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ABSTRACT

Thermal radiation has diffusive and broad emission characteristics. Controlling emission spectrum and direction is essential for various
applications. Nanoparticle arrays, supporting collective lattice resonances, can be employed for controlling optical properties. However,
thermal emission characteristics remain unexplored due to the lack of a theoretical model. Here, we develop an analytical model to predict
thermal radiation from a nanoparticle array using fluctuation-dissipation theorem and lattice Green’s functions. Our findings reveal that the
periodicity and particle size of the particle array are main parameters to control both emission spectrum and direction. The derived simple
expression for thermal emission enables insightful interpretation of physics. This model will lay a foundation for analytical derivation of

thermal radiation from metasurfaces. Our study can be useful in engineering infrared thermal sources and radiative cooling applications.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0117131

Controlling and tuning thermal emission spectrum is essential for a
variety of applications, such as energy conversion and waste heat recov-
ery,”” sensing,’ microscopy, and illumination.” Conventional materials
used in these applications are bulky, and their intrinsic radiative properties
are insufficient for multiple functionalities.” Metasurfaces, on the other
hand, are compact, ultrathin, and relatively easy to fabricate and have
emerged as a promising platform for tailoring thermal radiative proper-
ties.” "' Arrangement of “meta-atoms,” configurability of array struc-
tures, and shape of the elements in the metasurfaces enable high degrees
of freedom to control and tune the emission spectrum. However, the pre-
diction of these properties mainly relies on exhaustive and repetitive com-
putational methods. Identifying important parameters in the design of
thermal metasurfaces requires a comprehensive analytical model.

Narrow-band and highly directional emission requires spatial
and temporal coherence in thermal emitters.'>'” Several techniques,
such as photonic crystals,'*'” grating structures,'” nanostructured sur-
faces,” and nanoantennas,'®'” have been employed to achieve coher-
ence. Another possible technique can be realized by exploiting lattice
resonances. Excitation of conduction-electrons within metallic nano-
structures induces localized surface-plasmon resonances. Arranged in
an array form, these nanoresonators can respond to excitations collec-
tively and induce temporal and spatial coherence. These collective
responses give rise to collective lattice resonances (CLRs) when the
array periodicity is comparable to the wavelength.'" >’ Theoretical

modeling of CLR relies on dipole approximations, and the CLRs can
be accounted by lattice sums under the approximation. Extensively
analyzed in the photonics field,” *° CLRs have not been discussed in
the field of thermal radiation yet. Also, even though multiple stud-
ies” " have investigated lattice structures in thermal radiation, CLRs
have never been investigated.

In this Letter, we derive an analytical model to predict thermal
radiation from a nanoparticle array with a unit cell consisting of a single
emitter using coupled dipole approximation. Our aim is to show the
capability of CLRs to tune and control thermal emission spectrum and
directionality. To express thermal radiation, we exploit the correlation
of fluctuating dipoles in a given environment using fluctuation—dissipa-
tion theorem. Then, by means of lattice summations, also known as
Ewald’s sum, we can finalize the derivation of our theory. Consequently,
we examine the role of periodicity and size of nanostructures in control-
ling spectral and directional thermal emission. The derived model will
also provide a basis for extension to understand the thermal emission
from metasurfaces. Here, we choose to work with the simplest situation,
in which the nanoparticle is described by its polarizability, so that an
emitter particle in the array couples to neighboring particles through
dipole-dipole interaction only.

To derive the model, we consider a periodic array of nanostruc-
tures. The array consists of single-structure unit cells extending in
free-space with the periodicities of a and b along the x- and y-axis, i.e.,
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rectangular lattice, respectively. Nanostructures in the array are held at
temperature T, and embedded in an environment at T,,,. The array
and the environment form a global system. Figure 1 shows the sche-
matic of the system under consideration.

