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Edge states play a major role in the electron dynamics of topological insulators as they are the
only conducting part in such materials. In this work, we consider the Haldane model for a 2D
topological insulator, subjected to an intense laser field. We compare the numerically simulated
high-harmonic generation (HHG) in the bulk of the Haldane model to HHG in corresponding finite
flakes with edge states present, and explain the differences. In particular, peaks for energies below
the bulk band gap appear in the spectra for the finite flakes. The positions of these peaks show a
strong dependence on the size of the flakes, which can be explained using the dispersion relation for
the edge states.

I. INTRODUCTION

In recent years, high-order harmonic generation
(HHG) in condensed matter attracted more and more
interest in the ultrafast, strong field physics community.
The seminal paper reporting the observation of HHG
in a bulk crystal appeared in 2011 [1]. The process of
HHG can be used to image the static properties [2–4]
and dynamical processes [5–8] inside condensed matter
and opens paths towards new light sources [9–11]. For
the generation of high harmonics, the target is illumi-
nated by an intense laser pulse. In a solid, the laser ex-
cites electrons from the valence into the conduction band.
The hole in the valence band and the electron in the con-
duction band propagate and eventually recombine upon
the emission of a photon (interband harmonics). This
simple three-step model for high-order harmonic genera-
tion in solids [12] is similar to the one in the gas phase
[13, 14]. It was shown though [15] that the collision of
the electron with the hole can be imperfect and still gen-
erate harmonic radiation. Light can also be emitted by
the movement of the electron and hole in bands, so called
intraband harmonics, and by the time-dependent popu-
lations and transitions [16]. The theory of HHG in solids
is summarized in the tutorial [17]. The review [18] also
focuses on the experimental progress in this field.

Often, HHG is discussed in terms of the bulk properties
of the system. However, the edges may have a significant
influence on the emission of light as well [19–24]. In par-
ticular, topological insulators might be of interest, which
are insulating in their interior (i.e., their bulk) but al-
low for current flow along the edges (in 2D materials) or
surfaces (in 3D). These edge currents are topologically
protected against various kinds of perturbations [25].

The paradigmatic example for a topological insulator
in 2D is the Haldane model [26], which is formulated
in tight-binding approximation and was originally intro-
duced as a toy model for a topological insulator without
external magnetic field. Later it turned out that the hop-
pings Haldane introduced in his model are similarly re-
alized in real materials through spin-orbit coupling [27].
Moreover, the Haldane model can be experimentally re-
alized using cold atoms [28] or photonic platforms [29].

In the following, we refer to this hypothetical material
obeying the Haldane model as Haldanite. Haldanite has
a honeycomb structure like graphene. Finite honeycomb
lattices may have zigzag or armchair edges both allowing
for edge states [30, 31]. In this work, we investigate a
finite flake with the shape of a hexagon, as shown in Fig.
1. All edges of that flake are of zigzag type.

In order to transform topologically trivial graphene
into topologically non-trivial Haldanite, an alternating
on-site potential is added to break the sublattice symme-
try and to open a band gap. The model is now describ-
ing materials like hexagonal boron nitride, which have
a honeycomb structure too but consist of two different
elements. Yet, in order to render the system topologi-
cal, a complex hopping between next-nearest neighbors
is introduced that breaks time-reversal symmetry.

Harmonic generation in Haldanite has been studied for
the bulk [32, 33] and finite ribbons [24, 34]. Further stud-
ies were devoted to HHG in three-dimensional topological
insulators. In an experiment on HHG in Bi2Te3, harmon-
ics attributed to topological surface states were found to
depend on the carrier envelope phase, leading to non-
integer harmonics [23]. In Bi2Se3 [35, 36] and BiSbTeSe2
[22], the dependence of the surface and bulk harmonic
spectra on the polarization and orientation of the laser
pulse was investigated. In our current work, the focus
lies on finite Haldanite flakes and a comparison of the
HHG spectra with those from the bulk. Edge states ex-
ist in the finite flakes considered. Energetically, the edge
states lie in the band gap between the valence and the
conduction band of the bulk and are expected to strongly
modify HHG as compared to HHG from the bulk alone.

