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A waveguide coupler under both phase and intensity
modulation is proposed to generate a non-Hermitian
Su-Schrieffer-Heeger lattice in frequency dimension. By
varying the modulation period and phase, we can manipulate
the on-site potential of the lattice and realize anisotropic cou-
pling of the supermodes in waveguides. The artificial electric
field associated with the modulation phase can also be intro-
duced simultaneously. Zener tunneling is demonstrated in
the non-Hermitian system and manifests an irreversibly uni-
directional conversion between odd and even supermodes.
The conversion efficiency can be optimized by varying the
on-site potential of the waveguides. The study provides a ver-
satile platform to explore non-Hermitian multiband physics
in synthetic dimensions, which may find great application in
chiral mode converters and couplers. © 2022 Optica Publish-
ing Group
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Zener tunneling (ZT) refers to the interband transition of elec-
trons in solids with multiple energy bands as they are exposed
to a high static electric filed [1]. The effect has been extended
to optical [2], acoustic [3], and cold atom systems [4] and has
spurred many interesting theoretical and experimental investi-
gations. For example, ZT has been experimentally observed in
two-dimensional photonic lattices [5]. Most previous works con-
cerning ZT focus on the nonadiabatic evolution in Hermitian
systems. Moreover, extensive research encompassing parity-
time symmetry [6], non-Bloch-band theory [7], and topological
phase in non-Hermitian systems [8] has been conducted to
date. A recent study reveals that the ZT induced by resonant
electric field forcing turns out to be chiral in the anisotropic
Su—Schrieffer—-Heeger (SSH) model [9]. The tunneling pro-
cess is unidirectional and irreversible in non-Hermitian systems
due to the existence of Floquet exceptional points (EPs) [10].
This feature is thoroughly different from that in Hermitian sys-
tems, where periodic oscillations are observable [11]. In order
to implement such a theoretical model in real practice, it is
challenging to construct a compact system furnishing multiple
energy bands and anisotropic coupling. Although an optical
configuration of coupled ring resonators may meet most of
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the requirements, the fabrication is demanding and the size is
relatively massive [12,13].

In this work, we suggest that synthetic frequency dimen-
sion is capable of demonstrating non-Hermitian chiral ZT. The
modes in an optical waveguide with evenly spaced frequen-
cies couple to each other by applying dynamic refractive index
modulation, forming a frequency lattice with tunable coupling
strength and artificial gauge potential [14-16]. The synthetic
frequency dimension makes it possible to generate a higher-
dimensional lattice in lower-dimensional physical structures,
and the non-Hermitian component is easily implemented. A
number of intriguing physical phenomena have been demon-
strated in synthetic dimensions, such as the quantum Hall effect
[17], higher-order topological insulators [18], Weyl semimetals
[19], the non-Hermitian skin effect [20—24], and non-Hermitian
Bloch oscillations [25].

We demonstrate that coupled waveguides under complex
refractive index modulation are able to generate a non-Hermitian
SSH model in frequency dimension. Furthermore, by presetting
the modulation wavenumber and initial phase, anisotropic cou-
pling, on-site potential, and artificial electric field can be intro-
duced to this two-band frequency lattice simultaneously. The
non-Hermitian chiral ZT in the coupled waveguides is accompa-
nied by irreversibly unidirectional mode conversion. The study
provides a versatile platform to explore non-Hermitian multi-
band physics in synthetic dimensions and may find applications
in spectrum manipulation and chiral mode converters.

We start by considering a pair of coupled waveguides under-
going dynamic index modulation as shown schematically in
Fig. 1(a). The binary traveling-wave complex index modula-
tions, as depicted in Figs. 1(b) and 1(c), have a phase difference
of 7t between left and right waveguides as

n(z,1) = —ng(z, 1)
=dn, cos(Qit — q1z+ @) +idn', cos(Qt —qiz+¢',) (1)
+ dny co8(t — g2z + ¢y) + idn', cos(Qut — gz + ¢'5),

