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The correlated insulator (CI) states and the recently discovered density wave (DW) states in magic-angle
twisted bilayer graphene (TBG) have stimulated intense research interest. However, to date, the nature of
these “featureless” correlated states with zero Chern numbers are still elusive and lack a characteristic
experimental signature. Thus, an experimental probe to identify the characters of these featureless CI and
DW states is urgently needed. In this Letter, we theoretically study the correlated insulators and density
wave states at different integer and fractional fillings of the flat bands in magic-angle TBG based on
extended unrestricted Hartree-Fock calculations including the Coulomb screening effects from the remote
bands. We further investigate the nonlinear optical response of the various correlated states and find that the
nonlinear optical conductivities can be used to identify the nature of these CI and DW states at most of the
fillings. Therefore, we propose that a nonlinear optical response can serve as a promising experimental
probe for unveiling the nature of the CI and DW states observed in magic-angle TBG.
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A twisted bilayer graphene (TBG) system around the
magic angle provides a promising platform to achieve
various intriguing quantum phases [1,2] such as the
correlated insulators [3–12], orbital magnetic and Chern-
insulator states [9,13–19], as well as unconventional super-
conductivity [4,10–12,20–23]. Near the magic angle 1.05°
[24], there are two low-energy flat bands per spin per valley
which are associated with nontrivial topological properties
[25–29]. As a result, the electron-electron Coulomb inter-
actions prevail kinetic energy, and the interplay between the
strong Coulomb correlations and the nontrivial band top-
ology give rise to diverse correlated and topological states
in this system [30–49].
Most previous works focus on the integer fillings, and

only a few pioneering works have paid attention to the
fractional fillings of the flat bands in TBG [18,50–54],
which may realize unconventional density wave (DW)
states [18,50,51] and even fractional Chern-insulator states
[51]. However, to date, the nature of most of the “feature-
less” correlated insulator (CI) states observed at integer
fillings such as the zero-Chern-number CIs at ν ¼ 3; 0;�2
[3,4], and the recently observed DW states at the fractional
fillings ν ¼ 7=2, and 11=3 [51], are still elusive. An
experimental probe to distinguish the characters of these
states is needed.
In this Letter, we use an extended unrestricted Hartree-

Fock (HF) method within the subspace of the flat bands to
study CIs and DW states at all integer fillings −3 ≤ ν ≤ 3,
and a few fractional fillings ν ¼ 8=3, 7=2, and 11=3, at

which CI and DW states are observed. The Coulomb
potentials acting on the flat-band subspace from the
occupied remote bands are taken into account [42], and
the screening of Coulomb interactions in the flat-band
subspace are treated by constrained random phase approxi-
mation (CRPA). We further study different components of
the nonlinear optical conductivities of all the symmetry-
breaking states in the valley-sublattice space, and propose
that the various competing correlated states in TBG can be
identified through the nonlinear optical response.
First, we introduce the noninteracting Hamiltonian and

the moiré superlattice geometries used in this Letter. In
Fig. 1(a), the primitive moiré cell is marked by the black
rhombus, and the real-space moiré lattice vectors of the
primitive cell, the doubled supercell, and the

ffiffiffi
3

p
×

ffiffiffi
3

p
tripled supercell are marked by black, red, and blue vectors,
respectively; the corresponding reciprocal lattice vectors
and moiré Brillouin zones of the three types of moiré
supercells are shown in Fig. 1(b). The low-energy effective
Hamiltonian for TBG of valley μ (μ ¼∓ for K=K0 valley)
is described by the Bistritzer-MacDonald continuum
model [24]

H0
μ ¼

�−ℏvFðk −Kμ
1Þ · σμ UμðrÞ

U†
μðrÞ −ℏvFðk −Kμ

2Þ · σμ

�
; ð1Þ

where vF denotes the Fermi velocity, and the Hamiltonian
is expanded near the Dirac points of the two layers Kμ

