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Floquet Edge Multicolor Solitons
Sergey K. Ivanov,* Yaroslav V. Kartashov, Alexander Szameit, Lluis Torner,
and Vladimir V. Konotop

Topological insulators are unique physical structures that are insulators in
their bulk, but support currents at their edges which can be unidirectional and
topologically protected from scattering on disorder and inhomogeneities.
Photonic topological insulators can be crafted in materials that exhibit a
strong nonlinear response, thus opening the door to the exploration of the
interplay between nonlinearity and topological effects. Among the fascinating
new phenomena arising from this interplay is the formation of topological
edge solitons—hybrid asymmetric states localized across and along the
interface due to different physical mechanisms. Such solitons have so far
been studied only in materials with Kerr-type, or cubic, nonlinearity. Here, the
first example of the topological edge soliton supported by parametric
interactions in 𝝌

(2) nonlinear media is presented. Such solitons exist in
Floquet topological insulators realized in arrays of helical waveguides made of
a phase-matchable 𝝌 (2) material. Floquet edge solitons bifurcate from
topological edge states in the spectrum of the fundamental frequency wave
and remain localized over propagation distances drastically exceeding the
helix period, while travelling along the edge of the structure. A theory of such
states is developed. It is shown that multicolor solitons in a Floquet system
exists in the vicinity of (formally infinite) set of linear resonances determined
by the Floquet phase matching conditions. Away from resonance, soliton
envelopes can be described by a period-averaged single nonlinear Schrödinger
equation with an effective cubic nonlinear coefficient whose magnitude and
sign depend on the overall phase-mismatch between the fundamental
frequency and second harmonic waves. Such total phase-mismatch includes
the intrinsic mismatch and the geometrically-induced mismatch introduced
by the array, and its value reveals one of the genuine effects exhibited by the
Floquet quadratic solitons. The results open fundamental new prospects for
the exploration of a range of parametric frequency-mixing phenomena in
photonic Floquet quadratic nonlinear media.
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1. Introduction

The phenomenon of topological insu-
lation, first introduced in solid-state
physics, has grown into rapidly expand-
ing interdisciplinary research concept,
covering many areas of modern physics,
where topological insulators and associ-
ated unique physical phenomena and ap-
plications have been demonstrated (see
refs. [1, 2]) For instance, topological insu-
lators have been observed experimentally
and analyzed theoretically in mechan-
ical systems,[3] acoustics,[4,5] with cold
atoms in optical lattices,[6,7] atomic Bose–
Einstein condensates,[8,9] polaritons in
microcavities ,[10–12] and in various pho-
tonic systems [13–16]. The majority of ex-
periments with topological systems, con-
ducted so far, were performed in essen-
tially linear regime, see, for instance,
recent overviews on topological effects
in photonics.[17,18] At the same time, in
some of the above mentioned physical
systems, including photonic ones, the
nonlinear effects arising upon increase of
the amplitude of excitations may become
strong enough to significantly alter topo-
logical phases or at least to notably affect
propagation dynamics of the topological
edge states.
Recent advances in the actively ex-

panding field of nonlinear topological
photonics in conservative and dissipa-
tive systems are summarized in refs.
[19–21] It was shown that self-action in
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topological insulators can lead to the formation of closed currents
in the bulk of topological system,[22,23] that it stimulates modu-
lational instabilities of the edge states,[24–26] leads to rich bista-
bility phenomena,[27,28] and causes energy shifts for edge states
and their hybridization with bulk modes.[29] Due to localization
properties of the edge states, nonlinear processes stemming from
Kerr nonlinearity can be enhanced for them, leading to the ef-
ficient third-harmonic generation.[30,31] Moreover, nonlinear ef-
fectsmay become sufficiently strong to induce topological phases
inmaterials that are topologically trivial in the linear regime,[32–34]

the phenomenon that only recently received experimental confir-
mation in a photonic system.[35]

One of the most striking manifestations of nonlinearity in
topological insulators is the possibility of formation of topolog-
ical edge solitons in them. They are hybrid objects localized near
the edge of the insulator due to self-action, inheriting topolog-
ical protection and moving along the edge of the insulator over
considerable distances without spreading, in contrast to their lin-
ear counterparts. Such topological edge solitons typically bifur-
cate from linear edge states provided that the dispersion of the
topological system (for a given linear edge state) allows forma-
tion of localized excitations for a given type of nonlinear interac-
tion. Since many topological materials and systems are intrin-
sically nonlinear, topological edge solitons are encountered in
diverse areas of physics and therefore they represent a univer-
sal physical phenomenon. For instance, topological edge solitons
have been introduced theoretically, and in some cases demon-
strated experimentally in mechanical systems,[36,37] in nonlin-
ear topological electric circuits,[38,39] in Bose–Einstein conden-
sates with spin-orbit interactions,[40] and in topological systems
governed by Dirac equation.[41] In photonic systems, topolog-
ical edge solitons have been shown to form in helical waveg-
uide arrays,[24,42–47] and were very recently observed in anoma-
lous topological insulator,[48] in optically induced Su–Schrieffer–
Heeger[49,50] lattices, and studied in polaritonic systems.[26,51,52]