The manuscript is structured as follows: in Sec. II,
the methods to describe the system theoretically are pre-
sented. The results for the static system are discussed
in Sec. III before the emission spectra are analyzed in
Sec. IV. First, the spectra for the finite flakes are com-
pared to the spectrum for the bulk in Sec. IV A. Second,
the dependence of the spectra on the flake size is inves-
tigated in Sec. IV B, and third, the main features in the
spectra are analyzed in Sec. IV C by filtering them out
and investigating the corresponding currents that lead
to these features. The main result on the currents along
the edges that lead to the observed spectral features for
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FIG. 1. Sketch of a finite Haldanite flake of size N = 4 (num-
ber of hexagons on each edge). There are two sublattice sites:
A (open circles) and B (filled circles). The hopping between
nearest neighbors (amplitude t1 ∈ R) is indicated by solid
lines connecting the sites, the distance between two sites be-
ing a. The next-nearest neighbor hopping is only highlighted
for one example hexagon by the dotted arrows. The hopping
amplitude along the arrows is it2 and −it2 in the opposite di-
rection (t2 ∈ R). The polarization direction of the laser field
is indicated by the double-headed arrow. The edge of the
flake is marked by the red line. Its length, the circumference,
is denoted s(N) in the text.

different system sizes is discussed in Sec. V before the
paper is summarized in Sec. VI. Atomic units (a.u.;
~ = |e| = me = 4πε0 = 1) are used throughout this
paper unless stated otherwise.

II. METHODS

The theoretical description of the system is similar to
our previous works [24, 34, 37]. In particular, the method
to calculate high-harmonic spectra is the same.

A. Finite system without external field

Figure 1 shows the type of hexagonal Haldanite flakes
considered. This kind of flakes has only zigzag edges.
Each edge of the flake is formed by N small hexagons,
e.g., N = 4 in the example in Fig. 1. The circumference
of the flake is given by

s(N) = 6a (2N − 1) . (1)

The hopping parameters between nearest and next-
nearest neighbors are t1 and ±it2, respectively. In addi-
tion, an alternating on-site potential M (−M) is assigned
to sublattice site A (B).

The Hamiltonian reads

Ĥ0 = M

(∑
i∈A
|i〉 〈i| −

∑
i∈B
|i〉 〈i|

)
+ t1

∑
〈i,j〉

(|i〉 〈j|+ |j〉 〈i|)

+
∑
〈〈i,j〉〉

(
tij2 |i〉 〈j|+

(
tij2

)∗
|j〉 〈i|

)
. (2)

The sum over i ∈ A (i ∈ B) in the first term includes
all sites on sub-lattice A (B). As usual, 〈i, j〉 indicates
nearest-neighbor pairs and 〈〈i, j〉〉 next-nearest neighbor
pairs. For the next-nearest neighbors the hopping ampli-
tude depends on the direction. The element tij2 indicates
the hopping from site j towards site i (complex conjugate
in the opposite direction) and is given by

tij2 =

{
it2 for hopping along the arrows

−it2 for hopping against the arrows
(3)

where the arrows are indicated in Fig. 1.
The time-independent Schrödinger-equation

Ĥ0 |ψi〉 = Ei |ψi〉 (4)

is solved numerically. The eigenenergies Ei of the re-
spective eigenstates |ψi〉 are sorted in an ascending order,
E0 ≤ E1 ≤ E2 ≤ . . . .

B. Coupling to an external field

The matrix elements of the corresponding time-
dependent Hamiltonian in velocity gauge are given by
[38]

〈i| Ĥ(t) |j〉 = 〈i| Ĥ0 |j〉 e−i(ri−rj)·A(t), (5)

where ri (rj) are the coordinates of the sites i, j in po-
sition space, and A(t) is the vector potential (in dipole
approximation).

