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Smith—Purcell radiation (SPR) is an important means of
generating terahertz waves, and the enhancement of SPR is
an attractive topic nowadays. Inspired by the phenomenon
of special SPR, where the enhancement is achieved by using
a high-duty-cycle grating, we describe a new, to the best of
our knowledge, but more effective approach to this challeng-
ing problem. By deriving a simple analytical solution for
the SPR from an annular electron beam passing through a
cylindrical metallic grating, we show that the inverse struc-
ture, a low-duty-cycle grating can exhibit rather high SPR
efficiencies in the presence of quasi-bound states in the con-
tinuum (quasi-BICs). The analytical prediction is supported
by particle-in-cell simulations, which show that the quasi-
BICs can enhance the superradiant SPR generated by a train
of electron bunches by orders of magnitude. These results
present an interesting mechanism for enhancing the SPR
from metallic gratings, and may find applications in tera-
hertz free-electron lasers. © 2022 Optica Publishing Group

https://doi.org/10.1364/0OL.455763

Terahertz wave generation is one of the most promising tech-
nologies in scientific research, and terahertz waves have a wide
range of applications in the fields of biomedicine, commu-
nication, materials science, and security inspection [1-3]. At
present, the main terahertz sources include pumped molecular
gas lasers, quantum cascade lasers, backward wave oscillators,
and gyrotrons, but there remain limitations within them [4-6].
The Smith—Purcell radiation (SPR) excited by electrons mov-
ing along a grating surface, which was first observed by Smith
and Purcell in 1953 [7], is a promising terahertz source [8—15].
In the past two decades, considerable effort has been made to
study superradiant SPR, which uses electron bunches to gener-
ate coherent radiation [16—20]. This mechanism is undoubtedly
attractive for generating terahertz waves, but the radiated power
is still low, owing to its spontaneous nature [8]. Improving
the radiation efficiency is necessary for its applications in
communications, physics, and biology.

Recently, it has been shown that, using dielectric gratings, the
upper limit for the amount of SPR that can be extracted from
free electrons can be approached by using the high-Q resonances
near bound states in the continuum (BICs), which are known as
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quasi-BICs [21-23]. A BIC can be considered as a resonance that
lies inside the continuum but remains perfectly trapped without
leakage [24,25]. Coupling of electrons with leaky quasi-BIC
resonances provides a great opportunity to strengthen the SPR,
but the application of dielectrics in high-power terahertz sources
is still limited by the surface charging problem in practice [26]. In
comparison, metal gratings have been approved to be applicable
in vacuum electronics [27], but the effect of quasi-BICs on
the SPR has not been revealed for such materials. Although
previous studies have shown that the intensity of the special SPR
(S-SPR) enabled by the presence of a high-duty-cycle metallic
grating can be an order of magnitude higher than that of ordinary
SPR (O-SPR) in specific directions [28,29], the efficiency of
metallic gratings still needs further improvement for practical
applications.

In this paper, we present the ability of quasi-BICs for the
metallic grating to enhance SPR. For the convenience of future
experiments, we focus on the coupling between a cylindrical
grating and an annular electron beam, which enables high cur-
rent densities without the space-charge effect of pencil beams
and the edge effect of sheet beams. Using the mode matching
theory, we demonstrate that the quasi-BICs can also be sup-
ported by cylindrical gratings. When the bunching frequency of
a bunched electron beam matches the frequency of a quasi-BIC,
the coherent SPR produced by the superradiant effect can be
substantially enhanced. This study offers an effective method
for developing terahertz sources.

Figure 1 shows the SPR produced by a cylindrical open metal-
lic grating. The grating periodicity is denoted by p, the pillar
width by b, the groove width by a, the inner radius by r, and
the external radius by r,. Consider a charged ring moving in the
z direction at r = r, with the velocity vy = S,c and the charge
quantity g, where c is the speed of light. The current density can
be expressed as J(r,z,t) = z2gvo(2nr)'6(r — 1,)0 (z — vot). The
current density in the frequency domain is then obtained via
Fourier transform, as

