Parity-time (PT) symmetric structure is a popular project in the scope of metamaterials
[15]. In quantum physics, only Hermitian Hamiltonian is believed to possess real spectrum
with observable momentum, while the eigenvalues of non-Hermitian Hamiltonian are
complex, which indicate unobservable momentum. However, Bender showed that real spectra
can also exist in non-Hermitian Hamiltonians as long as they respect PT-symmetry [16].
Another intriguing characteristic of PT-symmetric structure is the spontaneous symmetry-
breaking point, which is also called exceptional point (EP). The eigenvalues of the PT-
symmetric structure and their corresponding eigenvectors coalesce simultaneously at EPs, and
a phase transition emerges. In optics, the non-Hermitian Hamiltonian of a photonic
configuration conserves PT-symmetry by applying judicious modulation of index distribution
on it (viz. n (z) = n*(-2)). In other words, the real part of the refractive index is an even
function along the z-axis while the imaginary part obeys odd function. The introduced optical
gain and loss create a new category of artificial materials with new optical properties. Till
now, an abundant of researches related to PT-symmetry have been conducted in optics, such
as optical solitons in PT potential [17], photonic crystal with PT-symmetry [18], and zero
index metamaterial with PT-symmetry [19,20]. Devices obeying PT-symmetry exhibit many
counter-intuitive phenomena, for instance, unidirectional invisibility [21,22], asymmetric
diffraction [23] and splitting exceptional point [24]. In particular, unidirectional reflection
effect has been successfully demonstrated in experiments [22], and serves as a modification
tool in designing novel photonic devices. However, unidirectional reflection effect in almost
all PT-symmetric structures only works in a narrow band of frequencies, hindering its
application in broadband photonic devices.
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Inspired by the broadband features in aperiodic photonic crystals formed by logical “OR”
combination, we investigate the scattering spectrum of the PT-symmetric LCPC and find a
unidirectional near-zero reflection phenomenon over a broad wavelength range for about 1200
nm. The spectrum of the PT-symmetric structure is calculated by the transfer matrix method,
and shows asymmetric reflection spectrum for lights incident from different directions. When
the light is incident from the loss side, the broadband near-zero reflection (BNZR) appears,
while BNZR disappears in the opposite direction. The scattering matrix for the PT-symmetric
configuration is computed and compared with the periodic PCs to uncover the reason for the
broadband invisibility. Furthermore, we investigated the electric field distribution for different
wavelengths of EPs to get a further understanding of the BNZR phenomenon. The idea of
combining two-periodic PCs with PT modification is first introduced in the field of photonic
crystals, and this attempt may give hints to facilitate further PT-symmetric photonic designs.

2. Theory model

Firstly, we construct two traditional periodic photonic crystals PC; and PC,. As shown in Fig.
1(a), PC, is made up of two alternative dielectric materials A and B, with refractive index np
and ng (na > ng). The period and filling ratio of PC, are set as p and f;. Similarly, by keeping
the thickness of the high refractive index layer A unchanged, we enlarged the length of PC; by
r to get PC,, where r is a rational number, and the period of PC, would be rp. In Fig. 1(a), we
treat layer A as “1” and layer B as “0”. Like binary Boolean operation, the “OR” operation in
photonic crystals will get ny when one of the two material indexes equal to n; and get ng
when both the indexes equal to ng. The schematic illustration of the configuration of LCPCs
[11] is given in the lower parts in Fig. 1(a). Now, we get the logical combination of the two-
period photonic crystals with slightly different periodicities. Clearly, the length of the LCPC
unit cell will be the least integer multiple of r. For a rational number r, the length of LCPC
unit cell would be p.c = Rp, where R is the least integer multiple of r. To make r more
acceptable, we write r = R / (R - m), where R and m are both positive integers, and m < R. For
r —1 (i.e. R — o0 and m = 1), we shall have broadband slow modes and intensive flat bands
inside LCPC [14]. By delicately modulating gain and loss in the LCPC structure, taking the
middle plane of the A dielectric layer as the origin of the system, we can produce PCs
following PT-symmetry. Directed by n (z) = n*(—z), Fig. 1(b) describes photonic crystals PC;,
PC, and LCPC with PT-symmetry. In these configurations, PT-symmetry is satisfied in all
constructions, where 4” and C’ note for materials with gain and loss, B’ denotes the same
material as B (i.e. ng-=ng). The refractive index of dielectric material A" and C’ are n,-=ns +
iy and nc =ny — iy with ny = 3.46 (silicon), ng = 1 (air). In this paper, we assume all the
dielectric materials as isotropic and dispersionless with permeability x = 1. All the results in
this paper are calculated in TE-polarization while the TM mode can be computed in the same
way.
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Fig. 1. Schematic illustration of PC,, PC, and LCPC for (a) non-PT-symmetric structure and (b) PT-symmetric
configuration.