1 or
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Kμ
2, with σμ ¼ ðμσx; σy; σzÞ (μ ¼ �) denoting Pauli matri-

ces in the sublattice space. UμðrÞ refers to the interlayer
coupling matrix [55]. In Fig. 1(c), we show the energy
bands of the continuum model of the K valley at the magic
angle θ ¼ 1.05° in the moiré Brillouin zone of the primitive
cell, which can be classified into two flat bands near the
charge neutrality point (CNP) and remote bands above and
below them.
Now, we consider the dominant intravalley component of

the long-rangeCoulomb interactions in the TBG system [55],

HC ¼ 1

2Ns

X

λλ0

X

kk0q

VðqÞĉ†kþq;λĉ
†
k0−q;λ0 ĉk0;λ0 ĉk;λ; ð2Þ

where Ns denotes the total number of moiré cells in the
system, k and q represent wave vectors relative to the Dirac
points, λ≡ ðμ; α; σÞ is a composite index, with μ, α, and σ
refer to the valley, layer-sublattice, and spin indices, respec-
tively. A double-gate screened Coulomb interaction, VðqÞ ¼
e2 tanhðjqjdsÞ=ð2ΩMϵBNε0jqjÞ is adopted, where ΩM is the
area of moiré supercell, ds ¼ 40 nm, ϵBN ≈ 4 is the dielectric
constant for the Boron Nitride (BN) substrate, and ε0 is
the vacuum permittivity. Then, we self-consistently solve the
interacting Hamiltonian H0 þHC with unrestricted Hartree-
Fock approximation,whichwill be extended to be adapted for
the doubled and tripled moiré supercells.
In Ref. [42] and Ref. [70], the authors propose to

“regularize” the Coulomb interaction by subtracting a
constant density ð1=2Þδq;0 from the density operator
ρ̂ðqÞ, which reads

H0
C ¼ Ns

2

X

q

VðqÞδρ̂ðqÞδρ̂ð−qÞ; ð3Þ

in which δρ̂ðqÞ is defined as the density matrix at wave
vector q subtracted by a constant ð1=2Þδq;0 [55]. Note that
Eq. (3) is not normal ordered. After being projected onto a
subset of low-energy bands, e.g., the flat bands, Eq. (3)
would differ from its normal ordered form HC, and the
difference ΔHC ¼ H0

C −HC can be reexpressed as the HF
potentials exerted by the remote bands on the flat bands by
virtue of the particle-hole and C2zT symmetries of the
projected interaction Hamiltonian [42]. In Fig. 1(d), we
present the flat band structures including remote-band HF
potentials. Clearly, ΔHC significantly enhances the overall
bandwidth of flat bands and induces the particle-hole
asymmetry. In addition to the screening effects from the
metallic gates, the Coulomb interactions between electrons
in the flat bands of TBG can be further screened by virtual
particle-hole excitations from the remote bands, which are
treated by CRPA [71], and the details are presented in the
Supplemental Material [55]. The calculated effective
dielectric constant as a function of wave vector q ¼ q̃þQ
is shown in Fig. 1(e), which is consistent with the previous
report [71].
We perform unrestricted HF calculations within the low-

energy subspace of the flat bands including remote-band
HF potentials, with the CRPA screened Coulomb inter-
actions. First, we study the ground states at integer fillings
−3 ≤ ν ≤ 3 without breaking moiré translational sym-
metry. With a realistic parameter choice of the continuum
model [55,72], our calculations reveal that the ground state
at the CNP is a Kramers intervalley coherent (K-IVC)
state characterized by order parameters ðτx; τyÞσy [34],
with a mixture of small valley polarization components
jhτzij ≈ 0.1, where τ and σ denote Pauli matrices defined in
the valley and sublattice space, respectively. The slight
mixture of valley polarization into the K-IVC state at the
CNP results from the remote-band screening effects [55].
At ν ¼ �1, the HF ground state is also a mixed state with
both K-IVC and spin-valley polarized (SVP) orders with
Chern number �1, consistent with previous theoretical and
experimental reports [14,35,43]. At ν ¼ �2, with realistic
parameter choice, we find that the ground state is a fully
SVP state based on Hartree-Fock+CRPA calculations.
However, if we take a fixed dielectric constant ϵ ¼ 10,
then, the ground state at ν ¼ 2 involves the nearly degen-
erate IVC and SVP states [55]. This indicates that the actual
ground state at ν ¼ 2 is subtle and can be sensitive to details
of the system. At ν ¼ �3, the calculated HF ground state is
always a SVP state with Chern number �1. In Table I, we
present the dominant order parameters, symmetries, valley
polarizations, Chern numbers, and gaps of the HF ground
states preserving moiré translational symmetry at all integer
fillings. We find that most of these CI states exhibit
significant valley polarizations, which will contribute to
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FIG. 1. (a) Illustration of the moiré superlattice of twisted
bilayer graphene. The lattice vectors of the primitive moiré cell,
the doubled moiré supercell, and
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moiré supercell are