= 6 - YA
J(r,z,w) = ZMG—”\:OL’ (1)
2nr

where k,, = ky/By and ky = w/c [30]. The incident evanescent
field induced by the electron beam toward the grating can be
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Fig. 1. (a) Smith—Purcell radiation from a cylindrical grating. (b)
Transverse cross section of a cylindrical grating.

characterized by its azimuthal magnetic field:

H:: (r, Z) = _T()%Ko (Torb)ll (T()l") eiik"oz, r<rtp, (2)
where 7y = (k> — k2)"/2. The fields reflected by the periodic
grating can be expressed in terms of space harmonics, with n
being the diffraction order, R, the reflection coefficient,

Ko(t,1) ok
Ef(r,z)=A Yoz 3
( ) Z KO(an2) ( )
1wso K\ (t,r) i
Hy (r,z) = —A Hant 4
( ) H_Z_ Tn KO(T rZ) ( )
where k,, = ky + 2n7/p. 7, = (k,,’ = k2)'"’, and
T2
A=- —Ko (tor) Iy (To12) - (5)

iwe, 2

Noticeably, for these radiating diffraction waves, with 7, being
imaginary, rewriting the z wavenumber k, in terms of the
radiation angle 6, yields the well-known relation between the
radiation wavelength A and the normalized electron velocity So:

__p(L_
A= n(ﬁo cosen). (6)

The fields in the groove comprise a series of groove modes,
withm = 0, 1, 2, etc., being the order and B,, being the coefficient
of the mth order determined by the boundary conditions

Ezg.v (r’ Z) = AZ Bm Ccos (kamz) SO,m’ (7)
m=0
HE (r,2) = AZ 0% 08 (kan) S (®)

m

where
Som(r) = Ko(Lur 1 )o(&nr) = Lo(Lunr 1)Ko (LnT)s 9
S1n(r) = Ko(Gur ) (L) + Lo($nr1) K1 (87), (10)
L=, -K]".  k=mn/a. (11)

Here, m being even and odd corresponds to even-symmetric
and odd-symmetric groove modes in the z direction, respectively.

Considering M + 1 groove modes in the groove and 2N + 1
space harmonics for the reflected wave, the reflection matrix
R can be derived by imposing the continuity of the boundary
conditions at the grating surface [31],

R=(E'DHF +1)" (E'DHG - 1)L, (12)
where [ is the identity matrix and

R=[R.y.R.yi1,...,Ry]" € CN*DXL (13)
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D = diag[S,,(r2)/S1m(r2)] € MDD, (14)
F = diag [K, (1,1,)/7,K, (1,1,)] € CEVHD*@N+D (15)
G = diag[I, (1,12)/ 7,1, (T,1,)] € CEVHDX@N+D (16)
L=1[0,...,0,1,0,...,0]" e VI 17)
2- 6m,0 ‘ —ik;
H,, = Gn | €7 cos (kanz) dz, (18)
0
1 r*.
E,,=— / e** cos (k,nz) dz. (19)
P Jo
The coeflicient B,, can be calculated by
B=U"'H(GL-FR), (20)
where
B =[By,B,...,By]" € C¥xt (21)
U = diag [S,,,(r,)] € CMD<@+D) (22)

Here, |R_,|*, which is the efficiency factor and is independent
of ¢ and ry, is the key parameter in the calculation [32].