Usually, we use the transfer matrix method (TMM) to calculate the spectrum of multilayer
structures [25]. For every electromagnetic wave propagating along the z-axis, it can be noted
by two waves propagating forward and backward:

E(z) = E, (z)exp(ikz) + E, (z) exp(—ikz) Q)

where E«(z) and E,(z) are the coefficients of the electric field for forward and backward
propagating waves, respectively. The transfer matrix of the interface between two different
dielectrics can be expressed by:

1 K

M _ 1 sz sz (2)
A->B 2 _k;AZ :I:'-ki
sz Bz

where kag), and dag) is the wave vector along the z-axis and the thickness respect to the
material A or B. Similarly, we can derive Mg- by simply altering ka,—kg,. The transfer
matrix in the isotropic homogeneous medium is:

exp(ik,d) 0
MP{ 0 exp(—ikzd)} ®)

Thus, the TMM for LCPC can be given by:
HM{EHM M}H @
Ebe Ebi MZl M 22 Ebi

in which Ejey means the amplitude of waves in the incident (exit) propagation domain. In PT-
symmetric systems, the transmission and reflection coefficient for the left (L) and right (R)
incident |IqhtS ist= L=t = l/Mzz, rn = -M21/M22, g = M12/M22 [21,26] As we can See, the
transmission for both right and left incidence is the same, but the reflection from two opposite
directions are entirely different. Following the above discussion, we can write the scattering
matrix (S = [t_ rg; r tz]) of the PT-symmetric LCPC. The eigenvalues of the S matrix can be
expressed as S;, =t \/ﬁ . By applying generalized conservation relation, the reflectivity
and transmittance can be expressed as | T-1 | = \/ RgR_ [27], or in other form as rg r *=1-T
[28], where Ry = | g [* is the reflectance of the left and right incident lights, and T = | t |* is
the transmittance of the incident light. Clearly, when T < 1, rg r.*>0, and the phase of rg and
r_ are the same; on the other hand, when T > 1, the phase difference between rg and r_ would
be n. Also, T = 1 shall lead to rz = 0 or r.*= 0, which is phase transition point, also called
exceptional point [27,28]. When exceptional points arise, the eigenvalues of scattering matrix
(i.e. s;p) changes from real number to complex number. Then, the unidirectional
reflectionlessness locating at EPs will appear.

