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Recent progress on anisotropic 2D materials brings new
technologies for directional guidance of hyperbolic plas-
mons. Here, we investigate the plasmonic modes in twisted
bilayer 2D materials (e.g., black phosphorous). Calculated
dispersion curves show that two hyperbolas split as the
twisted angle increases. The topological transition from
closed ellipses to open hyperbolas is achieved by varying
the frequency, indicating switching between highly direc-
tional and omnidirectional plasmons. These findings will
provide potential applications of anisotropic 2D materials
in the design of tunable field effect transistors and
waveguides. © 2018 Optical Society of America

https://doi.org/10.1364/OL.43.005737

Highly squeezed polaritons, including plasmon polaritons in
graphene [1] and phonon polaritons in hexagonal boron nitride
[2], in natural materials, and Dyakonov plasmons [3,4] on hy-
perbolic metamaterial in artificial materials with a wide range of
varying bandgaps from optical [5] to mid-IR [6,7] range, have
been a growing area of research. The deep subwavelength con-
finement of light, with λ0∕λspp > 100, facilitates controlling
light at nanoscale, leading to unique applications, including
negative refraction [2,8], subdiffraction focusing [9], sensing
[10], superscattering [11], separating the Doppler effect from
the superlight inverse Doppler effect [12], and nanophotonics
circuits [13]. There are many types of highly squeezed polar-
itons, which include isotropic polaritons in graphene, hexago-
nal boron nitride, hyperbolic polaritons in black phosphorous
[5], and metal dichalcogenides and trichalcogenides [14].
However, hyperbolic polaritons have a distinct property to en-
hance the directional propagation of the wave, which is central
for development of on-chip devices. These hyperbolic materials
have potential application in the directional guidance of energy
[15,16], hyperlensing [17], subwavelength focusing [18], elec-
tronics, and optoelectronics [19,20]. Recently, there have been

comprehensive investigations of anisotropic plasmons on bilayer
and multilayer systems due to their few potential applications,
such as field effect transistors [21–24], waveguides [25], and
photodetectors tuned by field effects [26]. Furthermore, bilayer
and multilayer systems show some interesting properties due
to coupling between layers and provide an additional tuning
parameter, i.e., relative angular orientation to modify the
dispersion curve [27–30]. However, the effect of tuning param-
eter on a bilayer hyperbolic material has not been explored.
In this Letter, we examine the effect of the change in relative
orientation and chemical potential on plasmon modes in a bi-
layer hyperbolic material based on 2D materials. We reveal that
the propagation of surface plasmons along a desired direction can
be efficiently tuned by changing relative orientation along the
same direction between the layers. We observe that the shape
of the dispersion curve is modified by increasing the chemical
potential of layers, and the change in shape of the curve from
elliptical to hyperbolic at the topological transition point.

In general, a 2D anisotropic monolayer supports hybrid
modes [31,32], which are the superpositions of TE and TM
modes. But the fraction of TE mode in a hybrid mode for a
hyperbolic material is very small compared to hybrid mode
in anisotropic materials [33,34]. Therefore, we obtain the con-
dition for the existence of TM plasmonic modes from the
dispersion relation of a bilayer system. The 2D bilayer system
consists of two monolayers with surface conductivities σ3j1 and
σ1j2 of top and bottom layers, respectively. The layers are sep-
arated by a dielectric material of thickness 2d , as shown in
Fig. 1(a). The separation between layers is adequate to prevent
the modification of optical properties of each layer. The relative
lossless permittivities in three regions are given as εr3, εr1, and
εr2, respectively. For TM waves, the magnetic field has a com-
ponent along only y direction, i.e., Hy. The magnetic field in
three regions are assumed to be
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Region 3 (z > d )

Hy � Aeiβxe−kz3z , (1)

Region 1 (d < z < −d )

Hy � Ceiβxekz1z � Deiβxe−kz1z , (2)

Region 2 (z < −d )

Hy � Beiβxekz2z , (3)

where ω is the frequency, c is the velocity of light, and kzi �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 − ω2

c2 εri

q
�i � 1, 2, 3� and β are the components of wave

vector perpendicular and parallel to the interface, respectively.
The boundary conditions applied are ~z × � ~E1 − ~E2� � 0 and
~z × � ~H 1 − ~H 2� � σ ~E , at interface z � d and z � −d .
The dispersion equation of the bilayer system is derived
using the field distributions in Eqs. (1)–(3) and the boundary
conditions
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(4)

where 2d is the distance between the two anisotropic layers,
ε0 is the permittivity of free space, σa�σ3j1,x 0x 0 cos2φ�
σ3j1,y 0y 0 sin2φ, σb�σ1j2,x 0 0x 0 0 cos2�φ�θ��σ1j2,y 0 0y 0 0 sin2�φ�θ�,
φ is the angle between axes x and x 0 and θ is the relative angle

between axes x 0 and x 0 0, cos φ � kx∕
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x � k2y

q
and

sin φ � −ky∕
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x � k2y

q
, x 0, y 0, and x 0 0, y 0 0 specify the in-plane

optical axes of surface conductivities for the top and bottom 2D
materials, respectively, as shown in Fig. 1(b).

