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ABSTRACT

Photonic topological insulators have recently received widespread attention mainly due to their ability to provide directions in the
development of photonic integration platforms. The proposal for a topological bulk cavity with a single-mode expands upon previous
research works on topological cavities; thus, interest in topological edge states and corner states is beginning to shift into analysis on bulk
properties and their applications. However, there remains a gap in research on a multi-mode cavity of the topological photonic crystals
(PCs). In this Letter, a cavity of the topological PCs is proposed involving pair-partitioned bulk localized states (BLSs) from a two-
dimensional inner and outer nested square lattice (2D IONSL), which can enable a multi-mode cavity for the topological PCs. First, the topo-
logical characteristics are described in terms of a Zak phase, and band inversions are achieved by changing the size of scatterers in the inner
and outer circles that reside within the unit cell. Afterwards, analogous to the tight-binding model for electronic systems, the Hamiltonian
and topological phase transition conditions of 2D IONSL PCs are derived. Furthermore, it is proposed that the demonstrated optical field
reflection and confinement mechanism induced by topological band inversions due to the opposite parities of wavefunctions may lead to the
phenomenon of pair-partitioned BLSs. This research increases the research works of bulk topological effects, creating a route for photonic
integration platforms for near-infrared.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0101925

Topological insulators are widely studied materials because of
their unique defect-immune and unidirectional backscattering-
immune characteristics. These factors provide a methodology that
can improve the transmission distance and the efficiency of tradi-
tional integrated devices.' ~ Inspired by the idea of topological insu-
lators in electrons, such a concept of topology was gradually
extended to other systems, including photonics,“l’5 phonics,(“’7 and
cold atom systems.” As the research on topological physics continu-
ally advances, the photonic quantum spin Hall effect,”'’ photonic
topological insulator,'"'” and topological semimetals'>'* have been
regularly proposed and, to some extent, proven by experiments.
Topological photonics has become of great interest since the subject
can provide methods for manipulating optical fields and can be
applied to a broad range of prospects such as an optical isolator,” a
beam splitter,'® an optical coupler,’”'® and other devices. In recent
years, research on topological photonics has especially arisen in the
field of higher-order topological insulators that break the conven-
tional bulk-edge correspondence.”"” >

In addition, there have been many interesting recent studies on
photonics in the cavity of topological photonic crystals (PCs) based on
edge states and corner states.”””” > In 2020, Shao et al. produced a
topological bulk cavity with topological non-trivial state (TNS) PCs
that are surrounded by topological trivial state (TTS) PCs, which is
based on a band-inversion-induced reflection and confinement mech-
anism in the whole non-trivial region.” This previous work extended
research from edge states and corner states to bulk localized states
(BLSs), which opened up a prelude for research on bulk cavities and
their applications, i.e., in terms of producing a topological bulk laser.
The PC resonator laser, which acts as an enhancer of spontaneous
emission, can be constructed based on defect states and ideal optical
field reflection characteristics. The proposal for a topological bulk cav-
ity with single-mode expands upon previous research on topological
cavities; thus, interest in topological edge states and corner states is
beginning to shift into analyzes on bulk properties and their applica-
tions such as single-mode vertical-cavity surface-emitting lasers
(VCSELs). Compared to single-mode lasing, multi-mode VCSELs
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have been the dominant components in short-reach links and high-
performance computing applications owing to their low cost, low
modal noise, and low power consump'[ion.’%’38 However, there is still
a gap in research on multi-mode VCSELs, and cavity design is crucial
for VCSELSs; so, an exploration of the multi-mode cavity of the topo-
logical PCs is required. In general, topological photonics is based on
either square lattices,”****>******! Stampfli-triangle PCs,”** hon-
eycomb lattices, O "'>* 444 or kagome lattices.'”** Yet, in order to
enrich the PC structure and provide more platforms for research on
its topological physics, construction of a type of PC is required.

