Chin. Phys. Lett. 39, 021101 (2022)

Chiral Anomaly in Non-Relativistic Systems: Berry Curvature and
Chiral Kinetic Theory

Lan-Lan Gao(#>42%)! and Xu-Guang Huang(# /)% )2

! Physics Department and Center for Particle Physics and Field Theory, Fudan University, Shanghai 200438, China
2Key Laboratory of Nuclear Physics and Ion-beam Application (MOE), Fudan University, Shanghai 200433, China

(Received 23 November 2021; accepted 20 December 2021; published online 29 January 2022)

Chiral anomaly and the novel quantum phenomena it induces have been widely studied for Dirac and Weyl

fermions. In most typical cases, the Lorentz covariance is assumed and thus the linear dispersion relations are
maintained. However, in realistic materials, such as Dirac and Weyl semimetals, the nonlinear dispersion relations
appear naturally. We develop a kinetic framework to study the chiral anomaly for Weyl fermions with nonlinear
dispersions using the methods of Wigner function and semi-classical equations of motion. In this framework, the
chiral anomaly is sourced by Berry monopoles in momentum space and could be enhanced or suppressed due to
the windings around the Berry monopoles. Our results can help understand the chiral anomaly-induced transport

phenomena in non-relativistic systems.
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During the development of condensed matter
physics, the concepts and theories proficient in de-
scribing relativistic particles have been often found
to be very useful. Among them, in recent years, the
chiral anomaly which was first encountered in parti-
cle physics is particularly eye-catching in the stud-
ies of three-dimensional topological materials such as
Weyl and Dirac semimetals.[!—3]
als, the conduction and valence bands touch at some
points (called Weyl nodes) in the Brillouin zone. The
Weyl nodes always appear in pairs with opposite chi-
rality around which the low-energy excitations have
linear dispersion relations and can be described by
Weyl Hamiltonian.
of Weyl nodes of opposite chirality overlap to form
Dirac nodes. The Weyl and Dirac semimetals ex-
hibit a number of novel transport phenomena such
as the chiral magnetic effect (CME),[*?! which is a
consequence of the chiral anomaly and induces spe-
cial magnetoresistance, =9 and novel modification of
Casimir effect.l'®!] Interestingly, the CME has also
been widely discussed in particle and nuclear physics

and is under intensive search in relativistic heavy-ion
g [12—15]

In Weyl semimet-

In Dirac semimetals, the pairs

collision experiment,

Although the Weyl semimetals are considered to
be described by Weyl fermions, the realistic excita-
tions in solids can be different from the ideal Weyl
Hamiltonian « o - p with o the Pauli matrices and p
the momentum away from the Weyl node. Their dis-
persion relations typically have tiltings, warpings, and
nonlinear momentum dependence, which are absent in
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the ideal Weyl Hamiltonian. These new features may
be modeled by an extended Weyl Hamiltonian!6—19]

H = K(p) - o + Ko(p), (1)

with Ky and K polynomials of p. A number of inter-
esting phenomena due to the tiltings, warpings, and
nonlinearity of the Weyl nodes are discussed includ-
ing, e.g., the modified anomalous Hall effect[20:2%]
the enhanced CME.[22~24

Moreover, generalizing the ideal Weyl Hamiltonian
to include nonlinear momentum dependence is also
natural from the viewpoint of low-energy effective the-

and

ory. The band structure of a real material is usual very
complex. Even for the usual Weyl semimetals, the lin-
ear Weyl Hamiltonian is considered as a lowest-order
effective description valid only near the Weyl nodes.
To describe physics away from the Weyl nodes, terms
quadratic or even higher-power in momentum need to
be included. In this Letter, we will first focus on a
simple example of the Hamiltonian (1), given by

H =)Mo -p+ ap?, (2)

where A = £ denotes the chirality of the Weyl node
and the parameter o depends on the band structure of
the material which is assumed to be positive to guar-
antee the stability of the system. Our purpose is to
develop a chiral kinetic theory (CKT) from quantum
field theory to describe the semi-classical physics of
Hamiltonian (2) and to reveal how the chiral anomaly
is self-consistently encoded in such a framework. The
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underlying methodology is parallel to its relativistic
counterpart for relativistic Dirac or Weyl fermions
that has been intensively discussed over the past few

(25-35] We then will extend the discussion to the

years.
more general Hamiltonian (1).