To derive the emitted heat by the array, we need to find the
Poynting vector, proportional to (E @ H"), where E and H stand for
the electric and magnetic fields, respectively, (...) represents the
ensemble average, ® is the tensor product, and * is the complex conju-
gate. Using the additivity property of the electric field, we define the
total electric field E(r, ») at position r in the frequency domain (w-
angular frequency) as

E"(r,0) = E*"(r,w) + E™(r, w). (1)

Here, E"" is the background field of thermal radiation from a thermal

bath. E™ denotes the electric field induced by the nanostructures in
the array. Given that the dimension of nanostructures is comparably
small with respect to wavelength, the optical response of the nano-
structure at position r; can be modeled as a point dipole with a dipole
moment p;. Using the dipole approximation, E™ is expressed as the
summation of the fields generated by the dipoles,

End — o u, Z Gg))(r, ri)p;s 2)

where i stands for the ith particle in the array and G(Eﬂ) represents the
dyadic Green’s function in free- -space relating the source (dipole moment)
with the electric field at #(= R, z).”" Contribution to the dlpole moment
of the ith particle arises from fluctuating and induced parts,”

=+ = pf e [ B 0P, Y G (R Ry)p; | (3)
7

where & is the vacuum permittivity and o; is the dynamic polarizabil-
ity of the dipole. Dipole moment, p;, can be defined in terms of the
exciting and external fields of the thermal bath, Eih’”h, and its fluctuat-
ing dipole moment, p{] . Consequently, effective polarizability, o, of a
dipole, defined as the optical response of a unit cell to an external field
in a given environment, can be found by following the derivation given
in Ref. 23. Hence, p; is cast into the following form:
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FIG. 1. General schematic of a 2D infinite array with emitting nanoparticles.
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pi = Apl' + eo E (4)

with wavenumber, k,, in
%= (o'l
', We note that effective polarizability is a function

-1
where A = (]I — kﬁaiG(EZ)’# (kH))
free-space  and
0, _
KRG (k)
of the in-plane component of wavevector, kj. This parameter is the
main contribution to the existing dipole based radiation models in

Refs. 33-36 and contains the condition that gives rise to CLRs. In this
study, we consider tungsten sphere nanoparticles and the dynamic

polarizability of the sphere reads™ o; = (o, ! — ik>/ 671)71, where o,
is the bare polarizability equal to 47(d/2)* (e — 1) /(e 4 2) and € and
d are the dielectric function and the diameter of the sphere, respec-
tively. The dielectric functions for tungsten are taken from Ref. 38.

Here, Gg# (kH) is the so-called lattice sum and given as

i GY) (R;, R;)e®-®~R)_The sum excludes emission by the dipole
i because its self-interaction is considered in dynamic polarizability by
radiative damping,”* and the exclusion is indicated by superscript #.
In our study, numerical calculation of lattice sum for the effective
polarizability relies on Ewald’s sum.””*’ To minimize the loss of accu-
racy in numerical computations at high frequencies (radiation wave-
length is smaller than periodicity), we have taken a special care by
following the suggestions given in Refs. 41 and 42.

To obtain the total electric field at r, Eq. (4) is inserted into Eq.
(2), and the resultant expression is substituted into Eq. (1). Then, we
obtain

effective  polarizability —matrix,

E“ (r,w) = E*"(r,0) + 1,0 (G(ED (kH)Ap{JI + G(EZ> (ky)o EEIU””h).
©)

Here, GV (k) = 3, G (r,7;)e® 1Rt runs over all the dipoles in the
array. Subscript o stands for the dipole located at r, = (0, 0, 0). With
the same procedure, H (r, @) in the Poynting vector expression can
be derived. Here, we note that the lattice Green’s function is a result of
summation over all the dipoles in the array and expressed with far-
field approximation. Expressions for the lattice sum in the far-field can
be found in Ref. 39.

After deriving electric and magnetic fields at position # [= (0, 0, z)]
for a given k|, the Poynting vector can be evaluated. Using the symme-
try about the x- and y-axis, we can express the Poynting vector across a

plane at an arbitrary distance z from the array plane as Pfgka

= 2Reej;, (E*@H ’”t’*>,-j. To find the correlation function, we take the
tensor product of Eq. (5) and the complex conjugate of magnetic field,