where n; g, is the refractive index modulation applied on the left
(right) waveguide, Q, , and g, , are the common modulation fre-
quency and wavenumber of real and imaginary refractive index
modulations, and dn; ,, dn’;, and ¢, ,, ¢’ , are their respective
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Fig. 1. (a) Coupled waveguides under complex dynamic refrac-
tive index modulation. The spatial coupling strength is denoted by
k. (b) Real and (c) imaginary parts of complex dynamic refractive
index modulation of left and right waveguides. There is a phase
difference of 7t in modulation between left and right waveguides,
i.e., n, = —ng.
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Fig. 2. (a) Equivalent general non-Hermitian SSH lattices. (b)
Non-Hermitian SSH lattice with unidirectional intercell coupling.
(c) Dispersion relation of coupled waveguides. (d) Distribution of
on-site potential of non-Hermitian SSH lattice. The y axis represents
the on-site potential of every site. (¢) Chiral ZT between the two
Bloch bands.

modulation amplitudes and initial phases. The physical imple-
mentation can be based on periodic modulation electrodes [25],
placing p—n junction electrical diodes inside a slotted waveguide
[26], and corrugated grating waveguide structure [27]. By apply-
ing dynamic index modulation, the supermodes with staggered
frequencies are coupled to form an anisotropic SSH model, as
shown in Fig. 2(a). Under specific modulation strength and ini-
tial phase, the coupled waveguide system can also mimic the
SSH model with unidirectional intercell coupling as illustrated
in Fig. 2(b), in which chiral ZT will occur. For concreteness,
the evanescent coupling between the fundamental modes in
each waveguide gives rise to the even and odd supermodes,
forming a two-branch band, as shown in Fig. 2(c). The two
branches are separated by a wavenumber difference 2«, where
« denotes the coupling strength between the two waveguides.
Then, a SSH lattice can be constructed by introducing inter-
leaved mode transitions between the even and odd supermode
bands. The modulation initial phase difference 7 between left
and right waveguides is introduced due to the opposite parity
between the even and odd supermodes. Using one modulation
tone can introduce an interband transition between only two
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frequency modes [28]. On the contrary, two modulation tones
can couple a series of supermodes and form frequency lattices.
To satisfy the wavenumber matching condition as implied in the
geometry of Fig. 2(c), and introduce staggered on-site potential
and artificial dc electric field, the modulation wavenumbers are
designed as

{q1 =Q; /v, +2k+ A 2)

G = /v, =2k —A-6.

Due to the applied dynamic modulation with multiple fre-
quencies ;,, the electric field in the coupled waveguides can
be expressed as

E(Z’ [) = Z [an,m(z)wL(xy y) + b,,_,,,(Z)l//R(X, y)] exp[i(wn,m[ - Bn.mz)]a
3)

where a,,, and b,, are mode amplitudes of left and right
waveguide with frequency w, ,, = wo + n€; + m, and accompa-
nying wavenumber S, ,, = By + n&,/v, + mQ,/v,, (n, m=0, £1,
+2, ...), v, is the group velocity of the waveguide mode
at wy, and ¥, is the eigenmode profile of the isolated left
(right) waveguide. The slight distinction of eigenmode profile
between different frequencies and group velocity dispersion can
be neglected under low-frequency modulation Q;, << wq [16].
Combining the coupled-mode equations in spatial and frequency
dimensions [16], the whole coupled-mode equation is derived
as

d a,,| _ |0 k| |dum
le bn.m Tk 0 bn.m

i 211 0] |a
i(2kz+4z) n+1,m
* JHe [0 _1] [btx+l,)n

i 1 0f]a.-
—i(2kz+Az) n—1,m
+Jlie [0 _1] [bn—],mj|

i as0 |1 01 ]a
—i(2kz+Az+67) nm+1
* e [o —1] [b

n,m+1

i 1 0 ||aum

i(2kz+A7+62) nm—1
he 6 % ]
(

Transforming to supermode basis in a rotating frame and
implementing the rotating wave approximation by omitting the
large mismatching terms as exp(+4ikz) provided «>>A, 6,
| /12|, the coupled-mode equation describing the dynamic of
supermodes is obtained:

d 4
i_An =|=+no An + J]+Sn + JQ,S",I

dz 2 5)
.d V|
l_Sn =|-=+nd Sn +J1_An +J2+An+1,

dz 2

where A, and S, denote the electric field amplitude of odd mode
with frequency w, + (n — 1)Q; + nQ, and even mode with fre-
quency wy + n€d; + n€,. The coupling coefficients are given by
(see the Appendix of Ref. [25])