The CKT for relativistic systems consists of a
set of Lorentz covariant semi-classical kinetic equa-
tions that can well describe the anomalous trans-
port effects like the CME and chiral vortical effect
(CVE).131:36=38] Tt also provides a convenient tool to
explore the topological characteristics of the Dirac or
Weyl fermions through the effects of Berry curvature
For example, the effects of exter-
nal magnetic or gravitational field and the transports
of Dirac fermions in curved spacetime can be well
expressed through the chiral kinetic theory.[3:37:38]
The relativistic CKT has also been applied to con-
densed matter systems to study Berry-curvature in-
duced transport phenomena.39—41]

In this Letter, we first derive the CKT for non-
relativistic Weyl fermions of type (2) using the Wigner
function method. We will show that, at the A or-
der (corresponding to one-loop approximation in field-

in phase space.

theory calculation), the divergence of the chiral cur-
rent receives a contribution from the singularity in
phase space residing exactly at the Weyl node and
gives the chiral anomaly in the same form as derived
from relativistic field theory. Then, we directly de-
rive the semi-classical equations of motion for Weyl
fermions of type (1) and then check the anomaly re-
lation. Finally, we give comments on our results and
discuss potential future application and extension of
Throughout this study, we choose the
Fermi velocity vy = 1 and the coupling constant e = 1.
To simplify the notations, we use the four-vector rep-
resentation like z# = (xg = ¢, ) with index p from
0 to 3, p* = (po,p), p-x = pot — p - x, and use
n* = n,, = diag(l,—1,—1,—1) to raise and lower
indices though no Lorentz invariance is assumed.
Wigner Function and Chiral Anomaly.

our results.

The
Wigner function W(x,p) is a generalization of the
classical phase-space distribution function to quan-
It is defined as the ensemble average
of Wigner operator given by

tum physics.

Wiep) = [ dlye rv/mil @er D2 o e r i),

A G
where 1() is a Weyl spinor operator and [{)T ®]qp, =
@ZVJJ,} with a,b = 1 — 2 being the spinor indices. Note
that we have considered the presence of an external
electromagnetic field A, so that D, is the covariant
derivative acting on the Weyl spinor:

Dyab(e) = (B +iAu/h)d(z). @

The Wigner function is given by W(x, p) = (W(z,p)),
where (---) denotes the ensemble average. The equa-
tions of motion (Heisenberg equations) of ¢ and ¢t
for Hamiltonian (2) are given by

iDy) + haD%*) + io - D = 0,
iDipt — haD*?)t +iAD* )t - o = 0.

(5)
(6)

We consider A to be much smaller than the classi-
cal action of the system and thus make an expansion
in . Combining Egs. (5) and (6) and the definition (3)
for Wigner operator, we derive the equation of motion
for Wigner function accurate at O(h?) as

{%At +po + )\Ui(%Ai +pi>
—a(%Aﬁ-pi) (%Aﬁ-pz‘)]W:Oa (7)

where A, = 0, — F,,0; (here, Ay = A;) with
F., = 0,A, — 0,A, the field strength, 95 = 9/0p,,
and repeated indices are summed. In deriving this
equation, we have made an expansion in & with the
power counting rule: p* ~ O(1), A, ~ O(1), and
y* ~ ihdly ~ O(h), and have used the following equa-
tions which are accurate up to O(h):

Y- LY P Y-
] = (= )
+O(1?),
_yD 1 _up iy”
e | = = 57 (Du = B

b
+ 0, F) + OR).

To reveal the physical content in Eq. (7), we ex-
pand the Wigner function in su(2) algebra, W =
%(Vo + Ao;V;). Note that the Wigner function is Her-
mitian so that the coefficients Vy and V; are real. The
physical meanings of Vy and V; become clear if we ex-
press them as Vo(x,p) = TrW(z,p) and V(z,p) =
ATr [oW (x,p)]. After integration over momentum,
Volw) = [ &2 Vo(ep) = (1 (2)d(2)) (in principle,
the momentum-space measure should be d*p/(27h)?,
but the A here does not influence any of our discus-
sions, so we omit it) and V(z) = AT (2)ov(z)).
Thus Vy(x, p) is considered as the phase-space particle
number distribution and V(z,p) can be considered as
(part of) the particle current (see below) or spin dis-
tribution in phase space. These coefficients satisfy the
following four equations which can be easily extracted
from Eq. (7):