H""*, and eliminate uncorrelated interactions, (E*" @ p_)."* Py, can
be expressed as a summation of Pfunﬁ' and Pfj)‘",i‘u , where
P = 2Rec{ o G A(pl 99l )A'CH | ©)
P(b::}q = 2Ree;; {< Ebh Hbath,*> +otu, <Ebuth ® Eﬁ“’h‘*>§ZGgI>’*
n a)z,qug)& 8<EZath ® Hbath,*>
+w4u§Gg>&e<Eﬁ“th ®E2ath’*>&:G§_lI)’*}“. (7)
ij
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Here, €j, is the Levi-Civita tensor. As P ku accounts for thermal

emission from the array, Pfjj”,i“ indicates the background contribution.
The correlation of background fields as well as fluctuating

dipoles depends on equilibrium conditions. Under global equilib-

rium, i.e., T, = T, the correlation of background fields in Eq. (7)
reads™ (EY" @ HY"*) = —2i@, uowRe(G(o ) and (Ebeh ) Ebah)

= 2®em,,uowlm(G )) where ©; = hiw/(e")/(T) _ 1) is the mean
energy of a harmonic oscillator in thermal equilibrium at temperature
T;. The correlation of the dipole fluctuations in the presence of an envi-
ronment is given by fluctuation—dissipation theorem using the effective
polalrizabilities,45’46

) AL

(8)

At local equilibrium, ie., Tj # Tep, the background correlations are
still at thermal equilibrium with temperature T,,,. For the fluctuating
dipole correlations, Eq. (8) is used with @ evaluated at T),.

Rearranging lattice Green’s functions in Eq. (7) after inserting the

2®b Joe—d, .. GY_GUr_
<Pﬂ®1’ﬂ> A (ko 2i ko 2i *

background correlations and comparing the final form with PZ}”Z;’ , we
find that PZ)”,?' = —Pfj,“t,i‘u at global equilibrium. That is, the net heat

4m?

tot
P 2

W, kH - 4[®p - ®env}

scitation.org/journal/apl

exchange between the dipole array and the background is zero; hence,
Pty = 0. Wealso note that the final form of Pb and PZ)"Z)" is simi-
lar to Egs. (29) and (38) in Ref. 46, respectlveﬁy Our derivation
neglects magnetic dipole contribution. Also, the effective polarizability
derived in this study is implemented to fluctuation-dissipation theo-
rem. Finally, we omit integration over the surface of a detector.
Py, = 0 under equilibrium shows that the detailed balance is satis-
fied in the system at global equilibrium. Thus, our findings allow us to
generalize the heat flux from the dipole array at any T}, as

Pl’at

ok = 4[®p - @em,] wu,Re

i _a 0 _gos
X{G,g’)(kii“ezl“ P ZiGE &JG}?’*}.

&)

Equation (9) gives the heat flux from an array structure at temperature
T, in a thermal bath with temperature T,,,. We recognize that Eq. (9)
resembles Eq. (80) in Ref. 36 and Eq. (15) in Ref. 34. The difference
arises from the neglected background and, in turn, the absence of
effective polarizability. Using far-field lattice Green’s functions, GJ@

and Gg) ”, explicitly given in Ref. 39, we further simplify directional
and spectral thermal emission as

1

i |k, K27

x {(1 ~£.£) {kgfm (8 o) = K33 caatm (G + G )2 }
+1-&8) {kglm (& W) — k' Wlm( o+ Got ) : W}

#(ee2) {Rom(3) - k(G + 620 )i ] 1o

Here, m and #n are the diffraction orders and
E= (1’ - Rmﬁ)/h‘ — Rm; ‘ kmg = (k”’mﬁ, kz_’mﬁ) is the wavevector
of the diffracted waves where kjzmm =k + gz and k. mz

= /K2 — |kyz|". gmu = Max + Aby is the reciprocal lattice basis

vectors where x and y are the unit vectors along the x- and y-axis,
respectively. A represents the area of unit cell Our model using
Bloch’s theorem can be tested with the method developed in Refs. 35
and 36.