States |ψi〉 with an energy smaller than the Fermi en-
ergy zero (Ei < 0) are initially occupied. The time-
evolution of a state |Ψi(t)〉 follows the time-dependent
Schrödinger equation

i∂t |Ψi(t)〉 = Ĥ(t) |Ψi(t)〉 , (6)

which is solved with a fifth-order Dormand-Prince
method with adaptive step size control [39]. The ini-
tial states are the eigenstates of the unperturbed system,
|Ψi(t = 0)〉 = |ψi〉.

C. Calculation of HHG spectra

To obtain the emitted harmonic spectrum, the deriva-
tive of the electric current is used. The operator to cal-
culate the current between two sites i and j is given by

ĵi,j(t) = −i (ri − rj)

×
(
|i〉 〈i| Ĥ(t) |j〉 〈j| − |j〉 〈j| Ĥ(t) |i〉 〈i|

)
. (7)
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The contribution of one electron to the total current op-
erator is [40]

ĵ(t) = −i
∑
i,j

ĵi,j(t)

= −i
∑
i,j

(ri − rj) |i〉 〈i| Ĥ(t) |j〉 〈j| . (8)

For the total current, the currents jl(t) due to the elec-
trons in all occupied states |Ψl(t)〉 are summed up,

J(t) =
∑
l

jl(t) =
∑
l

〈Ψl(t)| ĵ(t) |Ψl(t)〉 . (9)

Fourier-transforming both components of the current,
parallel (‖, y-direction) and perpendicular (⊥, x-
direction) to the external field, leads to

P‖,⊥(ω) =
∣∣P‖,⊥(ω)

∣∣ eiϕ‖,⊥(ω) =

∫ +∞

−∞
J̇‖,⊥(t) e−iωtdt.

(10)

The intensity of the emitted light (yield) is proportional

to
∣∣P‖,⊥(ω)

∣∣2, and its helicity is encoded in the phase
difference

∆ϕ(ω) = ϕ‖(ω)− ϕ⊥(ω). (11)

Numerically, the Fourier-transformation is approximated
by a fast Fourier-transformation (FFT). A Hann window
is applied before computing the FFT.

D. Bulk system

The results for HHG in finite flakes are compared to the
corresponding simulation results for Haldanite bulk. How
HHG in Haldanite bulk can be calculated is explained in
detail in Ref. [41].

E. Parameters

A value of t2 = 0.03 is chosen for the next-nearest
neighbor hopping amplitude. The on-site potential is
set to M = 0.01. Further, the parameters of graphene
are used for the distance between nearest neighbors a =
2.68 a.u.' 1.42 Å and for the hopping amplitude be-
tween them t1 = −0.1 a.u.' −2.7 eV [42]. With these
values, used throughout the paper, the system is in the
topological phase [26].

The linearly polarized laser pulse with a sin2 envelope
is described by the vector potential in dipole approxima-
tion

A(t) = A0 sin2

(
ω0t

2n0

)
sin(ω0t) ey (12)

for times 0 ≤ t ≤ 2πn0/ω0 and zero otherwise. The
number of cycles is set to n0 = 10, the amplitude of
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FIG. 2. (a) Energies of a finite flake (N = 10) plotted
in ascending order. The edge states (ES) are highlighted in
red and without a shaded background. The states of the va-
lence band (VB) and conduction band (CB) are indicated by
a shaded background. The dotted, horizontal line indicates
the energy of the highest occupied state (E299). (b) Color-
coded Fourier-transform of the edge states. The slope of the
solid line is determined by the maxima for the highest occu-
pied (i = 299) and lowest unoccupied (i = 300) state. (c)
Probability density of the highest occupied state (E299). The
radii of the circles centered at the lattice sites are proportional
to the probability density. The localization very close to the
edge sites is clearly visible.

the field is A0 = 0.05 (corresponding to an intensity of
' 5 × 109 Wcm−2), and the angular frequency is ω0 =
7.5 · 10−3 (wavelength of λ0 = 6.1 µm).