2 h2 2 % i h ijk k
(po—ap +a—A )V —pVo — AZ€"A VT =0,
4 2

(8)
5 (AV' = 2ap; AV + AiVy) + Ae'TFp VF = 0,
(9)
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K2 .
(pg —ap?® + aZA2)V0 +p V' =0, (10)
(A; — 2ap; A)Vo + AV = 0. (11)

We now solve Egs. (8)—(11) order by order in A.
At zeroth order (namely, the classical level), combin-
ing Egs. (8)—(10), one can easily find

V¥ = 4o f ) (z, p)5 (5,

VI = 4mpi f O (2,p)0(5%),
where we have introduced the shorthand notation
p* = (p°,p) with p° = po = po — ap®, p' = —p; = p’,
and p?> = p2 — p>. The function £ represents the
classical distribution function in phase space.[*2:43]
Substituting Véo) and Vi(o) into Eq. (11), we obtain
the classical (collisionless) kinetic equation for f(©):

5(5%)[(po — ap®)(A¢ +2ap-A) +p-Alf O = 0. (14)

To proceed to O(h) order, it is convenient to
rewrite Egs. (8)—(11) at O(h) order in a formally co-
variant form:

(12)
(13)

PuVy — BV + Agewgﬁpw =0,  (15)
V=0, (16)
A-Vv=o, (17)
where the four-vectors are defined by A, = (A; —

2apjA;,A;) and V= (V, V'), and the four-
dimensional Levi—Civita symbol is normalized to
Vil = _oy = ik
with metric 7, e.g., p- V = n,p*V" =poVo — D - V.
This set of equations is in the same form as their coun-
terparts in relativistic CK'T and thus can be solved in
the same way as stressed in Refs.[27,29,31]. Multi-
plying Eq. (15) by an arbitrary vector n* satisfying
1 and n-p # 0 and combining it with the
zeroth order results given by Egs. (12) and (13) and
the constraint (16), we finally obtain

. The contraction is performed

" _
nn, =

Vi = 478 (5?) [;5” - /\%G‘“’;ﬁy + AhZWAV} f
p
+O0(h?),

where X, = €,,,00"1n7 /(2P - n) is called the spin ten-

(18)

sor in a frame specified by vector n#, f = (O 4 f()
is the distribution function up to order O(h), and
G = (1/2)eP? G,y is the dual tensor of G, which
is defined by G, = —Auﬁy and related to the field
strength tensor via Go; = =Gy = Fo; — 2ap; Fy; =
Ei +20&€ijkijk and Gij = Fij = —GijkBk with E,B
the electric and magnetic fields. Substituting Eq. (18)
into Eq. (17), we obtain the O(h)-order kinetic equa-
tion for f:
37~ AnasG*?) [ &+ M( 2GR,

+ AHE“”A,,)} f({t,z,po,p) = 0. (19)

To derive this equation, we have used the follow-
ing relations: §'(z) = —dé(z)/z, §"(x) = —26'(z) /=,
A,G" =0, and G*G 55,57 = G*PGpp?® /4, which
can be proven using the Schouten identity el#r7pr =
0 with [---] meaning the anti-symmetrization opera-
The form of Eq.(19) shows clearly similarity
with its relativistic counterpart in, e.g., Ref. [31].

To see the physical content in Eq. (19) more clearly,
it is instructive to choose n* = (1,0,0,0) (the lab-
The Dirac ¢ function in Eq.(19)
gives the on-shell condition (dispersion relation) for
the fermions in which the term —AAY - G expresses a
quantum correction due to the coupling between the

tion.
oratory frame).

magnetic moment and magnetic field:

po =¢&p = £[p|(1 F hs2 - B) + ap®,  (20)
where the upper (lower) sign corresponds to conduc-
tion (valance) band of Hamiltonian (2). In the fol-
lowing, we focus on the upper sign. The magnetic
moment is determined by a Berry curvature

P
= \— 21
2P @)

