
Extended State in a Localized Continuum

Wei Wang ,* Xulong Wang ,* and Guancong Ma †

Department of Physics, Hong Kong Baptist University, Kowloon Tong, Hong Kong, China

(Received 7 July 2022; accepted 5 December 2022; published 23 December 2022)

Bound state in a continuum (BIC) is a spatially confined resonance with its energy embedded in a
continuous spectrum of propagative modes, yet their coupling is prohibited. In this Letter, we report the
discovery of a generic non-Hermitian phenomenon that we call an “extended state in a localized
continuum” (ELC). As the name suggests, the ELC is the inversion of the BIC—a single extended state
embedded in a continuous spectrum entirely consisting of localized modes, and its emergence rests in the
interplay between the BIC and the non-Hermitian skin effect (NHSE). Herein, the BIC is a zero-energy
corner mode that spectrally overlaps with a bulk band in a Hermitian kagome lattice. The ELC emerges
with the introduction of the NHSE in a particular way, such that it turns all the bulk states into corner skin
modes and simultaneously delocalizes the corner mode. We experimentally realize the ELC using an active
mechanical lattice. Our findings not only demonstrate the rich potential of the NHSE but may also spark
new wave-based applications.
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Introduction.—Bound state in a continuum (BIC) is a
localized state that spatially and spectrally overlaps with a
continuum of extended states but does not hybridize with
any of them [1,2]. BICs ubiquitously appear in a wide range
of physical systems, including quantum dots [3–5], and
classical waves [6–13]. They have led to high-performance
applications, such as nonlinear optics [14–16], sensing
[17–19], filtering [20], and lasers [21–24]. The unique
characteristics of BICs are enabled by either incompatible
symmetries or by accidental destructive interferences
among radiative or hybridization channels [2]. In particular,
by virtue of Hilbert-space separability or geometric sym-
metry, topological or defect modes can be tuned to
spectrally overlap with a band of extended bulk modes
while maintaining their localized characteristics, thus
becoming BICs [25–28].

In a separate realm, the development of non-Hermitian
formalism has fundamentally changed our understanding
of open systems [29,30]. It has not only brought about new
analytical tools, which enabled a kaleidoscope of revolu-
tionary applications in optics, photonics, and classical
waves [31,32], but also broken new grounds for topological
physics [33,34]. Specifically, the complex spectrum gives
rise to spectral topology [35]. An important consequence is
the non-Hermitian skin effect (NHSE) [36–40], which
causes the bulk states in an open lattice to become skin
modes localized at boundaries. The NHSE has been
realized in classical wave systems [41–44], electric circuits
[45], and quantum walks [46,47]. Recently, it was dis-
covered that the NHSE can also modify the wave functions
of topological modes by delocalization [48–51] or by
imposing further spatial confinement [51–53].

In this Letter, we report the discovery and experimental
realization of a new phenomenon, named “an extended
state in a localized continuum” (ELC). The emergence of
the ELC rests in the confluence of the BIC and the NHSE.
Our system is based on a 2D kagome rhombic lattice
possessing a BIC—a corner mode pinned at zero energy
[54–58] and embedded in a continuum of extended bulk
modes. By introducing specific nonreciprocal hopping, the
NHSE counters the spatial exponential decay of the zero
mode and delocalizes it into a fully extended state. The
extended zero mode remains spectrally embedded in the
continuum band, in which all modes are skin modes
collapsing toward a corner due to the NHSE. In other
words, the ELC is a BIC inverted by the NHSE.
Theoretical model.—Figure 1(a) shows a non-Hermitian

kagome lattice. The Hamiltonian under the periodic boun-
dary conditions (PBCs) reads

hðkÞ

¼

2
64

0 t1þt2e−ik·a1 t1þt2e−ik·a2

ðt1þε12Þþt2eik·a1 0 t1þt2e−ik·ða2−a1Þ

ðt1þε13Þþt2eik·a2 t1þt2eik·ða2−a1Þ 0

3
75;

ð1Þ

where k ¼ ðkx; kyÞ is the Bloch wave vector, a1 ¼ ð1; 0Þ
and a2 ¼ ð1=2; ffiffiffi