In this Letter, a form of PC is constructed based upon a two-
dimensional inner and outer nested square lattice (2D IONSL). The
relationship between the size of the scatterers within the unit cell of the
PC and the topological phase transition is determined via relevant
expressions, and the results are analyzed. The Hamiltonian and topolog-
ical phase transition conditions of the 2D IONSL PC are theoretically
derived from the tight-binding model of the electronic system. Based on
the cavity of PCs with a box-shaped structure, the edge states, corner
states, and BLSs are realized, and they correspond to the band structure
one-by-one. The optical field is reflected at the topological interface,
forming an effective cavity feedback for lasing. It is proposed that the
optical field reflection and confinement mechanism induced by topolog-
ical band inversions can be demonstrated. This leads to the phenome-
non known as pair-partitioned BLSs, becoming realized in the
simulation. The relationship between the eigenfrequency and the distri-
bution of the pair-partitioned BLSs is also analyzed.

The unit cell, the band structure of the 2D IONSL PC, and
density of states (DOSs) are shown in Fig. 1. Here, o and f§ are square

=

f

M DOSs

=

@

@) Dx N (120 DOSs
<+ @ o
80
Pr 60
ry 40
m 28 Non-trivialgy
dy Py M X T M DOSs

FIG. 1. (a) Schematic for the 2D IONSL PC, in which a=1.5um, l;=0.14a,
I, =0.356a, & =12, and & = 1. Graphs showing the band structure and DOSs
when (b) 1 =0.12a and r, =0.06a (for y =2), (d) 1 =r,=0.12a (y =1), and (f)
ry=0.06a and r,=0.12a (y=1/2). In (f), the shaded area depicts the pair-
partitioned BLSs. Contour maps of the electric fields of the first, second, third, and
fourth bands at the X point, where (c) y=2 and (e) y = 1/2. The parity can be
judged from the electric fields; + and — represent the even and odd parity, respec-
tively, as seen in (b) and (f).
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lattices with different radii that are nested together around the geomet-
ric center of a 2D IONSL PC. Moreover, the lattice constant is repre-
sented by a, and the material used in the scatterers is silicon
(permittivity, ¢, = 12), which is surrounded by air (e, = 1). The radii
of the scatterers for « and f§ square lattices are r, and r,, respectively,
and the relevant distances for each are 2/, and 2, in Fig. 1(a),
respectively.

The ratio y = 1,75, which relates the radius of the scatterers of the
inner and outer circles in the 2D IONSL PC, is a key parameter used
to characterize the topological phase transition. As shown in Figs.
1(b), 1(d), and 1(f), when y changes from 2 to 1 and then to 1/2, the
Dirac point experiences a process from opening to closing to opening
again. The electric fields at the X point in Figs. 1(b) and 1(f) are shown
in Figs. 1(c) and 1(e), respectively; the first, second, third, and fourth
bands are the s, p,, Py and dx), and the p,, s, dxy, and Py respectively,
for each figure. It is clearly seen that the first and second bands (and
the third and fourth bands) are inverted when 7 is continually adjusted
from 2 to 1/2. The inversion of the s and p, between the first and sec-
ond bands (or the p, and d,, between the third and fourth bands) indi-
cates that the system can experience a topological phase transition.**”
In addition, such a transition is related to the bulk polarization, a rela-
tionship which can be described via

P=_— dk,dk, Tr[A],
JJlstBZ ! r[ ] (1)

where A = i(p;|0k|u,) is the Berry connection of the first Brillouin
zone, in which d and e traverse bands below the photonic bandgap
(PBG), and |y,) is the Bloch function for the eth band. The value of
the bulk polarization P is restricted by the C; symmetry and the time-
reversal symmetry of the 2D IONSL, which can be determined by the
X and I' point parity symmetry (the eigenvalues of the inversion sym-
metry operator), so that™®

P = % (Z q; modulo 2>7 (_1)% = 1% @)

where j represents the x or y direction, g; is a topological invariant of
the eth band, and its value is either 0 or 1. Moreover, X; represents the
X or'Y points of the first Brillouin zone, and #(X;) [or n(I")] is the par-
ity at the X; (or I') point; P = (Py, P,) can be accurately quantized as
0 or 1/2, since the 2D IONSL PC has a time-reversal symmetry and a
spatial inversion symmetry simultaneously. The bulk polarizations
P =(0,0) and P = (1/2,1/2) represent the TTS and TNS, as shown
in Figs. 1(b) and 1(f), respectively.

The existence of the vector Zak phase relates to the bulk polariza-
tion, which can be described with o; = 27tp; or ;=0 or  under the
constraint of the inversion symmetry. Therefore, g; = (0,0) corre-
sponding to the case where y =2 is a TTS, while ¢; = (7, 7) relates to
y=1/2asa TNS.