We first examine the dispersion of effective polarizability in a
square lattice. Figure 2(a) shows the imaginary component of effective
polarizability normalized to the particle volume, Im(c.)/V, with
respect to in-plane momentum k and frequency. At high frequencies,
free-space wavelength, A, is smaller than periodicity (a= 10 um).
Diffraction of radiation from neighboring particles folds the dispersion
of radiation in free-space into the light cone. Thus, we observe diffrac-
tion branches. Around frequencies where 4 ~ a, the diffraction
branches are connected with the hybrid bands. These bands are

manifestation of CLRs and arise from the degeneracy of the first order
diffraction modes in the lattice. Since we plot the dispersion as a func-
tion of in-plane momentum along x-axis, two of the first order modes
are degenerate due to diffraction along y-axis, except at k| = 0 where
four of those are degenerate. These resonances are originated from lat-
tice configuration encoded in the lattice Green’s function and lead to
high extinction, Im(c..). Next, we analyze tuning parameters, periodic-
ity in lattice Green’s function, and particle size in polarizability.
Resonant response of the array structure depends on the particle
size. Figure 2(b) illustrates the real component of effective polarizabil-
ity normalized to volume, Re(2,)/V’, as a function of frequency for the
normal excitation direction, kj = 0, corresponding to the condition
shown by the black dashed line in Fig. 2(a). Figure 2(b) shows that at
particular frequencies, the array polarizability exhibits resonance
behaviors, i.e., sharp change in response around the resonance fre-
quency, (s, and the resonance frequency shifts toward lower fre-
quencies by increasing the particle size. The reason for the shifted
frequency is that the resonance condition, o; ~ 1/Gy, O in o, is met
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FIG. 2. (a) Band structure of CLR in an
array with 10-um periodicity and spheres
of 1-um diameter with respect to in-plane
momentum k. The direction of kj is along
the x-axis of the lattice. CLRs in the first
bands are observed. Also, periodic array
folds the dispersion of light cone in the fre-
quency range where excited thermal
waves have a wavelength smaller than
the periodicity. (b) Real component of
effective polarizability normalized to vol-
ume (ae/ V) for square lattice of particles
with d= 1, 1.34, 2, and 2.5 um and of

100 ‘ 150 periodicity with 10-um when kj = 0. (c)
_ —d-1um (b) _ ——d-1um (c) Imaginary component of o,/V in the
5 ——d-134um 5 —d-1:34um same array given in (b). Insets in (b) and
© d-2pum © d-2pum )
= 50f 4. 55,m . —d-25um (c) show the difference between real and
< Dl < e 3 a q
5 100 imaginary components of normalized
= [ = . . . eyr
o 9] dynamic and effective polarizabilities for a
2 0 2 vl lattice with a particle of 1.34-um diameter,
S S respectively. Outside the resonance fre-
3 p—- g So0f quency, collective response of the array
g S0 o 7 IS 15 17 (related to effective  polarizability)
& & becomes same with that of an isolated

100 15 175 2 " particle (related to dynamic polarizability).

15 1.75 2 15 1.75 2
w [rad/s] x10" w [rad/s] x10"

at lower frequencies for arrays with larger particle sizes. On the other
hand, the strength of the resonant response diminishes with larger
particle sizes. Figure 2(c) shows Im(ot,) / V. In addition to diminishing
resonant response, we observe broadening resonance peaks with larger
sizes in both Figs. 2(b) and 2(c). The main reason for the diminishing
and broadening response is that the loss related to imaginary compo-
nent of dynamic polarizability, Im(;), increases for larger particles,
leading to broadening and decreasing collective response.

Next, we compute spectral emission from an array with a period-
icity of 10 um at T, = 300K and T, = 0K using Eq. (10) and plot it
in Fig. 3(a) as a function of frequency. We observe quasi monochro-
matic emission peaks. Comparison of Fig. 2(b) with Fig. 3(a) indicates
that resonance peaks in effective polarizability coincide with the emis-
sion peaks, meaning that CLRs drive the thermal emission. Figure 3(a)
also shows that arrays with larger particle sizes emit less thermal radia-
tion. Smaller particles sustain smaller radiative damping, leading to
higher quality resonance features (stronger and narrower resonance
peak). In contrast, larger particles have higher radiative losses and
reduce resonance quality, leading to lower and broader emission peak.
To understand the role of periodicity at the emission peak frequency,
we plot the spectral emission in the inset of Fig. 3(a) with respect to
ratio of free-space wavelength to periodicity, A/a. For the smallest par-
ticle size, free-space wavelength of the peak thermal emission equals
the periodicity of the array, and the ratio increases with the increasing
particle size. Clearly, particle size is an important parameter to tune
the peak emission wavelength.