III. UNPERTURBED HEXAGONAL FLAKES

The energies Ei of the respective eigenstates |ψi〉 of the
unperturbed, finite system (N = 10) are plotted against
the index i in Fig. 2a. The highest occupied state has
an energy E299 = −0.00621. The electron density of this
state is mainly located along the edge of the flake, as
shown in Fig. 2c. There are several such edge states. We
call a state an edge state if at least 90% of the probability
density is located at the edge of the flake. In Fig. 2a, the
edge states (ES) are indicated in red.

To transform the edge states from position space to
momentum space, we Fourier-transform the part of the
state that is localized along the edge. The edge is indi-
cated by a red line in Fig. 1. Each of the transformed
states are plotted color-coded in red shades on a linear
scale at their energy against momentum k. The result for
N = 10 is depicted in Fig. 2b. The maxima of the abso-
lute value of the Fourier-transformed edge states follow
an almost linear dispersion relation in momentum space.
The slope of the dispersion relation determines the group
velocity vg. To approximate the slope only the two edge
states around E = 0 are used, i.e., the highest occupied
state |ψHO〉 (for N = 10 this is |ψ299〉) and the lowest
unoccupied state |ψLU〉 (for N = 10 this is |ψ300〉). The
group velocity is

vg =
∂E

∂k
≈ ELU − EHO

kLU − kHO
=:

∆Eedge

∆kedge
. (13)
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FIG. 3. Group velocity vg calculated with (13) as a function
of the flake size N .

Here, kHO (kLU) is the k-value where the absolute value
of the Fourier-transformed state |ψHO〉 (|ψLU〉) has its
maximum.

The group velocity vg defined in this way is calculated
for flakes of sizes N = 1, 2, 3, ..., 20 and plotted in Fig.
3. For very small flakes the interpretation as a group
velocity does not make much sense. Nevertheless, we can
formally evaluate (13) and obtain for vg(N = 1) = 0.3312
(not shown in Fig. 3). The group velocities for N = 2
and N = 3 are still far off from the values for larger flakes.
The resolution in k-space increases with increasing flake
size. The further increase of vg for N = 4, 5, ..., 20 is
smaller. For the largest considered flake we find vg(N =
20) = 0.6107.

IV. EMISSION SPECTRA

A. Comparison between finite flakes and the bulk
system

In Fig. 4, the emitted spectra for the finite system
(N = 7) and the bulk (with a sampling of 50× 50 points
in the first Brillouin zone) are shown. Figure 4a shows
the spectra parallel (y-direction) and Fig. 4b the spectra
perpendicular (x-direction) to the polarization direction
of the external field. For energies above the band gap,
the spectra for the finite flake and the bulk are similar.

For energies below the band gap, the bulk system
shows peaks only at integer harmonic orders up to har-
monic 5. However, the yield of even harmonics is more
enhanced in the perpendicular direction compared to
their yield in parallel direction. This originates from the
broken symmetry of the flake in x-direction (compare
sublattice sites on the left and right edge of the flake in
Fig. 1). For the finite system, more peaks are observed
in that energy region. Due to the presence of edge states
in the finite system and the absence of those in the bulk,
we expect that at least some of these peaks are related
to edge states. Furthermore, the harmonic yield at small
energies is for almost every energy smaller in the bulk
than in the finite flake (relative to the above band-gap
harmonics). This indicates a contribution from the edges
of finite flakes to small order harmonics.

10 24

10 17

10 10

10 3

Yi
el

d 
(

)

(a)

finite (N = 7) bulk (50 × 50)

0 10 20 30 40 50 60 70 80 90 100
Harmonic Order

10 24

10 17

10 10

10 3

Yi
el

d 
(

)

(b)

finite (N = 7) bulk (50 × 50)

FIG. 4. Comparison between the spectra for the finite
(N = 7) and the bulk (50 × 50 points in k-space) system
in (a) parallel and (b) perpendicular polarization direction to
the external laser field. The shaded areas indicate energies
below the band gap of the bulk system. The spectrum of the
bulk is shifted in yield such that the fundamental harmonic
in parallel direction to the external field has a yield equal to
1. The spectrum of the finite flake is shifted in yield such
that the plateaus (non-shaded area) from both systems have
a comparable yield in parallel polarization direction.

