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Abstract. A study is made of the feasibility of controlling
the phase and duration of short laser pulses with the aid of
dispersive properties of photonic crystals. Pulse compres-
sion and phase modulation in one-dimensional structures
with photonic band gaps are investigated analytically and
numerically. It is shown that photonic crystals with a cubic
optical nonlinearity can be used to reduce the duration of
laser pulses, right down to several periods of an optical field,
in structures with spatial dimensions typically less than a
millimetre. The physical factors which limit the minimum
duration of light pulses compressed in such photonic crystal
structures are identified.

1. Introduction
Photonic crystals [1, 5] represent a new type of synthetic
structurally organised media with a three-dimensional perio-
dicity of the optical characteristics in which the
crystallographic unit has dimensions of the order of one
optical wavelength. Periodic modulation of the optical prop-
erties of photonic crystals results in special regimes of
propagation of optical waves in certain intervals of wave-
lengths and wave vectors. In particular, interference of
electromagnetic waves propagating along certain directions
in such structures leads to the appearance of forbidden bands
(`band gaps') of photon energies. If a structure with closed
(complete) photonic band gaps (PBGs) is formed, waves with
frequencies in a specific interval cannot propagate in such a
structure irrespective of the directions of the wave and polar-
isation vectors. Such band gaps are analogues of the
electronic energy gaps that appear in semiconductors.

Structures with PBGs have been under active investi-
gation in recent years because of their wide range of
applications, including control of spontaneous emission [5],
development of vertical-cavity semiconductor lasers [6],
and fabrication of Bragg reflectors and chirped mirrors [7],
low-threshold optical switches and limiters [8], compact opti-
cal delay lines [9], nonlinear optical diodes [10], etc.

The feasibility of control of the group and phase velocities
of optical pulses and of increasing the efficiency of nonlinear
optical processes in PBG structures [11] are extremely impor-
tant in the applications of photonic crystals as nonlinear

optical frequency converters (second-harmonic generation
in colloidal photonic crystals was reported [12] ). Optical
pulse compression and soliton formation are possible in fibre
Bragg gratings as a result of the combined effect of the gra-
ting dispersion and self-phase modulation [13], as predicted
theoretically earlier [14]. However, investigations of the prop-
agation of light pulses in PBG structures have been limited
mainly to the picosecond range of durations, so that it is
not clear what are the ultimate parameters of ultrashort
pulses that can be generated with the aid of photonic crystal
structures.

We shall consider compression of short light pulses in
linear and nonlinear photonic crystals. We shall employ
approximate analytic expressions and numerical calculations
for one-dimensional PBG structures to demonstrate that
photonic crystals can be used to control the phase of short
light pulses and that such pulses can be compressed over dis-
tances less than 1 mm.

2. Second-order approximation of the dispersion
theory for slowly varying envelopes
The influence of dispersion on the propagation of short laser
pulses in periodic structures which have band gaps in the
optical range can be illustrated by considering the example of
one-dimensional photonic crystals. A crystal of this type
consists of a periodic alternation of layers with different
refractive indices. We shall consider a one-dimensional pho-
tonic crystal consisting of alternate dielectric layers of
thicknesses a and b, and with the refractive indices na and
nb, respectively. The dispersion relationship for such a crystal
structure can be written in the form [15]

cos�kd� � cos
�o
c
naa
�
cos
�o
c
nbb
�
ÿ n

2
a � n2b
2nanb

sin
�o
c
naa
�

� sin
�o
c
nbb
�
, (1)

where o is the optical wave frequency; k is the wave number;
c is the velocity of light; d � a� b is the period of the PBG
structure of this crystal.

We shall use the second-order approximation of the dis-
persion theory to study the influence of dispersion in a
PBG structure on the duration of a laser pulse with a slowly
varying envelope when this pulse propagates in a photonic
crystal. We shall consider whether such a crystal can be
used to control the phase and to compress phase-modulated
laser pulses.