For visualization of bands, we solve for their DOSs. The DOSs of
PCs are the number of eigenstates in a unit frequency range, which
can usually be expressed as'"*

N(F) =>" JBZde(S[F —F,), 3)

where 0[F — F,] represents the extraction of eigenstates at the same
frequency. The solved DOSs’ distributions are shown in the right part
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of Figs. 1(b), 1(d), and 1(f). It can be found that the flatter the band,
the sharper is the DOSs value, whereas the steeper the band, the lower
is the peak of the DOSs. The DOSs’ value at the PBG is 0, and the
PBG here is narrower.

The physical origin of the topological can be explained by the
tight-binding model, as shown in Fig. 2. The Hamiltonian of the 2D
IONSL PC can be derived based on the tight-binding model. Since the
coupling strength is identical for cases when the distances and the sizes
are the same in the outer circles (or the inner circles), the four scatter-
ers in the outer circles can be described by by, by, b3, and by in the
counterclockwise directions. Furthermore, without loss of generality,
the four scatterers in the inner circles are described as ¢y, ¢, ¢, and ¢4,
which is shown in Fig. 2(a).

The theoretical analysis is now extended from the
Su-Schrieffer-Heeger model of an electronic system to a photonic
scheme. The eigenequation of a PC for the transverse magnetic (TM)
modes can be written as"’

1 w?

VX =V X (1) = 5 i), S
&(r) C

where the Hamiltonian of the photon is V x S(%)Vx, while g, (r) is

the Bloch function of the magnetic field and the eigenvalue is w?/c2.
Analogous to the electronic system, the Hamiltonian of the photonic
system can be decomposed as follows:

H = Hipra + Hinten (5)

(g)Non-triVial (Trivial)

o0

o0 L [ T )
® 00 00 O
M

FIG. 2. (a) 2D Su-Schrieffer—Heeger model, in which the purple, black, and red
solid lines represent the intra-cell coupling strengths between the two outer circles,
the two inner circles, and the inner circles and outer circles in the same unit cell;
these are labeled w4, w,, and ws, respectively. The purple dashed lines represent
the inter-cell coupling strength v4 between the outer circles and the nearest outer
circles, while the black dashed lines signify the coupling strength v, between the
inner circles and the nearest inner circles. In addition, the red dashed lines depict
the coupling strength v5 between the outer circles and the nearest inner circles
(which is equivalent to the inner circles and the nearest outer circles). (b) Graph
for the overlapping and consistent TNS (where wy=12, v;=25, w,=3,
and v,=1) and TTS (w3 =25, v;=12, w,=1, and v, = 3), which are shown
as blue and red bold lines, respectively. (c) The case for wy=v;=2 and
Wy = Vo= 1.

X r M
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where the intra-cell coupling Hamiltonian, Hiy,, can be described via
the coupling strengths w;, w,, and ws. Thus, the following equation
can be derived as

N
Hia =) [Wl (b1 by, +b5! by, b3 by, b by, +hc)

m,n

T T T T
+w; (Clm.n Cn + sz‘"Cg,myn + C3mm Cq,., + C4,Mclm,n + hC)
T T T T
+ws(bi) a1, +b2) 0, +bs) c,, +ba o, t h.c.)} .

(6)

In addition, the explicit form of the inter-cell coupling
Hamiltonian, Hiyr, can be expressed by using the coupling strengths
V1, V5, and vs,

N
Hinter - Z |:V1 (bl :Ln b2m+l,n + b41v,, b3m+1,n + b4:, bl mat1

n
m,n

+bs! by, +he)talal o, ol

m1n o C3 it

m,n+1 + hC)

+ t t t
+v3(bi) €20, 1) b2y, tea) b, b

) m,)

T T
+ C4m.n 5] + C3m.n (%)

mn+

el by, Tb e by, s o h-C~)] ;
(7)

where m (or n) represents the mth (or the nth) unit cell of the 2D
IONSL PC array and h.c. signifies the Hermitian conjugate of the pre-
vious terms. The total Hamiltonian can be obtained as an 8 x 8 matrix
by use of a Fourier transform, which can then be simplified to a 2 x 2

matrix
M, N
Hk)=| . : ®)
N* M,
within which are the matrices
0 we + v elkxa 0 we + V¢ e—ika
| +v etk 0 We 4 vee ol 0
‘ 0 Wwe 4 v elhod 0 Wy + vy e ke
we 4 v elhod 0 Wy + v, eled 0
)
w3 V3 (eikxu + efik),a) 0 0
vy e ke w vze ke 0
N=|"” P . (10
0 va(e et 4 o) ws 0
vs e 0 vy gy