2
of Berry monopole residing at p = 0 with charge A
(chirality): V, - £2) = 27A6®)(p). Our semi-classical
scheme is meaningful only when the quantum correc-
tion does not break the band gap |pl|; this requires
1|82y - B| < 1 leading to |p| > +/h|B| (the adiabatic
condition) at which our kinetic description applies. In-
tegrating Eq. (19) over pg from 0 to oo, we pick up the
contribution of conduction fermions and, after a te-
dious calculation, find

{\/éat + v, + h(v, - 23)B + hE x £2,] -V,

+[E+ v, x B+HE-B)2] -V, }f(t,2,p) =0,
(22)

where f(t,x,p) = f(t,z,p0 = €p,D), VG =1+
h{2\ - B is the quantum corrected measure of phase
space (see below), v, = V,¢, is the single-particle
velocity, and E = E - Vaep is a modified elec-
tric field. To derive this equation, we have ne-
glected all the O(h?) terms and used the relations
(note that J, and 8;; on the left-hand and right-
hand sides act on different arguments): 0, f(¢,,p) =
{(0+ (0ep) ) f (£, ®, D0, ) }|po=e, and O, f(t, 2, p) =
{10+ (Diep) 0] f (£, 2, p0, P) }|po=c,- The kinetic equa-
tion for valance fermions can be similarly obtained and
the result is in the same form of Eq. (22) but with ¢,
understood as being given by the lower sign in Eq. (20)
and A replaced by —A in all the other terms.
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By comparing Eq.(22) with the standard form
(Or+a-Vy+p-Vp)f =0 of Boltzmann equation, we
extract the single-particle equations of motion:

VGi =v, + h(vy - 2B+ hE x 25, (23)
VGp =E + v, x B+ h(E-B)$2,. (24)

Similar set of equations of motion has been derived
repeatedly in literature in different contexts (though
some of them are not complete at i order) for, e.g.,
band electrons in solids,[**~47) trapped cold atoms,!*!
neutrinos in supernovae,[*?! quarks in quark-gluon
plasma, 26:36:50] and photons.[38:51-53] A direct calcu-
lation leads to

OVG+V, - (VGi&) +V, - (VGp)

=21\ (p)E - B, (25)

where we have used the Maxwell equations V,-B =0
and ;B = —V, x E and have omitted O(h?) terms.
This identifies VG as the invariant phase-space mea-
sure except for a singularity at p = 0 at which a Berry
monopole resides. This Berry monopole contributes
anomalous velocity which could lead to, for example,
CME or anomalous Hall effect, and anomalous force,
which could lead to chiral anomaly as we show now.
The U(1) Noether current j* = (5°, %) associated
with Hamiltonian (2) is easily expressed by V*,
d*p

@) = @) = [ 55

9 ; i) : 7 50
§'(@) =M@ (2)o"(@)) — ihale¥(2)(Di — D{)())
d*p - i1 0

= /W[w(%m + 2apV7(z, p)]-
Substituting Eq.(18) and after a lengthy but
straightforward calculation, we obtain (Here, we only
present the contributions from conduction fermions.
If the contributions of the valance fermions are taken

Vo(z,p), (26)

(27)

into account, additional terms should be added to ;°
and j* with the same forms as the following equations
but with a minus sign for the magnetization current.)

3
@) = [ GEsVart.ep).

(28)

@) = [ s VGl — Hpls2s x V.1t p). (29

Note that the second term in Eq.(29) can be writ-
ten as V, x M with the magnetization M =
h [ VG|p|£2\fd®p/(27)? and thus represents a mag-
netization current. Now, using Egs. (22) and (25),
one can find that the U(1) current is not conserved

at O(h):

h
Ouj" = \ISE-Bfta,p=0).  (30)
472

If the Fermi surface encloses the point p = 0 so
that f(p =0) =1 at T = 0, the above relation recov-
ers exactly the chiral anomaly relation. Therefore, in
the kinetic framework, the chiral anomaly is sourced
by the Berry monopole at the Weyl node. Further-
more, although the presence of ap? terms in Hamilto-
nian (2) modifies the single-particle dispersion relation
and thus the kinetic equation, it does not change the
form of chiral anomaly relation as long as the Fermi
surface encloses the Berry monopole.