The dispersion relation in Eq. (4) is the sum of two terms;
the first term determines the strength of coupling between two

layers by varying the distance, and the second term specifies the
effect of various other parameters (relative orientation, chemical
potential, substrate effects, etc.) on the modes of the system.
Equation (4) reduces to a simpler form under the following
conditions: (a) if both layers are isotropic σ3j1 � σ1j2 � σ [35],
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(5)

and (b) if the distance between layers becomes large, i.e.,
d → ∞, the equation simplifies to the dispersion equation
of monolayers [36]:

kz1
εr1

� kz2
εr2

� iσkz2kz1
ωε0εr2εr1

� 0, (6)

kz1
εr1

� kz3
εr3
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ωε0εr3εr1

� 0: (7)

The surface conductivity of a 2D anisotropic monolayer (e.g.,
black phosphorous) can be modeled using a minimal model
[16]. The surface conductivity σ is the sum of two terms;
the first term is due to the intraband transition, and the second
term is due to the interband transition in the material:

σ �
�
σxx 0
0 σyy

�
, (8)

where
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�
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ω� ωj

����
	
, (9)

and j � x, y, where e is the charge of electron, n is the number
density of electron, η is a relaxation time, mj is the mass of
electron along jth direction, H �ω − ωj� is the step function,
ωj is the interband transition in material along jth direction,
and sj specifies the strength of the interband transition. In
Fig. 2, the imaginary part of surface conductivities for the elec-
tron density n � 3 × 1013 cm−2, along x and y directions are
plotted [16]. The insets in Fig. 2 represent plasmon modes
in anisotropic and hyperbolic 2D monolayers surrounded by
air. The real part of conductivities specifies the dissipation
in the system.

For the anisotropic material with σxx � �0.06� i0.41�mS
and σyy � �0.01� i0.05�mS at 15 THz, the mode in k-space
has quasi-elliptical shape and is focused along the direction of
large imaginary conductivity [15]. The modes in k-space for
hyperbolic material with σxx � �0.01� i0.29�mS and
σyy � �0.002 − i0.29�mS) at 72 THz have hyperbolic shape
[15]. These modes specify the direction of propagation of a
plasmon wavefront on the surface of materials. The direction
of propagation of plasmon energy in an anisotropic material is
given by group velocity, vg � ∇~kω�~k�, which is different from
the plasmons in k- surface [37]. Then the energy propagation
can be tuned by modification of the plasmons. Here, we discuss
how wavefront propagation changes with changes in different
parameters such as relative angular orientation and chemical
potential.

The dispersion curve for the bilayer system is the solution of
Eq. (4). First, we consider the effect of orientation on the
dispersion curve. The three regions are assumed to be free

Fig. 1. (a) Schematic structure of a bilayer system with 2D materi-
als. The conductivities of the top and bottom layers are σ3j1 and σ1j2,
respectively. The layers are separated by a dielectric slab of thickness
2d . (b) Orientation of the principal axes of conductivities in each 2D
layer and axis of the bilayer system. The principal axes of conductivities
in each 2D layer, x 0 and x 0 0, with respect to bilayer axis, x , form an
angle of φ and φ� θ, respectively.
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space, i.e., εr1 � εr2 � εr3 � 1, and the distance between two
layers is taken to be 2d � 5 nm. Figures 3(a)–3(d) reveal the
dispersion curve for different relative angular orientations vary-
ing from θ° � 0° to 90°, and the conductivities of top and bot-
tom layers are assumed to be the same.

The dispersion curve in Fig. 3(a) has two hyperbolas, which
is due to parallel �θ° � 0°� orientation of the two layers with
each principal axis along the same direction. As the relative an-
gles increase to 30°, the shape of dispersion curves does not
change, but the orientations of two curves relative to each other
have also changed by the same angle [Fig. 3(b)]. Similarly, for
θ° � 60°, one of the curves is rotated relative to each other by
the same angle. At θ° � 90°, the two curves become orthogonal
to each other [Fig. 3(d)]. These curves show highly directional
and tunable surface plasmon waves with the change in relative

orientation. This could serve as the parameter for directional
excitation of energy in the material. This parameter would
provide an additional guideline to engineer the directional
propagation of waves on the surface of material in a device.
Furthermore, if the distance between the two layers increases,
then the coupling between the layers vanishes, and the
dispersion curve reduces to monolayer dispersion curves.