Now we use this analytical method to show that the BICs
also occur in the SPR from cylindrical gratings. Instead of
high-duty-cycle gratings that have been extensively studied, we
focus on low-duty-cycle gratings, which are less considered.
In Fig. 2(a), we show the efficiency factor |R_|* calculated
with M = N =25 as a function of k, and SPR frequency f
for grating period p = 602.7 pm, duty cycle = 0.1, thickness
t = 3p, external radius r, = 6p. Here, for a given k,, the SPR
frequency f is determined by the normalized electron veloc-
ity By, i.e., f = k,oBoc/2x. This figure is essentially a dispersion
diagram, where the dispersion curves are indicated by the singu-
larity of |R_;|* caused by electromagnetic resonances [33]. The
nth-order space harmonic being propagating in the r direction
requires |k.,|<ko. The white and magenta dashed lines indicate
the cutoft conditions for the —1st-order and —2nd-order reflected
space harmonics, respectively. We focus on the radiation contin-
uum located above the white dashed lines, where the —1st-order
propagates as SPR.
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Fig. 2. SPR calculated by analytical solution. (a) f—k,o maps of
efficiency factor |[R_;|*. (b) |R_;|* versus radiation frequency f and
angle 6_; along the red solid line in (a), compared with COMSOL
calculation. (c) H, field at the resonant frequency f; in (b).
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Figure 2(a) shows that each resonance in the radiation con-
tinuum encounters a vanishing linewidth at k,, = 2x/p. Such
phenomenon indicates the existence of BICs, which are featured
by an infinitely high quality factor embedded in the radiation
continuum [24]. To find the causes of these BICs, the cutoff
frequency of the second groove mode with m = 1 is indicated
by the black solid line in Fig. 2(a). Considering that the BICs
are all located above this line, we infer that they are directly
related to the resonance of the second groove mode inside the
grating groove. We also note that the identical k,, of all these
BICs corresponds to a special radiation angle 6_; = 90°, indi-
cating the even-symmetry nature in the z direction of the SPR,
which is in contrast to the odd-symmetry nature of the second
groove mode. Consequently, the coupling of this odd groove
mode to the even SPR at radiation angle 6_; = 90° is forbidden
by symmetry, leading to symmetry-protected BICs [24].

Although a perfect BIC is fully trapped, the high-Q quasi-BIC
resonances near BICs are leaky and can offer an enhancement
mechanism for SPR. As an example, we consider a normalized
electron velocity B, = 0.585. The corresponding beam line is
represented by the red solid line in Fig. 2(a), which intersects a
strong resonance near the BIC, as indicated by the right inset.
Figure 2(b) presents the |R_,|* versus radiation frequency f and
angle 6_, along this red solid line calculated using COMSOL
and the analytical solution with M = 1,2,25, and N = 25 [34].
It shows that the required value of M to ensure accuracy depends
on the number of propagating groove modes, e.g., in the two-
mode regime above the cutoff frequency of the second groove
mode (the black solid line), M + 1 = 2 leads to a much better
precision than M + 1 = 1. It also indicates that M = N = 25,
used for Fig. 2(a), guarantees an excellent agreement between the
analytical solution and COMSOL. The fact that there is no high-
Q resonance in the analytical results with M = 0 is also evidence
that supports our conjecture about the relationship between the
BICs and the resonance of the second groove mode. At the
resonant frequency of the quasi-BIC, f, = 299.8 GHz, the quality
factor is found to be about 1.4 x 10* and the SPR efficiency
can be enhanced by four orders of magnitude. By comparison,
such enhancement is much more effective than the one-order-
of-magnitude enhancement by S-SPR [28]. Figure 2(c) shows
the H,, field calculated by the analytical solution at the resonant
frequency fy, assuming ¢ = 1. The radiation angle is 87.1°, in
agreement with the value predicted by Eq. (6).

The capability of quasi-BIC resonance to enable such stag-
gering enhancement of SPR at a specific direction has a great
potential for the generation of coherent terahertz waves. As an
example, we combine such a mechanism with the superradiant
effect. Considering a continuous train of electron bunches, if the
bunching frequency f, or its higher harmonics are located in the
radiation continuum, coherent SPR can be emitted, owing to the
superradiant effect. Apparently, for the grating used in Fig. 2(b),
when the bunching frequency of the electron beam or its higher
harmonics approaches the frequency f;, the superradiant SPR
field can be enhanced by the quasi-BIC.

Now we show that the quasi-BIC can be utilized for the
enhancement of superradiant SPR by performing the three-
dimensional simulation with the particle-in-cell (PIC) code CST
particle studio. As shown in Fig. 3(a), the electron energy and
grating parameters follow those given in Fig. 2(b). The num-
ber of grating periods is set to be 41. The beam is set to be
uniform in the r direction, with beam thickness #, = p/5, the
space between the beam and grating d,, = p/10. The current and
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Fig. 3. Superradiant SPR calculated by PIC simulation. (a) Sim-
ulation model of the cylindrical grating driven by electron bunches.
(b) Current and (c) spectrum of the electron beam with fi, = fi;.
(d)—(f) Detected (d) E, fields, (e) spectrum, and (f) power for dif-
ferent bunching frequencies fi,1, fiz, and fi3. (g), (h) Contours of E,
field for (g) fy; and (h) fi3: for = 299.2 GHz, fi» = fi1 + 10 MHz, and
]%3 =,fb1 — 10 GHz.