We shall assume that a phase-modulated light pulse has
the Gaussian profile:

A0�t� � r0exp
�ÿ 1=2

ÿ
tÿ20 � ia0

�
t 2
�
, (2)
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where t0 is the characteristic pulse duration; a0 is the rate of
change of the carrier frequency of the pulse. In the approx-
imation of slowly varying envelopes, when the second-order
effects are included in the dispersion theory, the duration of a
pulse with a profile described by the above expression and
propagating in the investigated medium along the x axis can
be described by [16]

tp�x� � t0

�ÿ
1ÿ a0k2x

�2 � � k2x
t20

�2�1=2
, (3)

where k2 � q2k=qo2 is the group-velocity dispersion.
It follows from expression (3) that, in the ranges where

a0k2 > 0, (4)

the duration of a pulse with initial phase modulation first
decreases, reaches its minimum value, and then increases.
The minimum pulse duration

tmin �
t0h

1� ÿa0t20�2i1=2 (5)

is then reached at a distance

L �
ÿ
a0t

2
0
�2�

1� �a0t20�2
�
a0k2

. (6)

Both positive and negative dispersion of the group veloc-
ity is possible in photonic crystals. We shall illustrate the
feasibility of efficient pulse compression in photonic crystals
(modern technologies make it possible to fabricate photonic
crystals with band gaps in the optical range [12, 17, 18] ) by
considering a one-dimensional PBG structure which obeys
the dispersion relationship (1).The dependence of the param-
eter k2 on the reciprocal wavelength lÿ1 is shown in Fig.1A
for such a crystal with d � 460 nm, a=b �0.3, na �1.0,
nb � 1.5. In this case the wavelength l � 800 nm (represent-
ing radiation of a titanium-doped sapphire laser) lies in the
normal dispersion range of the group velocities characterised
by k2 � 0:633 fs2 mmÿ1. It follows from expressions (1) ^ (6)
that such a PBG structure can reduce the duration of a
phase-modulated pulse from its initial value t0 � 10T0
(T0 � 2p=o is the period of oscillations of the optical field
and a0 � 2=t20 ), to 8:27T0, 6:67T0, 5:38T0, 4:6T0 over distan-
ces 100, 200, 300, and 400 mm, respectively; the minimum
duration, equal to 4:5T0, is reached at a distance of the order
of 450 mm.

Anomalous dispersion of the group velocity of the
l � 800 nm radiation is possible in a one-dimensional
PBG structure with the parameters d � 460 nm, a=b � 0:3,
na � 1:5, nb � 1:0 (Fig.1B). In this case we have
k2 � ÿ1:122 fs2 mmÿ1. It follows from expressions (1) ^ (6)
that the duration of a pulse with t0 � 10T0 and a0 � ÿ2=t20
decreases to 6:3T0, 4:5T0, 6:3T0 over distances 127, 253,
380 mm, respectively, reaching a minimum duration of
4:5T0 at a distance of the order of 254 mm.

These estimates indicate that highly efficient compression
of femtosecond pulses, typically over a spatial distance of less
than 1 mm, is possible in photonic crystals. It follows that
PBG structures are sufficiently promising as components
of compact femtosecond laser systems. Such structures
open up new avenues of miniaturisation of the current femto-
second solid-state systems (including titanium ^ sapphire
lasers [19] ).

3. Numerical analysis
Estimates of typical parameters of the compression of light
pulses in a photonic crystal given in the preceding section
were obtained in the second order of the dispersion theory
for pulses with slowly varying envelopes. This approximation
becomes invalid for light pulse durations of the order of
several optical field periods. Nevertheless, the high-order
dispersion may distort considerably the profiles of short
laser pulses propagating in a photonic crystal.