Edge solitons in optically induced lattices have been also observed
in resonant atomic vapors[53] and topological edge solitons and
frequency combs were also predicted to form in driven 2D arrays
of coupled ring resonators.[54]

Nevertheless, in spite of the considerable current interest to
the formation of self-sustained edge solitons in topological insu-
lators, so far they have been studied only in systems with cubic
or Kerr-type nonlinearities. Fundamentally important questions,
whether such states can form due to parametric nonlinear inter-
actions of several waves, for example, in 𝜒 (2) optical materials,
and whether such solitons acquire in these materials new unex-
pected features, remain unaddressed. In this work, we, for the
first time to our knowledge, predict that 𝜒 (2) nonlinear topologi-
cal insulators can support long-living edge solitons, develop their
theory and, using multiple-scale approach, derive equations gov-
erning evolution of their envelopes and dictating their parame-
ters. We show that the properties of such states are governed by
the dispersion of the edge state in fundamental frequency wave,
from which they bifurcate (due to specific character of 𝜒 (2) sys-
tem, where array impacts differently two frequency components,
quasi-propagation constant spectra for two harmonics are differ-
ent and may not overlap), and by the effective nonlinear cubic
coefficient that resonantly varies with phase mismatch.

Due to the fact that one of the most powerful platforms for the
realization of nonlinear topological phases in photonics is con-
nected with Floquet systems,[23,35,48] in the present work we con-
sider Floquet topological insulator realized as an array of helical
waveguides, inscribed in 𝜒 (2) medium. Floquet topological insu-
lators are unusual physical systems, where nontrivial topological
phases appear due to periodic variations of system parameters in
the evolution variable (time or propagation distance).[55,56] The-
oretically proposed in semiconductor systems,[57] Floquet insu-
lators based on helical waveguide arrays have been successfully
used for the illustration of various linear phenomena, includ-
ing anomalous topological phases,[58–60] topological currents in
quasicrystals,[61] topological Anderson insulators,[62,63] andmany
others. Importantly, due to the dynamical “time-periodic” nature
of the Floquet insulators, edge solitons in themalways exhibit fast
oscillations, following variations of insulator profile on each pe-
riod, and can slowly radiate, but their envelopes can still be accu-
rately described by the period-averaged equations that we derive
here for 𝜒 (2) materials. We show that in contrast to the conven-
tional discrete and continuous solitons in straight 𝜒 (2) waveguide
arrays that are typically pinned to the array sites and are usually
quickly trapped when set into motion across the structure[64–71]

(with the exception in ref. [72], where considerable mobility en-
hancement for such solitons was encountered), edge solitons
in our system travel along its edge due to their topological na-
ture, traversing hundreds of array periods with negligible radia-
tive losses.
We show that one of the most representative new features

of nonlinear Floquet topological systems is that they support a
new type of phase matching mechanism, which we term Floquet
phase matching, which must be satisfied for two essentially dif-
ferent band-gap structures corresponding to the fundamental fre-
quency and second harmonic waves. Unlike in uniform 𝜒 (2) sys-
tems, where resonant coupling conditions are achieved for the
standard relation between the propagation constants of interact-
ing waves, in Floquet systems resonant conditions occur in a Flo-
quet band, and therefore they are met for a formally infinite set
of propagation constants. Moreover, in topological Floquet sys-
tems the effective strength of the parametric interactions and,
hence, the very existence of edge solitons crucially depends on the
sign and magnitude of the effective nonlinear coefficient for the
states involved. The effective nonlinear coefficient may change
its sign upon variation of phase mismatch and array parame-
ters, which allows to achieve the conditions for the formation of
both bright and dark envelope solitons for the same linear edge
state, corresponding to the sameBlochmomentum, in sharp con-
trast to materials with Kerr nonlinearity. Our results open the
possibility to study a rich set of parametric interactions in pho-
tonic Floquet quadratic nonlinear systems where the concept of
Floquet phase-matching may be applicable. This includes other
types of Floquet-mediated phase-matching schemes, parametric
frequency-mixing processes, and topological and nontopological
pumping schemes, to name a few possibilities.We anticipate that
our results are relevant to a number of systems, even beyond
photonics, where parametric nonlinear interactions may be real-
ized and play an important role in the evolution of excitations,
including Bose–Einstein condensates in time-dependent exter-
nal potentials creating topologically nontrivial phases, topological
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Figure 1. a) Schematic representation of helical waveguide array inscribed in 𝜒 (2) nonlinear medium. b) Quasi-propagation constants for FF wave b(1)