Before closing this section, we comment on the
Wigner-function method in comparison with the
methods in Refs. [44-48] based on the wave-packet
dynamics of band electrons. Unlike the wave-packet
method which can be considered as a bottom-up treat-
ment starting from the single-particle quantum me-
chanics of the band electrons, the starting point of
the Wigner-function method is the underlying quan-
tum field theory. It allows a top-down treatment of
the quantum dynamics in a manner of an expansion in
h. The kinetic equation and the corresponding single-
particle equations of motion can be systematically ob-
tained to an arbitrary order in 4 expansion. Moreover,
the Wigner-function method can be easily extended to
the study of bosons.

Semi-Classical FEquations of Motion and Chiral
Anomaly. The above discussions focus on Hamilto-
nian (2), we now consider the more general Hamilto-
nian (1). We first derive the semi-classical equations of
motion of single particle for Hamiltonian (1). This can
be achieved by multiple methods. Here, we use the fol-
lowing well established result:!®4 Suppose H(zx,k) =
Ho(z, k)+hH,(z, k)+O(h*) with (z, k) the canonical
pairs of mechanical variables. For each isolated eigen-
value ho(x, k) of Hy(x, k), there is an associated clas-
sical system with an A-dependent Hamilton function
h(z,k) = ho(z, k) + hhi(x, k) + O(h?) and a modified
symplectic form G(z, k) = Go + hf2(x, k) + O(h?) (2
is a generalized Berry curvature), where

hi = tr(Hymo) — %tr(wo{ﬂo,Ho —ho}),  (31)

Qaﬁ = —itr(’ﬁo[azaﬂmazaﬂ'o]). (32)

Here, the trace is over inner space (for our case,
the spin) and x and k are collectively denoted by
z* (a« = 1,...,6); mp is spectral projection to the
eigenenergy hg, i.e., Homg = homy and 7r(2) = .
The zeroth order symplectic form is given by Gy =
ioy @ 13. The Poisson bracket is defined by {A, B} =
Zf’:l(akiAaliB — 04 ADy: B). The commutator is de-
fined by [A,B] = AB — BA. If the Hamiltonian
depends on time explicitly, H = H(t,x, k), we just
add the canonical pair (¢, F) and apply the previ-
ous procedure to a new Hamiltonian H(t,x, E, k) =
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E + H(t,x, k). Tts spectral projections (¢, x, k) are
independent of E and the classical Hamilton function
is h(t,x, E,k) = E +ho(t,z, k) + hhi(t,z, k) + O(h?)
with symplectic form G = Gy + hf2(t,z, p), where h
and {2 are computed from the instantaneous Hamilton
function H (t,x, p) as before. Note that with symplec-
tic form GG the semi-classical equations of motion are

oh
B
Gagz aza,

and the invariant phase-space measure is changed to

\/é = \/det (Gaﬂ) =1+ g(ﬂykl — .QkLzl) + O(hQ)
(34)

For Hamiltonian (1), H; =0, and p = k — A(t, x)
will be the kinetic momentum if external electromag-

(33)

netic field is applied. The eigenenergy and the corre-
sponding projection are

hO = :|:|K(t,$,k)| + KO(ta"B7k) + AO(t7$)7 (35)

1

w0:§(1ik-a), (36)

where K = K /|K|. Substituting them into Egs. (31)
and (32), we find

10K 0K
M=gow X o T (37)
10K 0K .

Taking « and p (the kinetic momentum) as inde-
pendent variables is more convenient. In this case, the
equations of motion (33) become very simple and take
the same form as Egs. (23) and (24),

VGi =v, + h(v,- 2)B+HhE x £2,  (39)
VGp =E +v, x B+ h(E - B)$2, (40)

where E = E + V,¢, with ¢, = +|K(p)| + Ko(p) +
hi(x,p), vy = Vpep, and 2° = €972, . With
these equations of motion, the collisionless kinetic
equation can be written as (0;+& -V, +p-V,)f =0

whose explicit form is same as Eq. (22):
{\/Eat + v, + (v, - 2)B + hE x £2] -V,

+[E+v, x B+h(E-B)£2]- Vp}f(t,w,p) =0.
(41)

Let us seek for an action in the form S =
[dtlUi(t,z,p)it + Wi(t,z,p)p' — &(t,x,p)] for
Egs. (39) and (40). Using the least action principle,
we determine U?, W', and & as U' = p' + Ai(t,x),
Wi = —ha'(p), and £ = ¢, + Ao(t, x):