These effects were taken into account by a procedure we
developed for numerical modelling of the propagation of
short light pulses in one-dimensional PBG structures. In
accordance with our algorithm, a light pulse entering a pho-
tonic crystal is regarded as a wave packet. The corresponding
Fourier integral obtained in the frequency representation is
calculated by the fast Fourier transform method. Derivation
of the direct fast transform for each Fourier component is fol-
lowed by calculation of the envelopes of the electromagnetic
fields transmitted by the photonic crystal. The envelope Ej of
a given field in the jth layer (assumed to be uniform) is found
in the form of a superposition of the reflected and refracted
waves. For each jth layer with the permittivity ej�x� the wave-
vector components along the x axis, which is selected along
the pulse propagation direction, can be written in the form

kjx�x� � ej�x�
o2

c2
.

The electric field in the jth layer is represented by a super-
position of the incident and reflected waves:

Ej � Aj exp
�
i
ÿ
kjxxÿ ot

��� Bj exp
�
i
ÿÿ kjxxÿ ot

��
,
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Figure 1. Dependences of the group-velocity dispersion k2 on the recipro-
cal wavelength lÿ1 for a one-dimensional photonic band-gap structure
with d � 460 nm, a=b � 0:3, na � 1:0, (A) and 1.5 (B), nb � 1:5 (A) and
1.0 (B). The compression ranges are identified for l � 800 nm pulses.
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where Aj and Bj are the envelopes of, respectively, the trans-
mitted and reflected waves in the jth layer.

As in Section 2, we considered a one-dimensional PBG
structure consisting of a periodic alternation of air and dielec-
tric layers of thicknesses a and b, and with the refractive
indices 1 and n, respectively. Introducing the notation
k0 � o=c, we can write down the relevant components of
the wave vectors in the air and dielectric layers as ka � k0,
kd � nk0. Application of the boundary conditions, which
require continuity of the tangential components of the electric
field and of the normal components of the electric induction,
then yields the following system of equations for the enve-
lopes of the fields in a one-dimensional PBG structure
consisting of m air ^ dielectric layer pairs:

Er ÿA1 ÿ B1 � ÿE0,

kaEr � kdA1 ÿ kdB1 � kaE0 ,

. . . . . . . . . . . . . . . . . . . . . . . . . (7)

A2m exp�ik2mxb� �B2m exp�ÿik2mxb� ÿ Et � 0,

ÿkdA2m exp�ik2mxb� � kdB2m exp�ÿik2mxb� � kaEt � 0.

Here, E0 is the envelope of the incident field; Er is the enve-
lope of the field reflected from the crystal as a whole; Et is
the envelope of the field transmitted by the crystal.

A matrix M̂ corresponding to the system of equations (7)
is

M̂ �
1 ÿ1 ÿ1 0 0 0 0 : : 0 0 0
ka kd ÿkd 0 0 0 0 : : 0 0 0
0 eikdb eÿikdb ÿ1 ÿ1 0 0 : : 0 0 0
0 ÿ kdeikdb kde

ÿikdb ka ÿ ka 0 0 : : 0 0 0
0 0 0 eikaa eÿikaa ÿ1 ÿ1 : : 0 0 0
0 0 0 ÿ kaeikaa kaeÿikaa kd ÿkd : : 0 0 0
: : : : : : : : : : : :
: : : : : : : : : : : :
0 0 0 0 0 0 0 : : eikdb eÿikdb ÿ1
0 0 0 0 0 0 0 : : ÿkdeikdb kdeÿikdb !ka

0BBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCA
(8)

A determinant of order 4m, corresponding to this ribbon
matrix with four codiagonals, can be calculated from the
recurrence formula

D�2m � �kd � ka�D�2mÿ1eikdb � �kd ÿ ka�Dÿ2mÿ1eÿikdb. (9)

Here, D�2mÿ1 is a determinant obtained by the ka $ kd sub-
stitution from the determinant of the (2mÿ 1)th order,
which corresponds to a structure consisting of 2mÿ 1 layers.
A determinant Dÿ2mÿ1 is obtained from D�2mÿ1 if kd is
replaced with ÿkd.