The periodicity of the array determines frequency (or wave-
length) of a thermal emission peak. Figure 3(b) shows spectral thermal
emission with respect to frequency for an array with periodicities of
10,9, 8, and 7 um. As periodicity decreases, the thermal emission peak

shifts to higher frequencies. The peak frequencies, ~@;,;, correspond
to free-space wavelength, 4, equal to the array periodicity, a.
Physically, diffraction modes degenerate at wavelengths equal to the
array periodicity. Based on the dispersion of free-space radiation,
® = 2mc/, we can engineer the emission spectrum by matching
Wyes ~ 27c/a. To better illustrate this phenomenon, we plot the spec-
tral emission with respect to A/a in the inset of Fig. 3(b). Even with
smaller periodicity, the thermal emission peak happens at the free-
space wavelength close to periodicity. The slight shift in the ratio from

a value of 1 depends on G,(EI)Hé in effective polarizability.

Thus far, we have analyzed spectral thermal emission for normal
excitation mode, k” = (0. We observe that thermal radiation excites all
the available modes. For better understanding of thermal emission from
the nanoparticle array, we investigate directional thermal emission with
respect to polar angle, 0, around the axis, z, normal to the array plane in
Fig. 3(c) and with respect to azimuthal angle, & = kj / ko, from the nor-
mal axis, z-axis, in the inset of Fig. 3(c). To plot Fig. 3(c) and the inset,

— (ko/4 kydky pror tor /4 40 prot
_IO 2n PwﬁkH and Pw,@ _SkH J‘O Epa),ku’

respectively, at a frequency of 1.86 x 10" rad s~ ' for an array of par-
ticles with d=1.11 um and a=10pum. Figure 3(c) shows that the
majority of the heat at the given frequency is radiated within 10°, mean-
ing that the heat transfer is directed to the x-axis. Due to the symmetry,
we also observe the same peak near ~90° (y-axis). To plot the inset of
Fig. 3(c), we assume a detector of an optical system collecting the ther-
mal radiation with an acceptance angle of ~25° (k; /k, = 1/4, receiving
angle of a typical FTIR system). The inset of Fig. 3(c) peaks near normal
angle (J ~ 0). We also plot spectral heat flux within the correspond-
ing angle in Fig. 3(d). Spectral heat flux exhibits a peak in thermal radia-
tion around the CLR frequency of 1.8 x 10" rad s~ [corresponding to

we compute P,
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i x10712 i x10712
—] um (@) (b) :;%m FIG. 3. Role of particle size and periodic-
5 8 d-2pum 5 8 a-8um ity in thermal emission spectra. Emission
5 | d-25um s —a-7um profile from an array with 10-um periodicity
26 2 6f and various particle sizes, d, for k; =0
I.IEJ I.IEJ with respect to frequency in (a) and ratio
= = of free-space wavelength to periodicity in
B B 0s8 1 102 104 the inset of (a). With increasing particle
:’% R :’-). e size, emission peak shifts to smaller fre-
21 21 quencies and broadens. Emission profile
_A J from arrays with periodiciies of 10, 9, 8,
0 0 and 7 um for kj = 0 with respect to fre-
15 1.75 2 oM 5 2 G 3 o™ quency in (b) and ratio, A/a, in the inset of
& & [radis] 5 ke feadis] (b). Packing the particles more densely
o x10 4p X10 shifts the emission spectrum to higher
— 3 (©) _ (d) frequencies and decreases the emission
‘e 2p10 ‘}‘E 1071 strength. Emission peak happens at a
215 C1s = wavelength about the same with the period-
s =\ g 8 icity (A ~ a). (c) Angular dependence of
8 ;05 [ thermal emission with respect to polar
g1 3 T 6 angle, 0, around the axis normal to array
T T plane (z-axis). (d) Spectral heat flux within
é o4 an azimuthal angle of ~25° over the entire
§0'5’ &;:_ polar angle range. Shaded region repre-
s} o 2f sents the spectral heat flux calculated to
0 5 compare with the total heat flux.
0 5 10 15 20 25 30 35 40 45 1 2 3 4 5
009 w [rad/s] x10

a frequency between the orange and blue lines in Fig. 3(a)]. We also
compute the total heat flux over the entire thermally active frequency
range (not shown here) and compare the total heat flux with the spectral
heat flux concentrated over a frequency range of 1.64 to 2.3 x 10" rad
s (A4 ~3 um, shaded region). Our comparison reveals that the spec-
tral heat flux within the respective frequency range corresponds to
>50% of the total heat flux within the considered angle.