The intraband harmonics for a fully occupied band
usually interfere destructively. This leads to a suppressed
harmonic yield for energies below the band gap [19]. This
phenomenon can be observed for the bulk as the harmon-
ics below the band gap are suppressed compared to the
harmonics above the band gap. For harmonics above the
band gap, the interband harmonics start to contribute
significantly to the overall spectrum. With edge states
present within the band gap, the gap between occupied
and unoccupied states effectively decreases. The edge
states act as an additional band within the band gap, al-
lowing for emission at photon energies that are not possi-
ble for bulk. It was already shown in previous works that
edge states can enhance the harmonic yield for energies
below the band gap [19–21]. A similar effect was found
for states within the band gap due to impurities [43, 44].

B. Dependence on the flake size

In Fig. 5, the spectra for different flake-sizes (1 ≤ N ≤
10) are plotted. For energies larger than the band gap,
the spectra are almost the same for flakes N ≥ 6. For
the harmonics in the sub-band gap regime of the bulk
(gray shaded area) the spectra depend on the size of the
flakes. In particular, there are two peaks, indicated by a
red bullet and a blue cross that can be clearly observed
in most of the spectra. These peaks shift towards smaller
harmonic orders as the size of the flakes increases. A peak
shift related to the carrier envelope phase was observed
in Ref. [23]. However, the peaks and their shifts that we
observe in this work originate from a different effect, as
will be discussed in the following.
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FIG. 5. Harmonic spectra in parallel polarization direction
for different flake sizes N . The red bullets (blue crosses) indi-
cate the first (second) peak that shifts continuously to smaller
harmonic orders as the flake size increases. For N = [2, 3, 4]
the second peak could not be unambiguously identified. The
spectra are multiplied by a factor of 1012(N−1) for better vis-
ibility. The dotted, vertical line indicates harmonic order
three.

Let us denote the position of the first peak (red bullet)
by ω1(N), the second one (blue cross) by ω2(N). Fur-
ther, the dotted, vertical line indicates harmonic order
three in order to see that this common harmonic peak is
independent on the flake size N .

C. Filtered current

For this consideration we use a flake of size N = 7,
Fig. 6a. Each edge of the flake (between two corners)
is divided into segments consisting of three lattice sites
each. This is indicated in Fig. 6b. The total current
between the sites within one segment is calculated using
(7). The corners of the flake are left out because the used
segments cannot be placed around those in a consistent
way.

To investigate the origin of the peaks, we apply a fre-
quency filter of the form

fm(ω) = e−(ω−ωm)2/(2σ2) (14)

to the Fourier-transformed currents of each segment. We
chose σ = 0.001.

By dividing the edge into segments, a spatial resolution
of the current is achieved. Note, however, that an elec-
tron may follow different pathways within one segment.
It can either go directly from one edge site of a segment
to the opposite edge site by next-nearest neighbor hop-
ping (hopping distance

√
3a) or sequentially by nearest-

neighbor hopping (total hopping distance 2a). The latter

(e) t10 t11 t12 t13
(f) t20 t21 t22 t23

FIG. 6. (a) Hexagonal flake (N = 7) with indicated corners
(blue numbers). (b) Zoom into one edge (between two cor-
ners) with indication of segments containing three sites each.
(c and d) Frequency-filtered current, spatially and temporally
resolved, for (c) ω1 = 2.4 ω0, and (d) ω2 = 11.3 ω0. The white
vertical lines in (c) and (d) indicate the positions of the cor-
ners of the flake. The diagonal black line segments correspond
to a velocity v = 0.5976, i.e., the group velocity determined
by the band structure for N = 7. These line segments are
plotted for each edge between two corners separately. The
horizontal lines in (c) and (d) depict different times, til (with
i = 1 for the first peak, i = 2 for the second one, l = 0, 1, 2, 3)
which are sorted in an ascending order ti0 < ti1 < ti2 < ti3. (e
and f) Direction of the spatially integrated current (frequency
filtered) over the whole edge of the flake depicted as arrow for
the first i = 1 (e) and second i = 2 (f) peak and for different
times til.