We shall demonstrate the validity of formula (9) by the
mathematical induction method. For a two-layer structure,
consisting of one air and one dielectric layer, we have
D�0 � ka � kd. The determinant of an air ^ dielectric ^ air
structure is

D�1 � �kd � ka��ka � kd�eikdb � �kd ÿ ka��ka ÿ kd�eikdb.
The validity of formula (9) can easily be checked also for
D�2 , D

�
3 , etc. If we assume that this formula applies for a

certain value of m, we can show that this is valid also for
m� 1. The envelope of the transmitted wave Et can be cal-
culated from the Cramer rule:

Et �
A

D�2m
, (10)

where A is a determinant obtained from D�2m by replacing
the last column with one composed of the right-hand sides of

the system of equations (7). The mathematical induction
method makes it possible to prove also that

A � ÿ22mkma kmd E0 . (11)

It follows that the algorithm described above can be used to
find the envelopes of the fields transmitted by the PBG
structure and this can be done for each Fourier component.
When this procedure is applied to reconstruction of a pulse
transmitted by a crystal, the inverse fast Fourier transform is
obtained in the time domain.

4. Compression of a pulse and control of its
phase
Figs 2A and 2B give the results of numerical calculations
carried out in accordance with the procedure described in
the preceding section. This is done for PBG structures which
are optimised (in the sense of selection of the operating
range; see Section 6) for laser radiation pulses of the wave-
lengths 0.76 and 0.80 mm (a=b � 0:3, d � 0:46 mm, n � 1:5).
It is evident from Fig. 2A that a pulse which propagates in
the investigated PBG structure and is free of the initial chirp
(a0 � 0) spreads out in time and experiences phase modula-
tion. A suitable selection of the initial phase modulation can
ensure efficient compression of this pulse by compensation of
the chirp during propagation of the pulse through a photonic
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Figure 2. Phase control and compression of l � 760 nm laser pulses pro-
pagating in a one-dimensional PBG structure with a=b � 0:3: (A) sprea-
ding of a laser pulse for d � 490 nm, na � 1, nb � 1:5; (B, C) compression
of phase-modulated pulses for d � 460 nm, na � 1, nb � 1:5 (B) and
d � 460 nm, na � 1:5, nb � 1 (C).
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crystal (Figs 2B and 2C). Variation of the parameters of the
PBG structure (lattice constant d, fill factor a=d, and ratio of
the refractive indices of the materials forming the photonic
crystal) provides an opportunity for control of the dispersion
of the crystal and, consequently, for control of the parameters
(duration and phase) of short laser pulses.

It follows that photonic crystals can be used for controlled
compression of short laser pulses over very short distances.
The results presented in Fig. 2B demonstrate that the dura-
tion of a phase-modulated laser pulse of the wavelength
l � 800 nm, of initial duration t0 � 10T0, and characterised
by a0 � 2=t20, can be shortened in a photonic crystal whose
parameters are d � 460 nm, a=b � 0:3, na � 1:0, nb � 1:5
(with normal group-velocity dispersion; Fig.1A) to 4:5T0
over a distance of 450 mm. If this distance is x � 100, 200,
300, 400 mm, the pulse duration becomes 8T0, 6:3T0, 4:8T0,
respectively. In a photonic crystal with the parameters
d � 460 nm, a=b � 0:3, na � 1:5, nb � 1:0 (with anomalous
group-velocity dispersion; Fig.1B) the duration of a pulse
with l � 800 nm, t0 � 10T0, and a0 � ÿ2t20 decreases to
5:5T0, 5T0, 5:5T0 for x � 127, 253, 380 mm, respectively
(Fig. 2C).