Here, the 7 value is 1 or 2 for Eq. (9). The eigenvalue E, at the X
point, can be derived by solving Egs. (4) and (5), assuming that the
next-nearest-neighbor coupling strength (v3=0) can be ignored and
also the coupling strengths for distant grid points;*** E has eight dif-
ferent values, which indicates that there are eight eigenenergies (which
explains the appearance of eight bands). The eigenenergies of the X
point can be expressed as
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EI: ivliVZi\/(V17V2)2+W3Z7 (11)
EII = iwliWZi\/m7 (12)

where the subscript I is given 1, 3, 5, or 7, and Il is 2, 4, 6, or 8; by use
of these integers, each of the eighth bands of the high symmetry points
are assigned to eigenenergy. When the band at the X point is degener-
ate, AE=FE; — Ey=0. From Egs. (11) and (12), it is observed that the
band structure meets TNS and TTS when |w; — w, | < |v; — 15| and
|wy — wa| > |v; — v,], respectively, and the simulated calculations cor-
respond to Fig. 2(b). When w; = v; and w, = v,, the band degenerates
as shown in Fig. 2(c). The calculations are consistent with the theoreti-
cal derivations, which improves the explanation of the topological
phase transition mechanism for the 2D IONSL PC.

Based on a method that enables the square lattice to be shrunk
and expanded to generate the TTS and TNS,"*” 2D IONSL PCs can be
developed to tune the size of the scatterers within the inner and outer
circles to generate TTS and TNS. In the simulation, a box-shaped cav-
ity structure for the topological PC that has a 13 x 13 arrangement is
constructed via TNS PCs surrounded by TTS PCs; their photonic
eigenmodes and electric fields of the edge states, the corner states, and
the BLSs are shown in Fig. 3.

Moreover, the local DOSs (LDOSs) are calculated through the
following spectral decomposition of all the photonic eigenstates of the
bulk bands: ™’

o & ‘EEZ)) |2
p(r,F) ;ﬂ(F—F,,)Z—&—JZ' (13)

Here, 0— 0 is a sufficiently small number that converges the calcula-
tion. These BLSs having the property of being distributed in pairs can
be divided into different modes, which are called as the pair-
partitioned BLSs. They have different distributions in the x and y
directions, since the box-shaped structure is protected by its C, sym-
metry. If this structural symmetry is broken, the two different distribu-
tions of the BLSs do not arise. The frequencies of the pair-partitioned
BLSs occur in an area close to that of the topological corner states. A
trend that the frequencies of the multi-partitioned BLSs are higher
than those of the few-partitioned BLSs is also shown, which provides
more possibilities for the improved control of the BLSs. Pair-
partitioned BLSs may enhance research into certain topological states
at higher and lower frequencies; thus, opportunities for the discovery
of topological states in the near future are expected. Such pair-
partitioned BLSs at different frequencies can be divided into four cases;
the principles of their generation and the corresponding electric field
distributions are shown in Fig. 4.

TTS and TNS have different topological properties that produce
band-inversion-induced reflections at the topological interface
between the two PCs. They also form an effective cavity feedback for
photon states in a small range of wave vectors around the I point due
to the opposite parities of the wavefunctions. The states in the TTS
PCs cannot propagate into the TNS PCs, and vice versa, which leads
to localization of the optical field in the TNS region. Unlike on the
researched photon states’” with frequencies below the PBG and
approaching to the band edges at the I' point, this work involves the
same scenario but relates to a position above the PBG. Due to a narrow
PBG, the s and p, modes couple with each other. Next, the s and p,

scitation.org/journal/apl
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FIG. 3. (a) Graph showing the photonic eigenmodes of a box-shaped structure
over the frequency range 30-90 THz. The lower-right inset depicts the box-shaped
structure, in which the PC with TNS resides inside the box and the PC with TTS is
outside the box. The upper-left inset displays the edge states, the corner states,
one BLS, pair-two-partitioned BLSs, pair-four-partitioned BLSs, and pair-six-parti-
tioned BLSs. These are represented by a red circle with E, blue triangle with C, car-
mine square with O, green pentagon with T, purple diamond with F, and orange
hexagon with S. The other insets provide the electric fields for these states, includ-
ing the electric fields of the four topological corner states with corresponding fre-
quencies 61.24 THz (Cy), 61.33 THz (C, and C3), and 61.43 THz (Cy). (b) Graph
depicting the LDOSs of the edge states (E) and the corner states (C). (c) Graph
depicting the LDOSs of the BLSs.