3
p

=2Þ are the primitive vectors, t1 and t2
are the hopping coefficients, ε12 and ε13 are the nonrecip-
rocal hopping coefficients between sites 1, 2 and sites 1, 3.
When ε12 ¼ ε13 ¼ 0, Eq. (1) is Hermitian and the spectrum
under the PBC is shown in Fig. 1(b), in which we set
t1 ¼ −0.73 and t2 ¼ −0.97. Model (1) possesses C3v and a
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generalized chiral symmetry [55]. Under an open boundary
condition (OBC), an equilateral-rhombic lattice (280 sites)
sustains a zero mode [54], as shown in Fig. 1(c). The wave
function of the zero mode is analytically solvable

jψH
zeroi ¼ N

X
ðm;nÞ

ð−t1=t2Þmþnc†
1;ðm;nÞj0i; ð2Þ

where j0i is a zero vector, c†
1;ðm;nÞ is a creation operator at

site 1 in the unit cell index by ðm; nÞ, with the cell at the
lower-left corner as (0,0), and N is a normalization factor.
From Eq. (2) it is readily apparent that the wave function of
the zero mode is nonzero only at sites 1 and is exponentially
localized at the lower-left corner. Moreover, the zero mode
is spectrally embedded in a bulk band. Figure 1(c) also
plots the averaged distribution of all bulk modes in the
second band, i.e., ψ̄ ¼ ð1=NÞPN

i jψ ij2, where N is the
number of the corresponding bulk modes. These observa-
tions are a clear indication that the zero mode is a BIC [55].
The system is non-Hermitian when ε12 and (or) ε13 in

Eq. (1) are nonzero. We choose a constant nonreciprocal
hopping, that is ε12 ¼ ε13 ¼ ε. In this case, the PBC
spectrum is complex and it forms spectral areas in the
complex plane, as shown in Fig. 1(d) for ε ¼ −0.1. Owing
to the nonreciprocal hopping, the NHSE emerges and
collapses the bulk modes toward the boundaries (corners)
under the OBC. The OBC spectra of the rhombic lattice
are plotted in Fig. 1(e) as a function of ε. Two important

observations are made: the spectrum remains real due to
the pseudo-Hermiticity of the OBC Hamiltonian [59], and
the zero mode exists for all ε. When ε ≠ 0, the C3 and
the reflection symmetry that maps site 1 to site 2 and site 1
to site 3 are broken. However, the reflection symmetry
mapping site 2 to site 3 remains intact and the generalized
chiral symmetry is also preserved. The wave function of the
zero mode in the non-Hermitian rhombic lattice is given by

jψNH
zeroi ¼ N 0 X

ðm;nÞ
½−ðt1 þ εÞ=t2�mþnc†

1;ðm;nÞj0i: ð3Þ

Clearly, it is tunable by the non-Hermitian parameter ε, as
shown in the upper panels of Figs. 1(f)–1(h). For a positive
ε, jψNH

zeroi is even more localized with a shorter decay length
compared to jψH

zeroi. In this case, all bulk modes are skin
modes localized at the lower-left corner [Fig. 1(f)]. When
ε < 0, the bulk modes congregate at the upper-right corner,
yet the zero mode is seen to delocalize [Fig. 1(g)]. It
becomes decay free across the entire lattice at a critical
value εc ¼ t2 − t1 ¼ −0.24 [Fig. 1(h)]. (There exists
another critical value at ε0c ¼ −t2 − t1 ¼ 1.7 [60]). Note
that the OBC spectrum remains entirely real, and the zero
mode is embedded in the continuum band. Thus, we have
arrived at a new phenomenon that a band of corner-
localized skin modes forms a continuum, in which a single
fully extended zero mode is embedded [Fig. 1(h)]. In other
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FIG. 1. (a) The schematic of a non-Hermitian kagome lattice. The black hexagon encircles a unit cell. (b) The spectrum of a Hermitian
kagome lattice under the PBC. (c) Left panel: the OBC spectrum of a Hermitian rhombic lattice. The blue dot denotes the zero mode.
Right panels: the wave function of the zero mode and the averaged distribution of the bulk modes in the second bulk band. (d) The PBC
(light blue) and OBC (orange) spectra of the non-Hermitian kagome lattice. (e) The OBC spectra of the non-Hermitian rhombic lattice
and its dependence on ε. (f)–(h) The wave function of the zero mode (upper panels) and the averaged wave function of the bulk modes
(bottom panels) at (f) ε ¼ 0.2, (g) ε ¼ −0.18, and (h) ε ¼ εc ¼ −0.24.
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words, the BIC is turned into an ELC when introducing
the NHSE.
Experiments.—We use a lattice of rotational oscillators to