It follows that the results of the numerical calculations of
the maximum compression length and of the minimum pulse
duration, and also of changes in the pulse duration in the
course of propagation in a PBG structure are in good agree-
ment with the estimates obtained within the framework of the
second-order dispersion theory for slowly varying envelopes
(see Section 2). However, it is clear from Figs 2A ^ 2C that the
approximation represented by expressions (1) ^ (6) is insuffi-
ciently accurate to describe evolution of a laser pulse when
the pulse duration becomes of the order of several optical
field periods, and also near the edges of the band gap where
high-order dispersion effects distort considerably the profile
of a light pulse. Such profile distortions, which appear begin-
ning from distances of the order of 300 mm (Fig. 2B) and
250 mm (Fig. 2C), cannot be described in the approximation
of slowly varying envelopes in terms of the spatial coordi-
nates when only the first- and second-order dispersion is
taken into account.

5. Pulse compression in nonlinear photonic band
gap structures
In a photonic crystal considered above, the process of laser
pulse compression reduces to compensation of the initial
chirp. The minimum pulse duration which can be achieved
in such a compressor in the absence of an optical nonlinear-
ity is of the order of the duration of a transform-limited pulse
(if this is permissible in the operating spectral range of the
PBG structure; for details see Section 6). In the present sec-
tion we shall show that true compression of light pulses, i.e. a
reduction of their duration to less than the duration of a
transform-limited input pulse, is possible in PBG structures
with a cubic optical nonlinearity.

Chirp compensation in such structures makes it possible
to compress not only phase-modulated laser pulses, but also
pulses without initial phase modulation. A photonic crystal
compressor of this type consists of alternate nonlinear-optical
layers of thicknesses a and b, and with the permittivities

ea � ea0 � enljEj2,
eb � eb0 � enljEj2

respectively. Such a system combines the dispersion prop-
erties typical of PBG structures with a possibility of
nonlinear-optical transformation of the spectrum of a laser
pulse.

A pulse propagating in such a medium is broadened spec-
trally by self-phase modulation. A suitable selection of the
sign of the product of the cubic susceptibility, responsible
for self-phase modulation, and the group-velocity dispersion
represented by k2 makes the velocity of propagation of the
leading edge of a pulse less than the velocity of propagation
of the trailing edge, so that true compression of a light pulse is
possible.

Compression of a pulse in a PBG structure with a cubic
nonlinearity is attainable subject to the condition (see, for
example, Ref. [16] )

enl
q2k
qo2 < 0. (12)

It follows that pulse compression can be achieved in the
regions with anomalous dispersion of the group velocity
when enl > 0 and in the regions of normal dispersion if
enl < 0. Although analytic expressions for self-compression
of light pulses, obtained in the approximation of the second
order of the dispersion theory for pulses with slowly varying
envelopes [16], can be used to determine the conditions for
pulse compression and even (in certain situations) to estimate
typical parameters of pulse compression, these expressions do
not provide a satisfactory description of the influence of the

2.0

2.0 I (rel. units)

2.0 I (rel. units)

0 50 100 150 200 t=fs

A

B

C

0

0

0

ÿ2:0

ÿ1:0

1.0

ÿ2:0

ÿ1:0

1.0

ÿ2:0

ÿ1:0

1.0

I (rel. units)

I (rel. units)

I (rel. units)

Figure 3. Propagation of a laser pulse with an initial duration t0 � 10T0

in a linear one-dimensional photonic band-gap structure with a � b,������
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higher-order dispersion on the pulse profile and they become
invalid for ultrashort laser pulses of duration which does not
permit application of the approximation of slowly varying
envelopes.

Fig. 3 gives the results of numerical modelling of the prop-
agation of a short light pulse of the l � 800 nmwavelength in
a nonlinear-optical PBG structure with the following param-
eters: a � b, ea0 � 1, n0 � ������

eb0
p � 1:5, d � 0:41 mm. The

procedure used in numerical calculations was based on the
nonlinear finite-difference time-domain technique (see, for
example, Ref. [20] ). The results of our numerical modelling
showed that such PBG structures can compress laser pulses
efficiently. In particular, in the absence of nonlinearity the
pulse duration t0 � 10T0 increases in a PBG structure to
11:5T0 (Fig. 3A) and it can be reduced to 5:5T0 and 2T0 (sub-
ject to a considerable distortion of the profile in the latter
case) in PBG structures with enljEj2 � 0:002 (Fig. 3B) and
0.004 (Fig. 3C) over a distance 600d. If d � 520 nm (as in
the case of photonic crystal structures described in
Ref. [18] ), efficient compression of pulses to several periods
of the optical field occurs over distances less than a milli-
metre.