modes of the intra-cell and inter-cell modes, at different positions in
the box-shaped structure cavity of a topological PC, are selected for
the analysis depicted in Figs. 4(a), 4(e), 4(i), and 4(m). The s modes
have even parities, while p, and p, modes have odd parities. The rea-
sons for generation principles of BLSs are as follows: (i) There are two
explanations for the one BLS. One is that the parities between the
intra-cell s mode on the inside and intra-cell p, mode at the interface
are opposite and produce two reflections in the x direction, and the
other is that the parities between interior s modes and interfaced p,
modes are also opposite and generate two reflections in the y direction.
These two parts together lead to the one BLS as shown in Fig. 4(b). (ii)
As for the pair-two-partitioned BLSs shown in Fig. 4(f), the parities
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FIG. 4. Generation principles of the pair-partitioned BLSs and their electric field distributions: The optical field reflection and confinement mechanism induced by the different
parity of s, p,, and p, are shown as yellow (intra-cell modes), green (inter-cell modes), and magenta (intra-cell modes) lines. (a) Intra-cell s mode with even parity. (b)
Analytical of one BLS and (c) and (d) one BLS that corresponds to 61.21 THz. (e) Intra-cell p, mode with odd parity. (f) Analytical of pair-two-partitioned BLSs and (g) and (h)
pair-two-partitioned BLSs that relate to 62.01 THz. (i) Inter-cell p, mode with even parity. (j) Analytical of pair-four-partitioned BLSs and (k) and (I) pair-four-partitioned BLSs at
64.92 THz. (m) Intra-cell s mode with odd parity. (n) Analytical of pair-six-partitioned BLSs and (o) and (p) pair-six-partitioned BLSs at 69.37 THz.

between intra-cell p, modes at the central position and the interface,
and the intra-cell s modes at the left and right positions are opposite,
indicating the occurrence of three reflections in the x direction, which
together with the two reflections in the y direction lead to the pair-
two-partitioned BLSs. (iii) On introducing inter-cell s and p, modes,
account for the four-partitioned BLSs can be explained by the mode
coupling. The inversions of the intra-cell s and p, modes, with inter-
cell s and p, modes, lead to five reflections in the x direction, which
obtains the pair-four-partitioned BLSs together with two reflections in
the y direction as shown in Fig. 4(j). (iv) Compared to four-partitioned
BLSs, the distinct parities of s and p, modes have added two reflec-
tions, resulting in pair-six-partitioned BLSs as shown in Fig. 4(n).
The electric field distributions of the various partitions are shown in
Figs. 4(c), 4(d), 4(g), 4(h), 4(k), 4(1), 4(0), and 4(p), which exhibit the
different electric fields for the partitioned BLSs with the TNS in the
box-shaped structure. The close agreement of the computational
and theoretical results confirms the principles for generation of pair-

partitioned BLSs, and it is also shown that the BLSs can have a diverse
range of forms.

In summary, we propose a cavity of topological PCs with 2D
IONSL in this Letter. The relationship between the size of scatterers in
the inner and outer circles within the unit cell and the TTS and TNS is
analyzed. The relevant Hamiltonian is derived based on an analogous
tight-binding model used for an electronic system. This further verifies
the topological phase transition and connects the bulk polarization to
the Zak phase. Subsequently, the pair-partitioned BLSs that are
induced by topological band inversions are realized in the box-shaped
structure cavity of the topological PC. The relationship between the
eigenfrequency and the electric field distribution of the pair-
partitioned BLSs is also analyzed. This work provides ideas in relation
to the potential production of topological bulk lasers. Moreover, it
demonstrates the existence of bulk topological effects beyond the regu-
larly studied edge states and corner states and can also be applicable
for VCSELs.
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