marked by black, red, and blue arrows, respectively. (b) Moiré
Brillouin zones of the primitive cell, doubled supercell, andffiffiffi
3

p
×

ffiffiffi
3

p
tripled supercell. (c) The noninteracting energy bands

of magic-angle TBG, and (d) the flat-band dispersions including
remote-band Hartree-Fock potentials. (e) The wave vector
dependence of the effective dielectric constant calculated by
CRPA method.
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nonlinear optical responses as will be discussed below. The
band structures from the HFþ CRPA calculations are
given in the Supplemental Material [55].
A CI state with zero Chern number has been observed at

ν ¼ 3 in TBG [4], which is inconsistent with previous
theoretical results assuming preserved moiré translational
symmetry [36,37,43]. Thus, one naturally expects that the
zero Chern number state at ν ¼ 3 may involve a sponta-
neous moiré translational symmetry breaking. Therefore, in
this Letter, we also perform HF calculations at ν ¼ 3 based
on a doubled moiré supercell [see Figs. 1(a) and 1(b)].
Moreover, motivated by the recent discoveries of correlated
states at fractional fillings of the flat bands [51], we also
study the possible DW states at ν ¼ 1; 7=2; 8=3, and 11=3.
First, let us consider the DW state at ν ¼ 3 in TBG with a
doubled moiré supercell. The system still stays in the SVP
phase at ν ¼ 3, but there is one pair of unoccupied energy
bands from the same valley-spin flavor due to the cell
doubling, and both of them have zero Chern numbers. The
real-space charge density distribution of this zero-Chern-
number DW state is inhomogeneous around the neighbor-
ing AA sites, clearly breaks the primitive moiré translational
symmetry as shown in Fig. 2(f). We also study the possible
DW state with a doubled moiré supercell at ν ¼ 1, and the

ground state is a SVP state with zero Chern number, with
C3-broken charge distributions as shown in Fig. 2(e). The
HF band structures of these DW states with doubled
primitive cells are presented in Figs. 2(a) (ν ¼ 1) and
2(b) (ν ¼ 3), where the solid blue and red dashed lines
denote bands from the K and K0 valleys, respectively.
We continue to study the DW states at fractional fillings

7=2, 8=3, and 11=3, which are calculated based on doubled
(ν ¼ 7=2) and

ffiffiffi
3

p
×

ffiffiffi
3

p
tripled (ν ¼ 8=3; 11=3) moiré

supercells, respectively. The choice of such supercells
can be justified by generalized susceptibility calculations
[55]. The calculated ground states at 7=2, 8=3, and 11=3
fillings are gapped, which may explain the experimentally
observed C ¼ 0 correlated insulators at 7=2 and 11=3
fillings, and the unusual C ¼ 1 Chern insulator at
ν ¼ 8=3, as reported in Ref. [51]. In particular, at 7=2
filling, we find two nearly degenerate ground states with
the energy difference ∼10 μeV: one is a zero-Chern-
number spin-polarized K-IVC state with slight valley
polarization, and the other is a SVP state having Chern
number 1. We propose that the experimentally observed
C ¼ 0 insulator state at 7=2 is the spin polarized K-IVC
state. With doubled primitive moiré cells, there are eight
flat bands from each valley, and the K-IVC order would
mix the two valleys, opening a gap between the eight
valence flat bands and the eight conduction flat bands, all
with zero Chern numbers. At 7=2 filling, seven out of the
eight conduction flat bands are filled, yielding a zero-
Chern-number spin polarized K-IVC state. The single-
particle spectrum around 7=2 filling is presented in
Fig. 2(c).
At 8=3 filling, based on

ffiffiffi
3

p
×

ffiffiffi
3

p
tripled supercell HF

calculations, we find the ground state is a SVP state with a
slight mixture of K-IVC order, and the calculated Chern
number of this state is 1 [55], consistent with experiments
[51]. Such a state is adiabatically connected to a pure
SVP state with Chern number 1 [55]. At 11=3 filling, the
ground state turns out to be a pure SVP state with zero
Chern number. It should be noted that the bandwidth of the
conduction flat band can be significantly reduced in
the presence of vertical magnetic fields due to the orbital
magnetic effects concomitant with a more uniform

TABLE I. Symmetries, order parameters, valley polarizations, Chern numbers C, and gaps for the ground states at
integer fillings.