Numerical calculations demonstrate clearly the influence
of the higher-order dispersionwhich may distort considerably
the profile of a light pulse, can give rise to a pedestal, and may
even split a pulse into several spikes. In view of this it is nec-
essary to optimise the parameters of a PBG compressor in
order to achieve a compromise between the compression effi-
ciency and distortion of the pulse profile.

6. Ultimate pulse duration
As shown in the preceding section, in contrast to linear
photonic crystals, nonlinear PBG structures make it possible
to generate pulses of duration less than that of transform-
limited pulses at the entry to a structure. However, the mini-
mum pulse duration attainable in linear and nonlinear PBG
structures is limited by the width of the spectral range at the
edge of the band gap, where the group velocity dispersion has
the required sign, so that condition (4) is satisfied for a linear
PBG structure or condition (12) for a nonlinear structure.
Outside this range the spectrum of a laser pulse is either
inside the band gap or in the range where the group-velocity
dispersion results in spreading of the pulse. An increase in
the width of this range (operating range) makes it possible,
on the one hand, to generate shorter pulses with a given PBG
structure and, on the other, it reduces the group-velocity
dispersion and, consequently, increases the compression
length.

It follows that a photonic crystal compressor should be
optimised to ensure the minimum pulse duration at the out-
put for a reasonable crystal length. Figs 4A and 4B give the
dependences of the minimum pulse duration tmin and of the
dispersion length Ld on the ratio a=b, obtained for various
refractive indices nb � n (it is assumed that na � 1). It follows
from these dependences that, as the ratio a=b increases to
about 0.3, the minimum pulse duration increases slowly,
whereas the dispersion length becomes considerably shorter
because of an increase in the group-velocity dispersion.
Some reduction in the minimum pulse duration by an
increase in the ratio a=b is fully justified in this region, since
this reduces considerably the length in which the maximum
pulse compression is achieved. A higher a=b ratio increases
further the minimum pulse duration, whereas the dispersion

length depends much less on the ratio a=b. A reduction in the
maximum-compression length can be achieved in this range
only at the expense of a considerable increase in the minimum
pulse duration.

7. Conclusions
Our investigation shows that the dispersive properties of
photonic crystals make it possible to control the phase
and compensate the chirp of short light pulses. Estimates
obtained for one-dimensional PBG structures and the results
of numerical calculations carried out for linear and nonlinear
photonic crystals with the lattice parameters and the ratio of
the refractive indices close to those found experimentally
show that PBG structures can be used to control the phase
and compression of pulses over submillimetre distances.
Combination of self-phase modulation and control of the
dispersion of PBG structures composed of photonic crystals
characterised by a cubic optical nonlinearity makes it possi-
ble to achieve true compression of ultrashort pulses to several
optical field periods. The minimum duration which can be
achieved by compression of light pulses in PBG structures is
limited by the width of the spectral range at the band gap
edge where the group velocity dispersion is of the required
sign. This dispersion compensates the chirp in a linear PBG
structure or causes self-compression of pulses in a nonlinear
PBG structure.

The results of our investigations show that linear and non-
linear photonic crystals can be regarded as promising optical
components which can help in modern femtosecond technol-
ogies, so that compact femtosecond laser systems can be
constructed. In particular, preparation of photonic crystals
with the required properties makes it possible to construct
compact compressors of light pulses that should be useful
in miniaturisation of advanced solid-state femtosecond laser
systems.
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Figure 4. Dependences of the minimum pulse duration tmin (A) and of
the dispersion length Ld (B) on the ratio a=b for various refractive
indices n.
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