realize the EIC. A typical oscillator is shown in Fig. 2(a),
which consists of a brushless dc motor (LDPOWER 2804)
with a 124-mm metallic arm anchored by two tensioned
springs such that there is only one rotational degree of
freedom. The main arm can accommodate additional
weight loading for adjusting the moment of inertia, by
which the resonant frequency is tuned to 13 Hz. (This is the
frequency for the “zero energy” in the theoretical model.)
Stacked on top of the main arm are two additional arms, on
which springs that connect neighboring sites are attached,
such that the kagome lattice is built, as shown in Figs. 2(b)
and 2(c). To realize the nonreciprocal hopping, electronics
[Fig. 2(c)] are used to measure the instantaneous angular
displacement θ1ðtÞ at all sites 1 in real time. The results are
used as feedback to generate instantaneous torques at sites
2 and 3 in the same unit cell, τ2ðtÞ ¼ τ3ðtÞ ¼ αθ1ðtÞ, where
α is a constant that tunes the magnitude of the nonreciprocal
hopping. More details about the experimental setup are
presented in Ref. [60].
The experimental lattice has 65 oscillators. We first set

ε ¼ 0 and excite a single oscillator in the bulk with a signal
covering 6–20 Hz. The response spectrum shows a dip at
12.3 Hz which indicates a band gap, separating two bulk
bands [Fig. 3(a)]. We then apply actuation on the oscillator
at the lower-left corner and the corresponding response
spectrum is displayed as the orange curve. A sharp peak is
seen at 13.3 Hz, overlapping with the higher bulk band.
The finite linewidth of the peak is due to dissipation in the

lattice. The quality factor can be much higher if the
dissipation is reduced. The steady-state vibration profile
measured at all sites at this frequency is clearly localized at
the lower-left corner [Fig. 3(f)], which is in good agreement
with the response profile computed using Green’s function
[Fig. 3(c)]. This realizes the BIC in the Hermitian kagome
lattice.
We next switch on the nonreciprocal hopping and set

ε ¼ −0.26 (retrieved value, close to the critical value εc).
The NHSE is observed, as demonstrated in the
Supplemental Material video [60]. The response spectra
for the excitation in the bulk and at the lower-left corner are
shown in Fig. 3(b). Both spectra are similar to their
Hermitian counterparts. However, when excited at the
lower-left corner, the vibration profile at 13.3 Hz is no
longer localized at the corner, but occupies the entire lattice
[Fig. 3(g)]. This signifies that the zero mode is entirely
delocalized and has become an extended mode. There is a
slight drop in vibrational magnitudes away from the source,
which is attributed to the inevitable presence of dissipation
in the lattice. The dissipation also broadens the responses of
all modes, such that the monochromatic excitation at
13.3 Hz can also weakly excite nearby bulk modes.
These modes also contribute to the overall vibration profile
that is shown in Fig. 3(g). This is also verified by the good
agreement between the measured and the theoretically
calculated results [Fig. 3(d)], in which the dissipation is
accounted for in Green’s function. We also show in
Ref. [60], that upon decreasing the dissipation, it is indeed
possible to excite only the extended zero mode with the
excitation at the lower-left corner.
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FIG. 2. (a) The schematic drawing of the rotational resonator, whose resonance plays the role of the on-site orbital. (b) The schematic
drawing of a unit cell of the non-Hermitian kagome lattice. Only the short arms supporting the connections between neighboring sites
are shown. τ2ðtÞ and τ3ðtÞ are the instantaneous torques applied on site 2 and site 3. (c) A photo of the mechanical lattice. The tension
springs realizing the hoppings t1 and t2 are colored according to (b). θ1ðtÞ is the instantaneous angular displacement of site 1. The white
box marks the unit cell.
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Next, we place a single source in the bulk and away from
the mirror axis [Fig. 4(b)] to excite both the symmetric
and antisymmetric skin modes. The spectral sum of the
responses at each site is then obtained

Pν;ðm;nÞ ¼
Z

f2

f1

jAν;ðm;nÞðfÞj2df; ð4Þ

where Aν;ðm;nÞðfÞ is the response of the site ν of the unit cell
ðm; nÞ at frequency f, with ν ¼ 1, 2, 3, and f1 ¼ 6 Hz and
f2 ¼ 20 Hz. The response ratio between the non-Hermitian
and Hermitian lattices ξν;ðm;nÞ ¼ PNH