spectrum of the electron beam, including both the fundamental
bunching frequency and a series of high harmonics, are shown
in Figs. 3(b) and 3(c), respectively. The current of these elec-
tron bunches follows the truncated Gaussian distribution and the
linewidth at the bunching frequency is about 0.03 GHz, which
is small in order to study the dependence of SPR power on the
bunching frequency.

In the PIC simulation, the bunching frequency f; of the elec-
tron beam is fine-tuned around f;, while the number of elementary
charges in a single bunch stays unchanged at 5.9 x 10*, and the
strongest SPR is found at f;,; = 299.2 GHz, which is roughly in
agreement with the analytical solution. Figures 3(d) and 3(e)
show the E. fields above the grating and their spectra, respec-
tively, with the bunching frequency fy,, fio = for + 10 MHz, and
Jfo3 = for — 10 GHz, detected atz = 20p and r = 12p. The radiated
power through a cylindrical face surrounding the whole struc-
ture at » = 12p is presented in Fig. 3(f). The bunching frequency
fv3 is sufficiently far away from the resonant frequency, so the
corresponding SPR can be considered as the direct superradi-
ant emission of the O-SPR. In comparison, the SPR power can
be enhanced by more than three orders of magnitude with the
bunching frequency f;,;, which demonstrates that the quasi-BICs
can indeed substantially enhance the SPR. Such an enhancement
factor is a little smaller than that in the analytical solution; this
might be caused by the finite number of grating periods in the
PIC simulation. Owing to the narrow linewidth of the incident
fields from these electron bunches, the SPR linewidths for f;,,
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fo2, and fi3 remain 0.03 GHz. Here, we notice that, in the PIC
simulation, the SPR fields saturate at different times, depending
on the bunching frequency. This is because the analytical solu-
tion given by Eq. (12) is derived for the steady state, and the
higher efficiency factor |R_;|* near BICs essentially corresponds
to a higher quality factor, which requires a longer saturation time
in the PIC simulation. Figures 3(g) and 3(h) show the calculated
E. component for f,; and f;, where the radiation angles are 87.1°
and 90.6°, respectively, consistent with that predicted by Eq. (6).
Noticeably, owing to the abrupt change of boundary, the reso-
nant waves are scattered toward different angles at both ends of
the grating [18].

The quasi-BICs provide an effective method to improve the
efficiency of SPR sources and may greatly promote their prac-
tical use. Previous studies have shown that the existence of
symmetry-protected BICs studied here is robust to small changes
in the system [24], so the fabrication of such gratings is not
over-challenging, considering its usage in vacuum electronics
and quasi-BIC applications in terahertz [35,36]. Structurally,
this concept also applies to planar gratings and various metama-
terials supporting quasi-BICs [25]. The generation of electron
bunches, which is essential for the experimental validation of the
proposed superradiant SPR sources, can be obtained by using
the self-induced interaction between a continuous electron beam
and a surface wave [20], or by an external field, such as might be
generated in a klystron [37]. Interestingly, the recent demonstra-
tion experiments of electron beam modulation by lasers provide
feasible solutions for electron bunching in optics [38,39]. On
this basis, the capability of quasi-BICs to enhance the SPR at
harmonics of the bunching frequency might also be utilized for
future optical radiation sources.

In summary, we show how to utilize the quasi-BICs of a low-
duty-cycle cylindrical grating to improve the SPR efficiency.
In the presence of a leaky resonance near the BIC, the SPR
efficiency in the spontaneous regime can be greatly improved
at a specific direction. Based on such a mechanism, using the
resonant frequency as the bunching frequency of the electron
beam, the coherent superradiant SPR from a train of electron
bunches can be enhanced by orders of magnitude. This method
may enable a powerful and coherent SPR source, which is useful
for terahertz science and technology.
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