option has as a larger hopping amplitude so that we use it
for the following analysis. It was also used to calculated
the approximate dispersion relation for the edge states
shown in Fig. 1. Ignoring the corners, the position of
segment n is given by

xedge(n) = 2an. (15)

Figures 6c,d show the results for the filtered current,
resolved in time and space. The vertical white lines in-
dicate the position of the corners. The numbers of the
corners are indicated at the top of the panels. Their re-
spective positions on the flake are indicated in Fig. 6a.
The current is positive if it points in an anti-clockwise
direction along the edge of the flake and it is negative
if it points in the opposite direction. Because the cur-
rent around the corners are not captured, the current
appears discontinuous at those corner points. Figures
6e,f indicates the direction of the total current of the fil-
tered peak, summed up over the whole edge. The times
at which these are plotted, are indicated by the dotted,
horizontal lines in Figs. 6c,d.

Figure 6c shows the filtered current for ω1 = 2.4 ω0

(first peak) and in Fig. 6d for ω2 = 11.3 ω0. The diago-
nal black lines indicate the positions of particles moving
with a velocity of v = 0.5976. This velocity is the previ-
ously determined group velocity vg, calculated from the
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slope of the edge-state dispersion relation. The black line
segments are only plotted between two corners because
of the discontinuities at the corners.

For the first peak (Fig. 6c) the current has one local
maximum and one local minimum along the edge of the
chain at all times. The local maximum and minimum are
located on the opposite side of the flake for all times. The
sign of the current indicates whether the current points in
clockwise (negative sign) or anti-clockwise (positive sign)
direction along the edge. Hence, the total current is not
zero, as shown by the arrow in Fig. 6e. Over time, the
total current for this peak rotates in an anti-clockwise
direction. The velocity of this rotation is determined by
the group velocity vg, which is indicated by the diagonal
black lines in Fig. 6c. The change of the total current
over times causes the emission of photons.

The current filtered around the second peak (Fig. 6d)
shows a five-times higher symmetry. There are five lo-
cal maxima and minima each. Again, these local max-
ima and minima move along the edge of the flake with a
constant velocity close to vg (diagonal black lines). The
total current for this peak is again finite. Its direction
is shown for different times in Fig. 6f. The higher sym-
metry causes a faster rotation of the total current, and
hence photons with a higher energy are emitted.

Note that the rotation of the total current for both
peaks is opposite. For the first peak, the total (edge) cur-
rent rotates in anti-clockwise direction (Fig. 6e) and for
the second peak in clockwise direction (Fig. 6f). Com-
paring the helicities (eq. (11)) of the emitted light from
both peaks (for all flake sizes) shows that the first peak
always emits photons with an opposite helicity compared
to the second peak. The values are −π/2 for the first
peak and π/2 for the second.

V. CONNECTION BETWEEN SUB-BAND-GAP
HARMONIC SPECTRA AND EDGE-STATE

DISPERSION RELATION

It was shown in the previous section that the current
corresponding to the sub-band-gap peaks rotates with a
constant velocity that is very close to the group veloc-
ity determined by the edge-state dispersion relation. In
this section, we generalize this investigation and include
various flake sizes.

First, we focus on the ω1-peak at the smaller harmonic
order (indicated with red bullets in Fig. 5). The circum-
ference s(N) of the flakes depends linearly on N , see (1).
In Fig. 7, the red circles indicate the inverse of the peak
position 1/ω1 as a function of N , showing a linear de-
pendence. This behavior is expected because the group
velocity vg is almost constant for (sufficiently big) flake
sizes (see Fig. 3),

v =
s(N)

T1(N)
=
s(N)ωth

1 (N)

2π
= const., (16)

where T1 is the time the electrons need to encircle the

0 1 2 3 4 5 6 7 8 9 10
N

0

20

40

60

80

1/
i (

a.
u.