and c) SH wave b(2) (in this case we superimpose band structures at 𝛽 = 0 and 𝛽 = 6.71 on the same plot because they are identical except for the vertical
shift) versus normalized Bloch momentum k∕K. d) First-order derivatives 𝜕b(1)∕𝜕k (solid lines) and second-order derivatives 𝜕2b(1)∕𝜕k2 (dashed lines)
for the edge states in the FF wave spectrum. Color coding corresponds to (b). In all cases p = 11, d = 1.7, 𝜎 = 0.4, 𝜌 = 0.5, Z = 8.

fiber-loop systems and arrays of driven coupled microresonators,
as well as various nanophotonic systems.

2. Theory of Floquet Solitons in 𝝌
(2) Media

2.1. Model

We address the propagation of light beams along the z-axis in a
medium with a phase-matchable 𝜒 (2) nonlinearity and an inho-
mogeneous refractive index distribution forming a honeycomb
array of helical waveguides. In the paraxial approximation, the
system is described by the coupled nonlinear equations for the
dimensionless electric fields of the fundamental frequency (FF),
𝜓1, and second harmonic (SH), 𝜓2, waves

[73–76]

i
𝜕𝜓1

𝜕z
= −1

2
∇2𝜓1 − V(r, z)𝜓1 − 𝜓∗

1𝜓2 (1)

i
𝜕𝜓2

𝜕z
= −1

4
∇2𝜓2 + 𝛽𝜓2 − 2V(r, z)𝜓2 − 𝜓2

1 (2)

Here ∇ = (𝜕x, 𝜕y), r = (x, y) is normalized to the characteris-
tic transverse scale a; the propagation distance z is scaled to
the diffraction length 𝜅1a

2; 𝜓1 = [2𝜋𝜔2
0𝜒

(2)a2∕c2]E1 and 𝜓2e
i𝛽z =

[2𝜋𝜔2
0𝜒

(2)a2∕c2]E2 are the dimensionless complex amplitudes of
the FF (at the frequency 𝜔0) and SH (at the frequency 2𝜔0)
waves, E1,2 are the dimensional electric field amplitudes of the
FF and SH waves; 𝜒 (2) is the relevant second-order susceptibility
for type I phase-matching, whose value depends on the partic-
ular crystal and its spatial orientation,[77,78] 𝜅1 = n1(𝜔0)𝜔0∕c and
𝜅2 = n2(2𝜔0)2𝜔0∕c are the wavenumbers of the FF and SHwaves
at frequencies 𝜔0 and 2𝜔0; 𝛽 = (2𝜅1 − 𝜅2)𝜅1a2 is the normalized
phase mismatch.
Due to the difference of carrier frequencies of FF and

SH waves, the optical potential V(r, z) describing the ar-
ray is approximately two times stronger in the equation for
SH wave field.[69,70,76] This potential is L-periodic along the
y-direction and Z-periodic along the z-direction (here z ≥
0): V(r + Lj, z) = V(r, z + Z) = V(r, z). The array is composed
from identical helical waveguides (see schematic illustration in
Figure 1a) of width 𝜎, placed in the nodes rnm of the hon-
eycomb grid V(r, z) = p

∑
mn exp (−[r − rnm − s(z)]2∕𝜎2), where

p = max(𝛿𝜒 (1)) 2𝜋(𝜔0a∕c)2 is the depth of the waveguide array
created by the modulation of linear dielectric susceptibility 𝛿𝜒 (1),
and s(z) = 𝜌(sin(𝜔z), cos(𝜔z) − 1) describes helical trajectory of
each waveguide with the Floquet period Z = 2𝜋∕𝜔 and radius
𝜌. The y-period of such array is L =

√
3d, where d is the sepa-

ration between neighboring waveguides. Since we are interested
in solitons appearing at the edge of this topologically nontrivial
Floquet structure, the array is truncated along the x-axis to form
two zigzag edges.
It should be stressed that such truncated arrays of helical

waveguides can be fabricated using well-established laser writing
technology in transparent 𝜒 (2) materials, such as LiNbO3.