5= [ dtlp+ Att.2) - halp) -p -2, - Ao(t.2),
(42)

where a(p) is determined by the condition V, xa = £2
so that a is the Berry connection. Using S we obtain
the number density and current as

3 3
70) == [ VG fr.2.p). (49

Thus we can straightforwardly calculate the diver-
gence of j* (omitting O(h?) terms):

d3p
'}L: . <o °
9,j" = hE B/(27T)3vp Q(p)f(t,x,p). (44)
Here, we have used

oINVG 4V, - (VGz)+V, - (VGp)

~hV,- 2p)E - B, (5)

which is a direct consequence of Eqgs. (39) and (40)
(in terms of the generalized Berry curvature {2,g,
it can be expressed by aé—t@ + % + %ﬁﬁl =
@pizit + @pjzjmiapic‘?p + @ijjpiami€p, where @ag,y =
0a 28+ 0502yo 408234 is the Berry monopole charge
function which is the exterior derivative of Berry
curvaturel*!l). The quantity V, - £2 vanishes except
for points where §2 is singular. In fact, substituting
the expression for §2, we have

IK®
Vv, 2(p) :det( o )VK«QK
DK .
_ 3)
+ 27 det( . )5 (K),  (46)

where the repeated indices all summed over 1-3 and
2y = K /(2K?) is the Berry curvature in K-space.
To derive this relation, we have used the Schouten
identity €7% K" K4 K905 = 0 with K% = 9K /dp/.
The determinant on the right-hand side of Eq. (46)
represents the Berry monopole charge in K-space and
is mathematically a Jacobian for the map from p-space
to K-space which makes the integral of V,, - £2 have
clear topological meaning:

1

o0 d3pvp 2(p) ==+ Z Np+ (47)
o

2w

where p* is the points in p-space where K(p*) = 0
(i.e., the location of Berry monopole in p-space) and
Np- is the winding number of map p - K = K(p)
around p*. Collecting the above results, we obtain the
following relation expressing the chiral anomaly:

. h .
Ouj' =1 5 E- B;Np*f(t,m,p ) (48)

This extends Eq.(30) to a more general case de-
scribed by Hamiltonian (1). It shows that the term
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Ky in Hamiltonian (1) does not change the form of
the anomaly relation and contributes to the chiral
anomaly only through the distribution function f. We
emphasize that the relation (48) can also be under-
stood through the index theorem.!%?!

To end this section, we give the expressions for
CME of fermions of type (1) for an equilibrium distri-
bution function which depends only on the energy ¢,

f = f(gp)a

JoME = :F%B Z Np+F(ep+), (49)
o

where F(e,) satisfies F'(e,) = f(ep) and the bound-

ary condition F'(e,) — 0 for p — oo.

Summary and Outlook. We have thoroughly exam-
ined chiral anomaly for fermions described by Hamil-
tonians (1) and (2) via the kinetic approach. For
Hamiltonian (2), we use the Wigner function method
and derive the corresponding chiral kinetic equation
up to O(h) order. Compared to the relativistic case,
the only change is the on-shell condition which con-
strains also the single-particle equations of motion and
the distribution function. The chiral anomaly is seen
to be sourced by the Berry monopole at p = 0 and is
formally unchanged in comparison to the relativistic
case. We then extend the analysis to the more general
Hamiltonian (1) by directly applying the semi-classical
expansion to it. This amounts to map the O(%) order
behavior of the quantum dynamics of a spinful par-
ticle to the classical dynamics of a spinless particle
equipped with a modified A-dependent Hamilton func-
tion and symplectic form. The Berry monopole charge
is given by the winding number of the map from p-
space to K-space around each Berry monopole. Due
to this, the chiral anomaly relation is correspondingly
changed [see Eq. (48)].

From the above analysis, the source of chiral
anomaly from the viewpoint of kinetic theory is clearly
displayed, showing that the chiral anomaly has an in-
frared origin stemming from the singularities in phase
space (the Berry monopole). This could be helpful
for understanding the related topological transport
phenomena in non-relativistic systems. It would also
be interesting to make a field-theoretical analysis for
Hamiltonians (1) and (2) to reveal the connection of
chiral anomaly with ultraviolet divergence in field the-
ory. Such an analysis has been performed for Hamil-
tonian (1) without Ky term!®?!
for the case with K in a future work.
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