To better understand the physical insights of CLRs, spectral ther-
mal emission is computed using Eq. (10) and plotted as a function of
in-plane momentum and frequency in Fig. 4(a), also related to disper-
sion relation of CLRs."” We find that the frequency of the orange
band, the strongest thermal emission, coincides with CLR frequencies,
indicating that CLRs govern major thermal emission from the array.
In addition, strong CLR existence over entire in-plane momentum
indicates that thermal emission direction, related to in-plane, k|, and

x10™ Pl 10 x10"
2.4 E)
0

22
@ @
© ©
g S
—_ 2 —_
3 3

18 1 B

1.6 ‘ -3

0 3 6

5
k” [m-1] x10

free-space, k,, momentum, can be tailored by means of CLRs.
Furthermore, we observe weaker thermal emission due to diffraction
modes represented by thin regions outside CLR band. For validation,
we performed dispersion relation simulation in Ansys Lumerical
Finite-difference Time-domain (FDTD) Solutions, and the result is
shown in Fig. 4(b). From comparison of Figs. 4(a) and 4(b), we con-
clude that theoretical framework developed in this study approximates
emission characteristics well.

In our study, we focus only on emission from an array structure
under symmetric conditions. The presence of a substrate induces
asymmetry in the optical environment. Experimental studies'**"**
demonstrate that with high contrast in refractive index of the substrate
and superstrate, resonance peaks due to CLRs mainly preserve their
strong and narrow profile. We notice that substrates in the mentioned
studies are optically inactive in the excitation frequency range.

FIG. 4. The dispersion relation of an array
with 10-um periodicity and 1.11-um par-
ticles calculated by (a) the theoretical
model, and (b) FDTD simulations. The
color map in (a) shows the Poynting vec-
tor [Eq. (10)] of the array; the color scale
in (b) represents the averaged electrical
field intensity. Both the color bars are in
log scale.
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Utilizing an optically active substrate, i.e., glass supporting surface
phonon polaritons in the mid-infrared range, requires further consid-
eration. These surface confined polaritons may strongly interact with
coupled lattice resonances, possibly resulting in a shift in the emission
frequency. On the other hand, we expect that the array structures dis-
cussed in our study will enable outcoupling of the surface confined
modes to the far-field. For this type of analysis, our model needs to be
extended to include the presence of a substrate. To take into account
the presence of a substrate, the Green tensor or propagator in vacuum
should be replaced in all our expressions by the Green tensor which
takes into account the reflection with the substrate interface.

Although the array structures have finite physical sizes, the
modern fabrication techniques enable fabrication of arrays as large as
1-cm?, corresponding to 10" nanostructures in a square array with a
10-pum periodicity. The optical responses of arrays in these sizes can be
well approximated by those of infinite arrays, according to theoreti-
cal”””" and experimental”' studies. Therefore, the assumption of infi-
nite array structure is valid for the estimation of spectral response for
many applications engineered using CLRs.

We derive an analytical model to express thermal radiation from a
nanoparticle array with a single element in each unit cell. With our deri-
vation, important lattice parameters, ie., periodicity, particle size, and
material of the particles, are implemented to the thermal radiation model.
We find that CLRs observed in nanoparticle array structures enable quasi
monochromatic thermal emission from an enlarged surface. The particle
size and periodicity are two key parameters to tune the spectrum of ther-
mal emission. Also, we demonstrate that CLRs represent a valuable
means to control thermal emission direction at a desired frequency. We
expect that this study can be expanded for metasurfaces by considering
the array structure on a substrate. Also, CLRs can be useful in engineer-
ing infrared thermal sources and radiative cooling applications.
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