3. Result and discussion

For the sake of illustration, we plot the index distribution and the normalized Fourier spectrum
for PT-symmetric PC, (PTPC,), PT-symmetric PC, (PTPC,) and PT-symmetric LCPC (PLPC)
in Fig. 2. In this figure, p is set as 500 nm, f; = 0.2 and R = 6, m = 1. As shown in Fig. 2(a)-(f),
the real (imaginary) part of the refractive index for PTPC,, PTPC, and PLPC are denoted by
the solid (dashed) line colored with red, blue and violet, respectively. By taking the middle
plane of the LCPC structure (z = 0 in Fig. 1(b)) as the origin of the PT-symmetric system, the
real part (solid line) of the index obeys even function while the imaginary part (dash-dotted
line) behaves as an odd function. Fig. 2(g) shows the Fourier expansion of PTPC, (red star),
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PTPC, (blue dot) and PLPC (violet triangle) structures in which the period shown in Fig. 1(a)
(bottom) is infinitely repeated. Inspecting the Fourier expansion of these three structures, we
find that the Fourier spectrum of PLPC is the composition of every ingredient in PTPC; and
PTPC,. In other words, the Fourier components of PLPC consist of most Fourier components
that exist in PTPC; and PTPC,, though with a tiny scale in values of each element. This
feature means that the PLPC structure made up of logical “OR” operation possesses the main
properties of PTPC; and PTPC,. Therefore, it is useful to resort to the Fourier spectrum when
evaluating the reflection and transmission properties of PLPC. Note that the imaginary part of
the refractive index won’t affect the Fourier spectrum due to its odd-function distribution.
Thus, the Fourier spectrum can be used only in analyzing the influence of the real part of the
constituting dielectric materials. However, it does play an instructive role in understanding the
PT-symmetric LCPC structure.
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Fig. 2. Dielectric constant distribution of PC; (a, b), PC; (c, d) and LCPC (e, f) for both real part (solid line) and
imaginary part (dash-dotted line). (g) The Fourier expansion for infinite period of PTPC, (star), PTPC; (dot) and
PLPC (triangle) are shown in the right panel.
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Fig. 3. Reflectivity and transmittance for non-PT-symmetric LCPC (a) and PT-symmetric LCPC (b) structures. The
blue line indicates the reflectivity and the red one corresponds to the transmittance.

We calculate the transmittance and reflectivity spectra of LCPC for both non-PT and PT-
symmetric structures in Fig. 3. The structural parameters are chosen the same as Fig. 2 and the
index is set as ny = 3.46, ng = 1, y = 1, the period number of LCPC is N = 1. Fig. 3(a)
describes the spectrum for non-PT-symmetric LCPC structure, and the result shows that the
reflectivity is identical for light incident from opposite directions and the sum of transmittance
and reflectivity equals to 1 as expected. The predominant dips (peaks) are caused by the
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multiple Bloch coupling inside the LCPC structure [11]. In Fig. 3(b), the reflectivity from the
left side is marked by the solid blue line while the dashed blue line corresponds to the
opposite case. The transmittance is described by the red dotted line. To observe the reflectivity
and transmittance of the PLPC structure clearly, we take the logarithmic operation for Rg, Ry,
and T. Apparently, by adding a delicate imaginary modification, the spectrum changes greatly
compared with the non-PT one. The non-PT-symmetric counterpart shows an ordinary
spectrum with reciprocal features while the PT-symmetric part shows extremely asymmetric
reflection for lights incident from different sides. The reflectivity from the right side (gain
side) reaches a maximum value of up to 4 orders of magnitude, while on the loss side
reflectivity shows the broadband near-zero reflection phenomenon. Furthermore, we see a dip
in the reflection spectrum at about 4; = 2507 nm for light incident from both sides. The main
reason for this dip is the interface state generated in the boundary of two materials with an
opposite imaginary dielectric constant [29]. As we can see in the following discussions, the
electric field mainly concentrates on the interface for wavelength locating at 2507 nm. In Fig.
3(b), a broadband near-zero reflection can be found from 3000 to 4200 nm, in which R_is
always below 0.02, and the average reflectivity is less than 0.01. Compared with the
reflectivity from the right side with a quantity as high as 10% ~ 10, the reflectivity from the
left side is indeed ignorable. Thus, we call this negligible reflectivity as near-zero reflection.
Retrieving works related to unidirectional invisibility, most of them are caused by a single EP
and the zero reflection wavelength range is very narrow, which limits the potential application
of invisibility generated by PT-symmetry. On the contrary, the proposed PLPC structure
showing broadband zero reflection might have bright potential in many fields.
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Fig. 4. (a) Eigenvalues (s12) of S matrix derived by the result of the transfer matrix as a function of wavelength. Four
EPs are marked by the green arrows. (b) Electric field inside the PT-symmetric geometry respect to four EPs.