ν Order parameters Symmetry jhτzij jCj Gap (meV)

3 τz; sz; τzsz C3z; C2x 1 1 7.1
2 τz; sz; τzsz C3z; C2zT ; C2x 2 0 15.3
1 ðτx; τyÞσy; τz; sz; τzsz C3z 0.85 1 7.5
0 ðτx; τyÞσy; τz C3z 0.10 0 25.0
−1 ðτx; τyÞσy; τz; sz; τzsz C3z 1.14 1 6.1
−2 τz; sz; τzsz C3z; C2zT ; C2x 2 0 14.1
−3 τz; sz; τzsz C3z; C2x 1 1 4.4

FIG. 2. The Hartree-Fock energy bands of density wave states
for (a) ν ¼ 1, (b) ν ¼ 3, (c) ν ¼ 7=2, and (d) ν ¼ 8=3. The real-
space distributions of charge density for (e) ν ¼ 1, (f) ν ¼ 3,
(g) ν ¼ 7=2, and (h) ν ¼ 8=3. The moiré primitive cell is marked
with white dashed lines.
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distribution of Berry curvatures [51,73]. As a result, around
filling 11=3, the system would undergo a transition from
the DW state to the fractional Chern insulator state with
increased magnetic field [51,73].
The Hartree-Fock band structures at 7=2 and 8=3 fillings

are presented in Figs. 2(c) and 2(d), respectively. The
corresponding ground-state real-space charge density dis-
tributions are presented in Fig. 2(g) (ν ¼ 7=2) and
(h) (ν ¼ 8=3), respectively. The leading order parameters,
symmetries, the calculated valley polarizations hτzi, and the
calculated IVC order amplitudes in the different DW states
at ν ¼ 1; 3; 7=2; 8=3, and 11=3 are presented in Table. II.
Quite a few of the experimentally observed CIs and DWs

in magic-angle TBG are featureless insulators, such as the
CIs observed at the CNP, ν ¼ �2, the CI at ν ¼ 3, and the
DW states at 7=2, etc. All of these states are just insulating
with zero Chern number, and do not exhibit any particular
signature in conventional transport and optical approaches.
Therefore, it is difficult to experimentally identify the
nature of these correlated states. Here, we propose that
these featureless correlated states may exhibit distinct
nonlinear optical responses, which is described by the
generation of an alternating current density jcðω1 þ ω2Þ
due to the second-order response to the electric fields

jcðω1 þ ω2Þ ¼
X

a;b¼x;y

σcabðω1 þ ω2ÞEaðω1ÞEbðω2Þ: ð4Þ

The nonlinear optical conductivity tensor σcab may serve as
a promising probe to unveil the nature of the various
correlated states observed in magic-angle TBG. In this
Letter, we study two kinds of nonlinear optical processes,
the shift-current response with ω1 ¼ −ω2 ¼ ω, and the
second harmonic generation (SHG) withω1 ¼ ω2 ¼ ω. For
SHG response, the nonlinear susceptibility χcabð2ωÞ ¼
iσcabð2ωÞ=ðε02ωÞ.
We illustrate our idea by comparing the nonlinear optical

responses of two prototypical CIs, both with zero Chern
numbers: a K-IVC state characterized by order parameter
ðτxσy; τyσyÞ, and a valley-polarized (VP) state characterized
by order parameter τz. A VP order actually spontaneously
breaks bothC2z, time-reversal (T ), and C2y symmetries and
preserves C2zT , C3z, and C2x symmetries. Such a state
exhibits counter-propagating current loops in real space,

which contribute to staggered orbital magnetic fluxes [35].
Since both C2z and T symmetries are broken due to such a
real-space current pattern (although C2zT is preserved), a
VP state can have a nonlinear optical response with
symmetry-allowed nonlinear optical conductivity compo-
nents: σxxxðωÞ ¼ −σyxyðωÞ ¼ −σyyxðωÞ ¼ −σxyyðωÞ [55]. In
particular, a nonvanishing σxxxðωÞ component is a smoking
gun for the valley polarization, i.e., σxxxðωÞ ¼ σxxx;zðωÞhτzi
[55]. On the other hand, although a K-IVC order
ðτxσy; τyσyÞ generally breaks C2z symmetry, the combina-
tion of C2z symmetry and a C0