) i = 1

i = 2

FIG. 7. Data points for the inverse peak positions 1/ωi

for the first (i = 1) and second (i = 2) peak as a function
of the flake size N . The red solid line (i = 1) corresponds
to the theoretical angular frequency ωth

1 determined from the
group velocity of the edge states. The solid blue line (i = 2)
corresponds to five-times that group velocity.

flake and ωth
1 is the respective theoretical angular fre-

quency. With

1

ωth
1 (N)

=
s(N)

2π v
=

6a (2N − 1)

2π v
(17)

then follows the linear dependence between 1/ωth
1 (N)

and N , as seen from the simulations. As the edge-
state group velocity vg (13) determines the velocity of
the movement along the edges we replace v by vg and
obtain

1

ωth
1 (N)

=
s(N)

2π vg
=
s(N) ∆kedge
2π∆Eedge

. (18)

Due to the finite numerical resolution ∆k = 2π/s for
the edge states in k-space, ∆kedge = n∆k where n =
1, 2, 3, ..., and thus

1

ωth
1 (N)

=
s(N) ∆kedge
2π∆Eedge

=
n

∆Eedge
. (19)

If ∆kedge was captured, we always found ∆kedge = ∆k
(i.e., n = 1). Hence, the peak position should be similar
to the energy difference between the lowest unoccupied
and highest occupied edge state, which was confirmed by
our data (not shown).

The red line in Fig. 7 was calculated according to (17)
with the velocity v set to the group velocity of a large
flake vg(N = 20) = 0.6107, see Fig. 3. The data points
agree with the linear function predicted from our theory.
The deviation of the data points from the linear function
can be explained by the small differences of the numeri-
cally determined group velocity for different flake sizes.

As seen in the previous section, this indicates that
the peaks in the spectra (Fig. 5) marked by the
red dots originate from a movement of the current
along the edge. The group velocity vg is similar for
sufficiently large flake sizes. Hence, the time for the
current to move along the edge of the flake increases with
the flake size, and the corresponding frequency decreases.
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The blue crosses in Fig. 7 are the data points for the
second peak in the spectra at ω2(N). Similar to ω1(N), a
linear dependence between 1/ω2 and N can be observed
but with a smaller slope. It was shown in the previous
section that the edge-current corresponding to this peak
has a five-times higher symmetry. This leads to a five-
times faster oscillation and thus to a peak position ω2

at a frequency approximately five-times higher than ω1.
The factor between both peaks is not exactly five because
of discrete values in our model system (discrete energy
spectrum of the unperturbed system, discrete resolution
in frequency). The blue line (i = 2) is a plot of the linear
function

1

ωth
2 (N)

=
s(N)

2π 5 vg
=

6a (2N − 1)

2π 5 vg
. (20)

It agrees very well with the data points.
The observed effect is not restricted to this kind of

hexagonal flakes. We observed similar peaks for triangu-
lar flakes. However, the factor between both peaks in the
spectra was close to two instead of five in this case.

VI. SUMMARY

Harmonic spectra for Haldanite bulk and finite, hexag-
onal Haldanite flakes were compared. Differences occur

mainly for harmonic orders below the bulk band gap.
Two strong peaks in the spectra could be identified that
depend on the size of the flake. These peaks shift contin-
uously towards smaller harmonic orders as the flake size
increases. We could explain the positions of these peaks
by non-uniform currents along the edges. The spatial
and temporal change in the current causes the emission
of light whose frequency is determined by the dispersion
relation of the static system. The lower-energy peak cor-
responds to one round trip of the current’s maximum
and also to the energy difference between lowest unoccu-
pied and highest occupied edge state. The higher-energy
peak corresponds to a fifth of a round trip because the
envelope of the current has a five times higher symmetry,
which leads to a five times faster oscillation in the total,
spatially integrated current.
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