The S matrix is calculated to investigate the PT-symmetric properties of the proposed
structure. As shown in Fig. 4(a), two eigenvalues of the S matrix are plotted, which is denoted
by s; and s,, respectively. The eigenvalues of the S matrix of PT-symmetric structure either
form pairs with reciprocal moduli or they are all in unit modulus [21]. The unit modulus
means the PT-symmetric phase while the reciprocal moduli indicate the PT-broken phase. By
taking the logarithm of each eigenvalue, we can get a symmetrical graphic along the x-axis.
The EPs noted by four green arrows are marked as EP; (i = 1, 2, 3, 4), with values EP; = 3098
nm, EP, = 3277 nm, EP; = 4133 nm and EP, = 5673 nm, respectively. Each EP corresponds to
a deep reflection dip depicted in Fig. 3(b). As we have discussed above, the first dip locating
at 4; = 2507 nm is caused by the interface state generated by two materials with the opposite
imaginary part. Between EP; and EP;, there exists a broad band showing no reflection. In fact,
the accurate zero reflection of the left incidence can only be caused by the EPs. However, by
designing structures properly, when the EP pairs of the PT-symmetric device sit nearby, the
broadband near-zero reflection is expected to appear by suppressing the laser mode generated
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by the phase jump inside the EP pairs, which can be called as quasi-laser mode here. As EP
pair could possess quasi-laser mode inside it (for example, quasi-laser; inside EP; and EP,,
and quasi-laser, between EP; and EP,), the reflectivity from the loss side would encounter an
enhancement at wavelengths correspond to the quasi-laser modes. But as the EPs sit nearby,
the enhancement of the reflectivity caused by the quasi-laser mode is suppressed. This is also
the reason why the BNZR stops at EP5 instead of EP,.

To further investigate the underlying physics of the BNZR phenomenon, we plot the
normalized electric distribution inside the geometry at the frequencies of EP,, EP,, EP5, and
EP,, respectively. The intensity profile is calculated in one period PLPC unit cell. As shown in
Fig. 4(b), the upper panel depicts the imaginary part of the index distribution of the PLPC
structure. And the normalized electrical amplitudes equal to 1 outside the structure. Clearly,
the intensity profile is spatially symmetric along the z-axis due to the parity-time symmetry.
Assume E(z) is the electric distribution of a left incident wave, then at the PT operation,
E*(—2) is also a left incident wave of the same frequency. They must be identical (up to a
phase ¢) by the requirement of uniqueness: Ex(—z) = e”E(z) [27]. Hence, the electric intensity
| (2) = |E@) = | (-z). Therefore, the intensity profile at EPs obeys even function. It’s worth
noting that for all PT-symmetric structures, the energy flow inside the PT-symmetric structure
always goes from gain side to loss side [30]. Thus, standing waves and multiple resonances
could be generated in the geometry, leading to further absorption in the lossy layers.