2z ¼ τzC2z symmetry, would
enforce the vanishing nonlinear optical response of a K-
IVC state [55]. Thus, nonlinear optics can be considered as
a reliable approach to distinguish the VP and K-IVC states.
Further analysis reveals that all the IVC states have a
vanishing nonlinear optical response, and there are only
three types of order parameters, i.e., the VP order τz, the
“nematic order” ðτzσx; σyÞ, and the sublattice order σz, that
are allowed to have nonzero nonlinear optical responses in
TBG [55]. We note that the order parameters ðτzσx; σyÞ are
also involved in the “incommensurate Kekulé state” which
is proposed as the ground state at nonzero fillings of magic-
angle TBG under finite strain [53].
In order to verify the above argument, we have numeri-

cally calculated the SHG susceptibility and nonlinear photo
conductivity for the shift current for various different
ordered states in TBG, assuming a constant, k independent
order parameter with amplitude of 1 meV in each state, with
the filling fixed at the CNP. The results are presented in
Fig. 3(a) (for SHG) and 3(b) (for shift current). We see that

TABLE II. Symmetries, order parameters, valley polarizations hτzi, K-IVC order amplitudes and gaps for the
different DW states.

ν Main order parameters Symmetry jhτzij IVC Gap (meV)

1 τz; sz; τzsz C2zT 6 0 12.7
3 τz; sz; τzsz C2zT 2 0 17.2
7=2 ðτx; τyÞσys0;z; sz T 0 0.07 0.45 35.7
8=3 τz; sz; τzsz; ðτx; τyÞσy C3z 3.65 0.54 20.6
11=3 τz; sz; τzsz C2zT ; C3z 1 0 52.4

FIG. 3. The nonlinear optical response of TBG at the CNP
assuming constant order parameters with amplitudes (1 meV)
applied to the flat bands.
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the nonlinear susceptibilities vanish for both the K-IVC
state, and the time-reversal invariant intervalley coherent
(T-IVC) state characterized by order parameter ðτxσx; τyσxÞ.
In contrast, the SHG susceptibility and shift-current con-
ductivity of a VP state are giant in the infrared frequency
regime ℏω ∼ 15–25 meV.
Now, we discuss the feasibility of performing nonlinear

optical measurements for a magic-angle TBG device.
Nowadays, the size of a good TBG sample can be made
more than 10 μm in each lateral direction, whereas the spot
size of a laser beam in the infrared frequency regime (say,
with the wavelength of 2500 nm) can be adjusted to ∼5 μm
[74,75], smaller than the size of the TBG sample. Thus, one
can safely rule out any undesirable response from the
sample boundaries, and directly perform SHG rotation
anisotropy measurements for a bottom-gated TBG device
with vertical incident light. Actually, SHG measurements
have already been performed for a non-magic-angle TBG
device [75]. By virtue of the chiral structure of TBG, a
remarkable second-harmonic signal contributed by the χxyz
component of the SHG susceptibility tensor has been
observed [75]. This experiment indicates that performing
SHG measurements on a magic-angle TBG device is
promising and feasible. Moreover, given that a couple of
“hidden” correlated phases have already been unveiled by
SHG measurements in some strongly correlated systems
such as cuprates and iridates [76–78], we would expect the
successful application of this technique to the magic-angle
TBG system as well.
To summarize, in this Letter, we have theoretically

studied the correlated insulators and density wave states
at various integer and fractional fillings of the flat bands
based on extended unrestricted HF calculations with
screening effects treated by CRPA method. We have
explained the nature of the recently observed density wave
states and symmetry-breaking Chern insulator states at
ν ¼ 1, 3, 7=2, and 8=3 fillings. We also find that most of the
CI and DW states exhibit substantial valley polarizations,
which would contribute to a giant nonlinear optical
response. We have identified the symmetry-allowed non-
linear optical conductivity components in different types of
ordered states. Our results indicate that a nonlinear optical
response may serve as a promising probe to distinguish
different types of correlated states observed in magic-angle
TBG, which would stimulate further experimental and
theoretical studies on the nonlinear optical properties of
moiré 2D systems.
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Note added.—Recently, a few related works have come to
out attention: in Ref. [79], the authors have extensively
studied the incommensurate Kekulé state at noninteger
fillings of TBG; in Refs. [80,81], two theory groups
independently proposed distinguishing the different corre-
lated states in magic-angle TBG using scanning tunneling
microscopy.
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