The effect of a change in chemical potential on the
dispersion curve is shown in Figs. 4(a)–4(d). The conduc-
tivity changes from σ3j1,x 0x 0 �σ1j2,x 0 0x 0 0 ��0.003� i0.07�mS,
σ3j1,y 0y 0 �σ1j2,y 0 0y 0 0 ��0.0006− i0.16�mS, for n�3×1013 cm−2,
to σ3j1,x 0x 0 �σ1j2,x 0 0x 0 0 ��0.01� i0.29�mS,σ3j1,y 0y 0 �σ1j2,y 0 0y 0 0 �
�0.002− i0.12�mS, for n � 10 × 1013 cm−2 at a fixed fre-
quency 72 THz. The increment in chemical potential leads to
an increase in the magnitude of conductivity, which in turn
induces change in the shape of the dispersion curve.
Furthermore, the curve progressively shifts to the center with
the increase in conductivity, as shown in Figs. 4(a) and 4(b).
This shifting leads to an overlap of the curve, which in turn
influences the splitting of the curves. The splitting introduces
a distinct mode at the center. The change in shape of the
curve is due to strong coupling between the modes of top
and bottom layers.

Figures 5(a)–5(d) show the change in dispersion curve
due to transition from elliptical, σ3j1,x 0x 0 �σ1j2,x 0 0x 0 0 �
�0.06� i0.41�mS,σ3j1,y 0y 0 �σ1j2,y 0 0y 0 0 � �0.01� i0.05�mS, to
hyperbolic, σ3j1,x 0x 0 �σ1j2,x 0 0x 0 0 � �0.003�0.07�mS,σ3j1,y 0y 0 �
σ1j2,y 0 0y 0 0 � �0.0006− i0.16�mS�, conductivity values.
Figure 5(a) shows the dispersion curves due to elliptical con-
ductivity in both layers. As the magnitude of conductivity de-
creases, the shape of the dispersion curve becomes an elongated
ellipse along x and y directions. This allows the coupling of
incident waves with low and high wavenumbers [15]. As the

Fig. 2. Imaginary part of conductivities along the principal axes of 2D
material for n � 3 × 1013 cm−2, where G0 � e2∕4ℏ. The insets are the
plasmonic modes in monolayer 2D materials surrounded by air, for
anisotropic material �σxx��0.06� i0.41�mS,σyy��0.01� i0.05�mS�
at an operational frequency of 15 THz and hyperbolic material �σxx �
�0.01� i0.29�mS,σyy��0.002− i0.29�mS� at 72 THz.

Fig. 3. Plasmon modes in a bilayer system for different relative
orientations, θ, between layers: (a) 0°, (b) 30°, (c) 60°, and (d) 90°.
The conductivities of the layers are σ3j1,x 0x 0 � σ1j2,x 0 0x 0 0 � �0.003�
i0.07�mS and σ3j1,y 0y 0 � σ1j2,y 0 0y 0 0 � �0.0006 − i0.16�mS, and the
layer distance is 2d � 5 nm, n � 3 × 1013 cm−2 at 72 THz.

Fig. 4. Effect of a change in chemical potential on plasmonic mode.
The conductivity values are: (a) σ3j1,x 0x 0 � σ1j2,x 0 0x 0 0 � �0.003�
i0.07�mS and σ3j1,y 0y 0 � σ1j2,y 0 0y 0 0 � �0.0006 − i0.16�mS for
n � 3 × 1013 cm−2, (b) σ3j1,x 0x 0 � σ1j2,x 0 0x 0 0 � �0.005� i0.13�mS
and σ3j1,y 0y 0 �σ1j2,y 0 0y 0 0 � �0.001− i0.15�mS for n � 5 × 1013 cm−2,
(c) σ3j1,x 0x 0 � σ1j2,x 0 0x 0 0 � �0.007� i0.19�mS, σ3j1,y 0y 0 � σ1j2,y 0 0y 0 0 �
�0.001 − i0.14�mS for n � 7 × 1013 cm−2, and (d) σ3j1,x 0x 0 �
σ1j2,x 0 0x 0 0 � �0.01� i0.29�mS and σ3j1,y 0y 0 � σ1j2,y 0 0y 0 0 � �0.002 −
i0.12�mS for n � 10 × 1013 cm−2. The layer distance is 2d � 5 nm,
and relative orientation between layers is θ � 90° at 72 THz.
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conductivity changes from elliptical to hyperbolic at the tran-
sition point �∼27 THz�, there is a change in the shape of the
dispersion curve [Figs. 5(b) and 5(c)]. Furthermore, with the
increase in conductivity, the shape of the mode changes to a
hyperbolic curve. Figure 5(d) shows the dispersion curve for
hyperbolic conductivity. These curves show the near-zero tran-
sition of anisotropic conductivity from elliptical to hyperbolic
regions. The appearance of a central mode in bilayer 2D ma-
terials depends on the extent of coupling between layers. For
anisotropic material, these modes are present at all rotational
angles [27], whereas for hyperbolic material, appearance of
these modes depends on the chemical potential and frequency,
as shown in Figs. 4 and 5.

In this Letter, we have shown the effect of relative angular
orientation and chemical potential on hyperbolic plasmon
modes in a bilayer system. It is observed that direction and
shape of modes can be modified by rotating one of the layers
relative to other. The modes can also be changed by changing
the chemical potential of the modes. These tuning parameters
can have applications in switches, optoelectronics, and more.
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