The interface state occurring at the interface of two materials with the opposite imaginary
part is also investigated. As shown in Fig. 5(a), the normalized electric field for the interface
state is plotted. The PLPC structure stretch from -1500 nm to 1500 nm and the dielectric
outside the structure is air with index 1. The electric field inside the geometry decays
exponentially from the origin towards both sides. Similar wave localization of the interface
effect can also be observed in PLPC with more units. The interface state exists in the
boundary of two PCs with real permittivity is called optical Tamm state, which results from
the sign change of surface impedance of PCs across the interface [31]. Similarly, the sign
change of the imaginary parts of permittivity can also lead to interface state [29]. It’s worthy
to note that the interface state generated in PT-symmetric structures will also lead to the
change of the eigenvalues, as shown in Fig. 5(b). Like EPs, the interface state would result in
an abrupt phase change at the corresponding frequency, and the discontinuity at A = 2512 nm
is caused by the phase jump of reflection coefficients. However, comparing Fig. 4(b) and Fig.
5(a), we can find that for EPs, the electric field in the structure is much lower than that of
interface state. Thus, the main difference between the interface state and EP would be the
electric intensity inside the structure.
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Fig. 5. (a) Electric field of interface state inside the PT-symmetric geometry. (b) Eigenvalues of the S matrix as a
function of wavelength respect to the interface state.
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Furthermore, we compared the spectral properties of the periodic PT-symmetric structures
(PTPC, and PTPC,) with the aperiodic PLPC structure. As plotted in Fig. 6, the reflectivity of
the PTPC,, PTPC, and PLPC structures are indicated by the solid black line, dash red line, and
dash-dotted blue lines in Fig. 6(a). All the structures are calculated at a length of 3000 nm. For
conciseness, we show the wavelength range from 3000 nm to 4200 nm where the BNZR
phenomenon appears. Apparently, the reflectivity of the PLPC structure is much lower than
that of PTPC; and PTPC, in this broad wavelength range. The average reflectivity of PLPC is
0.01 over this band with a maximum reflectivity equals to 0.02 locating at 3735 nm. But for
periodic configurations PTPC, and PTPC,, the average reflectivity equals 0.11 and 0.12 and
the maximum reflectivity is 0.26 and 0.34, respectively. Thus, by applying the logical
configuration to periodic PCs, the reflectivity magnitude decreases over 10 times. In Fig. 6(b),
we plot the logarithmic eigenvalues of the S matrixes correspond to PTPC,, PTPC, and PLPC
structures. For PTPC;, EPs locate at 3254 nm and 3593 nm, the former EP corresponds to the
zero reflectivity of right side (gain) incidence, while the latter one corresponds to the
reflectionlessness of left side (loss) incidence. Thus, the interaction of EPs can't play the role
in suppressing the reflection. Similarly, for PTPC,, the EPs also correspond to zero reflection
from different sides. However, for PLPC, EP,, EP, and EP; all correspond to the zero
reflectivity from the loss side, which plays a vital role in inhibiting the reflection, causing the
BNZR phenomenon.
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Fig. 6. (a) The comparison of reflectivity of the PT-symmetric structure composed by periodic and aperiodic
configuration. (b) Eigenvalues of S matrix corresponding to periodic PT-symmetric structure and aperiodic PT-
symmetric counterpart.
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Fig. 7. The reflectivity of the left incident wave (R.) with various y.

In Fig. 7, we calculated the reflectivity of the left incident wave (R.) with various y. The
black dashed line, the red dotted line, and the solid blue line correspond to the reflectivity of y
=0.1, y = 0.5, and y = 1, respectively. Here, to directly demonstrate our idea of BNZR in a
relatively simple PT-symmetric structure, a large value of loss/gain y = 1.0 is selected [32],
though it is difficult to realize in practice. A large y would produce more EPs in PCs, making
the BNZR phenomenon more pronounced. If this loss/gain value is reduced (e.g., y = 0.1 and y
= 0.5), the broadband near-zero reflection will gradually disappear (see Fig. 7) owing to weak
wave scattering in the proposed structure. This problem might be figured out using other
LCPC structures or other non-Hermitian media [33-35] and we will do further study on it in
the future.

4. Conclusion

In summary, we propose a broadband near-zero reflection phenomenon generated in the PT-
symmetric LCPC structure. The broadband may reach 1200 nm or more from 3000 to 4200
nm, with the average reflectivity below 0.01 and the maximum value less than 0.02. The
Fourier expansion of the refractive index shows the logical combined photonic crystal
possesses most of the properties of the periodic PC, but the spectrum of the PLPC structure
shows many differences compared with the periodic ones. We calculated the scatter matrix
and find that the BNZR is revealed by EPs suppressing the enhancement of the reflectivity.
The electric field distribution respect to the EPs inside the geometry obeys even functions to
the origin. The multiple Bloch modes in periodic photonic crystals are expected to couple with
each other in the PT-symmetric LCPC, inducing interesting properties undiscovered in other
structures, which deserves further discussion. Also, note that the ideal symmetry-breaking
transition will not appear in PT-symmetric materials with strong dispersion owing to the
causality principle [36], therefore we assume the PT-symmetric PCs are non-dispersive in this
work, which is more straightforward to study the broadband unidirectional near-zero
reflection relevant to EPs. Although the frequency dependence is forbidden in PT-symmetric
materials, quasi-PT symmetry [33,34] or medium with Kramers—Kronig relations [35] is a
good candidate to study the dispersion behavior, which might be a more practical way to
access broadband unidirectional reflection. For what it's worth, our proposed concept of LCPC
with PT-symmetry may lead to more study on non-Hermitian media with logical operation
and the proposed broadband unidirectional reflection effect can find application in broadband
photonic spin Hall effect [37] and broadband sensing.
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