Ji = (dnipe™® + idn', e™¢10)w, [ 2c, (6)

with ¢ being the speed of light. Equation (5) indicates that
the supermodes with staggered frequency sites are coupled by
the dynamic modulation to form the SSH lattice as shown in
Fig. 2(a). The wavenumber mismatching A and § behave as the
staggered on-site potential and artificial dc electric field on the
frequency lattice.

To demonstrate the chiral ZT, the unidirectional intercell cou-
pling should be achieved as J,, =0, and the intracell coupling
can be isotropic as J;, = J,_, as shown in Fig. 2(b). This implies
an’y=¢,=¢,=0, ¢’,=—-m/2, and dn,=dn’,. The correspond-
ing coupled-mode equation is obtained by Egs. (5) and (6)
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as

2

4
deS,1 = ( 2 +n6) S, +JA,,
where J=wydn,/2c and J_=wydn,/c. The distribution
of on-site potential of this non-Hermitian SSH lat-
tice is illustrated in Fig. 2(d). Doing gauge transforma-
tion A’,(S,)=exp(idnz)A,(S,) and then going to k-space
A LS = f B2k, Ak (Skeo Jexpl—ik,n(Q; + Q,)], the coupled-
mode equation for Bloch state A;,, - and S, - o reads

d |Ag,-o| _[14/2 T 0 J_exp(idz)|| |Ax, =0
"Tlseol TV 7 =42 o 0 NE
(

where k,, denotes the Bloch wave vector. Defining

d Y|
iI—A, ==+ n6) A, +JS,+J_S,.
dz

p (7)

H(z) = Hy + H' exp(idz),

42 7 A (9)
HO:[] —A/Z]’H:[O o]’

following the recent work of Stefano Longhi [9,10,29], as a
non-Hermitian periodic Hamiltonian H(z) is composed of a
static part with real eigenvalues, e.g., H, with eigenvalues
{Ey = (A¥4+J*)'?, —E,}, and a periodic part with solely posi-
tive or negative frequency component, e.g., H'exp(idz), when §
satisfies resonant condition |né| = |2E,|,(n=1,2,...), aFloquet
EP occurs. The two quasi-energies and corresponding Floquet
eigenstates of a time-periodic non-Hermitian Hamiltonian both
collapse. Therefore, there is a dominant state in the two instan-
taneous eigenstates of H(z) depending on the sign of resonant
forcing 6. After a long-distance evolution, the output light field
will be mainly composed of the dominant state regardless of
the excitation condition. Typically, for positive (negative) driven
frequency 0, the dominant state will be the lower (higher) band
Bloch eigenstate. It is worth noting that we introduce a large
staggered on-site potential A to make the two Bloch eigenstates
mainly consist of sublattice A (odd modes) and S (even mode)
separately. The lattice model of non-Hermitian SSH model with
unidirectional intercell coupling and the corresponding energy
band are illustrated in Figs. 2(d) and 2(e). With the drift of
Bloch wave vector to cyclically span the Brilliouin zone induced
by artificial dc electric field, the chiral ZT between two Bloch
bands occurs as shown in Fig. 2(e). The unidirectional intercell
coupling, leading to the solely positive or negative frequency
component in the periodic part of Eq. (8), is crucial to achieve
this chiral dynamic.

We simulated the non-Hermitian chiral ZT in coupled waveg-
uides under complex dynamic modulation by first-principles
simulations using the finite-difference time-domain (FDTD)
method and by solving the coupled-mode Eq. (7), as shown
in Fig. 3. The input even mode frequency comb is Gaussian in
frequency domain as

E(Z =0,x, t) — %()C) Z e—nz/D2 ei(w0+an+an)t’ (1 0)

and the input odd mode frequency comb is

E(Z — O,X, t) — WA(X) Z e—nz/D2ei[w0+(n—1)Ql+nQZ]t’ (1 1)

where g, represents the even (odd) mode profile of cou-
pled waveguides and D denotes the Gaussian width (D=4 in
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Fig. 3. Dynamic evolution of ZT under resonant forcing § = —E.
(a), (b) Spectrum of odd and even modes with even mode excitation.
(c), (d) Spectrum of odd and even modes with odd mode excitation.
The blue (red) lines are the even (odd) mode spectra solved by
the FDTD method, and filled circles are solved by coupled-mode
Eq. (8).