ν;ðm;nÞ=P
H
ν;ðm;nÞ is shown

in Figs. 3(h). Figure 3(e) shows the theoretical result. These
results clearly show that when the nonreciprocal hopping is
in effect, all bulk modes become skin modes that localize at
the upper-right corner. From these experimental data, it
becomes clear that we have successfully verified the
existence of the ELC in our mechanical lattice.
Discussion and conclusion.—The ELC is the pheno-

menological inversion of the BIC. It is the unique conse-
quence of the interplay between the BIC and the NHSE.
The exponential decay of the corner mode is exactly
countered by the spatial amplification caused by the
NHSE [49], resulting in an extended state. Meanwhile,
the bulk modes that form the continuum band become
corner-localized skin modes (the localization characteristic
is more evident in a sufficiently large lattice). Unlike the
BIC, the ELC is one of the non-Hermitian eigenmodes,
which are generically skewed and follow biorthogonality
[63], that is hψL

i jψR
j i ¼ δij, where i, j are the mode indices,

ψL
i and ψR

j are bilinearly normalized left and right
eigenvectors [64,65]. The biorthogonal inner products of
the ELC and all the other skin modes, denoted
χLR ≡ hψL

i jψNH;R
zero i, are indeed vanishing as shown in

Fig. 4(a). This means that the stable existence of the
ELC is a consequence of biorthogonality—an exclusively
non-Hermitian property. The inner products using only the
right eigenvectors, denoted χRR ≡ hψR

i jψNH;R
zero i, can indeed

be nonzero [Fig. 4(b)]. However, intriguingly, a significant
portion of the bulk modes still gives a vanishing χRR.
Futher examination reveals that the corresponding modes
are all antisymmetric about the mirror axis of the rhombic
lattice, and they are incompatible with the extended zero
mode that is symmetric. In other words, instead of being a
generic phenomenon, the vanishing of χRR relies on the
specific spatial symmetry Cs of the OBC lattice.
The forms of the ELC are diverse and tailorable. For

example, by using a triangular lattice, the ELC is an
extended state in a continuum of edge-localized skin modes
[60]. It is also straightforward to realize an ELC in different
types of lattices. An additional example based on a 2D non-
Hermitian Su-Schrieffer-Heeger lattice is presented in
Ref. [60] where the Hermitian BIC is also a topological
mode. These desirable characteristics mean the ELC can
potentially be tailored to adapt to different application
scenarios. Because the physical mechanisms for the BICs
and the NHSE are universal, this phenomenon can emerge
in other types of systems, such as photonics, electromag-
netism, acoustics, and in the continuous models which are
out of the tight-binding descriptions. Recent work showing
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FIG. 3. (a) and (b) The response spectra of the 65-site rhombic lattice with the excitation placed inside the bulk and at the lower-left
corner when (a) ε ¼ 0 and (b) ε ¼ −0.26. (c) and (d) The theoretical and (f) and (g) experimental steady-state response fields when the
lattice is excited at the lower-left corner at 13.3 Hz. The results in (c) and (f) correspond to the Hermitian case with ε ¼ 0, and the results
in (d) and (g) are at ε ¼ −0.26. (e) The theoretical and (h) experimental response ratio of the non-Hermitian and Hermitian lattices. The
magenta box in (c)–(h) marks the position of the source. The size of the circles in (c), (d), (f), and (g) represents the response magnitude.
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the possibility of realizing nonreciprocity by loss [66]
suggests the potential of obtaining ELC in completely
passive systems.
We remark that, even in the presence of the NHSE, in 1D

lattices, it remains possible for a small number of bulk
modes to be extended [43,67]. Such states owe their
existence to the bipolar NHSE, which occurs when the
energy of an OBC eigenstate exactly coincides with the
PBC spectrum in the complex plane. Hence, the OBC bulk
modes can still converge to the PBC eigenmodes. However,
the very mechanism for such a “Bloch-wave-like” state to
exist also prevents it from overlapping with other skin
modes. Thus, it cannot become an ELC.
In summary, the ELC demonstrated here exemplifies the

rich possibilities that lie within the confluence of generic
wave physics and non-Hermitian physics. We envisage the
ELC to bring intriguing twists to wave-based applications,
especially BIC-based devices. For instance, quasi-BIC
lasers [21,68] can benefit from the extended mode profile
of the ELC, such that surface emission may be attainable.
BIC-based sensors [18,19] can also take advantage of the
increased detection area, thereby boosting their efficiency.
The ELC may also boost the energy capacity for gapless
photonic crystal fibers relying on BIC [69].
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