Fig. 3). Equations (10) and (11) can be regarded as a Bloch wave
packet of sublattice S and A with central Bloch vector &, =0,
respectively. The supermode frequency comb can be excited by
using an asymmetric directional coupler from different ports
[27,30]. The system consists of two 400nm width waveg-
uides with 100 nm gap and static refractive index n, =2 placed
in air. The modulation parameters are f, =,/2t=0.5 THz,
f2=Q/2nt=1THz, dn,=0.02, dn,=dn’,=0.05, ¢’ =-11/2,
A=0.2um™, and dn’, = ¢, = ¢, =0. The central frequency is
1550 nm. As shown in Figs. 3(a) and 3(b), the input even modes
are converted to odd modes accompanied by irreversible mode
amplification and blueshift which indicates the chiral ZT pro-
cess as shown in Fig. 2(e). Besides, with odd mode excitation,
the output electric field is still mainly composed of odd modes
as shown in Figs. 3(c) and 3(d). The first-principles simulated
and theoretical spectra agree well with each other. To show the
difference of ZT between resonant and nonresonant forcing, the
evolution of light intensity of even and odd modes is depicted in
Fig. 4. For resonant forcing, the ZT process is irreversible with
mode amplification from even modes to odd modes, as shown
in Figs. 4(a) and 4(b). On the contrary, for nonresonant forcing,
the ZT becomes reversible as shown in Figs. 4(c) and 4(d). The
algebraic secular growth of amplitude is a typical signature of
a Floquet EP [10]. The Bloch states generally consist of both
odd and even modes which hinders the mode conversion. Intro-
ducing staggered on-site potential A can decouple the sublattices
in Bloch states and improve the mode conversion efficiency. As
shown in Fig. 5(a), for lower staggered on-site potential A =0,
the odd mode is less dominant in the output light field compared
with the case for larger staggered on-site potential A = 0.4 under
even mode excitation. The proportion of odd modes in the output
light field increases with the growth of staggered on-site poten-
tial, as shown in Fig. 5(b). The situation for odd mode excitation
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resonant forcing ¢ = —E, with (a) even mode excitation and (b) odd
mode excitation, and nonresonant forcing 6 = —1.4E, with (c) even
mode excitation and (d) odd mode excitation.

04 —A=0
— A=0.4
0.2
0 0.8
0 100 200 300 400 500 0 0.1 02 03 04 05
(c) z (um) (d)
1 gy 1
0.8 0.95
< 0.6 35
Q < 0.
0.4 —as0 [ /e e
0.2 — A=0.4 0.85| L (.| .
0 08
0 100 200 300 400 500 0 0.1 02 03 04 05
z (um) A

Fig. 5. Evolution of normalized light intensity of odd mode
P, =14/(I4 + I5) under (a) even mode excitation and (c) odd mode
excitation. Output normalized light intensity of odd mode versus
staggered on-site potential A under (b) even mode excitation and (d)
odd mode excitation with 2 cm propagation distance.

is similar as shown in Figs. 5(c) and 5(d), which manifests the
chiral behavior of the non-Hermitian ZT.

In summary, we construct a non-Hermitian SSH model in
frequency dimension based on coupled waveguides under both
phase and intensity modulation. Tunable anisotropy coupling,
on-site potential, and artificial electric field can be introduced
simultaneously. Furthermore, we simulate the non-Hermitian
chiral ZT processes in our coupled waveguide system which
manifests an irreversible unidirectional conversion between the
odd and even supermodes. Varying the on-site potential of the
waveguides can improve the conversion efficiency. Our sys-
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tem provides a versatile platform for demonstrating physical
phenomena of non-Hermitian lattices in synthetic dimensions
and has potential application in chiral mode converters and
couplers.
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