[79–81]

2.2. Spectrum of the Linear Array

First, we address the spectrum of modes supported by a linear
waveguide array and described by the systems (1) and (2) with
nonlinear terms set to zero. Due to the Floquet and Bloch the-
orems, the eigenmodes propagating in the z-direction can be
searched as (j = 1, 2)[45]

𝜓j(r, z) = 𝜙
(j)
𝜈k(r, z)e

ib(j)
𝜈k
z = u(j)

𝜈k(r, z)e
ib(j)
𝜈k
z+iky (3)

where b(1,2)
𝜈k ∈ [−𝜔∕2,+𝜔∕2) are the quasi-propagation constants,

𝜈 is the band index, k ∈ [−K∕2,+K∕2) is the Bloch momentum,
with K = 2𝜋∕L being the width of the Brillouin zone,

𝜙
(j)
𝜈k(r, z) = 𝜙

(j)
𝜈k(r, z + Z) (4)

u(j)
𝜈k(r, z) = u(j)

𝜈k(r + Lĵ, z) = u(j)
𝜈k(r, z + Z) (5)

and the functions 𝜙(j)
𝜈k(r, z) are found from the two (uncoupled)

linear eigenvalue problems

i
𝜕𝜙

(j)
𝜈k

𝜕z
−j𝜙

(j)
𝜈k = b(j)

𝜈k𝜙
(j)
𝜈k, j = 1, 2 (6)

where

1 = −1
2
∇2 − V(r, z), 2 = −1

4
∇2 + 𝛽 − 2V(r, z) (7)
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For subsequent consideration we define the inner product

(f (⋅, z), g(⋅, z)) = ∫S
f ∗(r, z)g(r, z)dr (8)

where S is the area of the array (notice that the inner product is
defined for two functions taken at the same distance z). We also
use the fact that states with different Bloch momenta k are mutu-
ally orthogonal, while states from different bands or topological
branches, say 𝜈 and 𝜈′, with equal Blochmomenta k = k′ have the
following property

(𝜙(j)
𝜈′k(⋅, z),𝜙

(j)
𝜈k(⋅, z)) = (u(j)

𝜈′k(⋅, z), u
(j)
𝜈k(⋅, z)) = 𝛿𝜈𝜈′ (9)

valid for states considered at the same propagation distance z.
To obtain the linear spectra, that is, the dependencies of the

quasi-propagation constants b(j)
𝜈k on Bloch momentum k, we use

a propagation-projection method in which one first obtains the
z-independent profiles of Bloch modes 𝜙(j)

𝜈k from the two upper
bands of the honeycomb array with straight waveguides (i.e., with
𝜌 = 0) using a plane-wave expansion method, and then propa-
gates each of them exactly on one period Z of the array with he-
lical waveguides (𝜌 ≠ 0). By projecting the resulting output fields
𝜓
(j)
𝜈k(z = Z) on all input modes 𝜙(j)

𝜈k(z = 0) one obtains a mon-
odromy matrix, whose eigenvalues in the form of characteristic

multipliers eib
(j)
𝜈k
Z allow to extract the quasi-propagation constants

b(j)
𝜈k for the helical structure. Bloch modes of the helical array are

then constructed using linear combinations
∑

𝜈′ c
(j)
𝜈𝜈′ ;k𝜙

(j)
𝜈′k, where

c(j)
𝜈𝜈′ ;k are proper elements of the matrix containing eigenvectors
of the monodromy matrix.
Examples of the Floquet spectra of truncated helical array ob-

tained in this way for the FF (j = 1, Figure 1b) and SH (j = 2,
Figure 1c) waves are presented in Figure 1. Further, for sim-
plicity in all plots we omit subscripts in b(j)

𝜈k. Waveguide rota-
tion breaks the z-inversion symmetry and leads to opening of
a topological gap in the spectrum of the FF wave (its width in-
creases with 𝜌 up to certain critical value of the rotation radius),
where two branches of the edge states are seen between the Dirac
points K∕3 < k < 2K∕3 (Figure 1b). Red branch corresponds to
the states localized on the left edge and characterized by current
in the positive y-direction (further we will use namely this branch
for soliton construction), while blue branch corresponds to the
states from the right edge that are associated with current in the
negative y-direction. The black curves in the spectrum are asso-
ciated with delocalized bulk modes. Because potential depth in
Equation (2) for the SH wave is nearly two times larger than that
for the FF wave, while diffraction coefficient is two times smaller,
the two bands with very narrow topological gap between them in
the SH wave spectrum are nearly flat and appear practically as a
line in Figure 1c. Thus, almost the entire longitudinal Brillouin
zone for SH wave b(2) ∈ [−𝜔∕2,+𝜔∕2) represents a forbidden
gap—a peculiarity of the spectrum especially relevant for edge
soliton formation explored below. Notice that increasing phase
mismatch leads to simple shift of the above mentioned nearly
flat bands along the b(2) axis—see spectra for 𝛽 = 0 and 𝛽 = 6.71
superimposed on the same Figure 1c. Examples of the dependen-
cies of the derivatives 𝜕b(1)∕𝜕k (characterizing group velocity) and
𝜕2b(1)∕𝜕k2 (characterizing dispersion) for the edge states in FF

wave spectrum are illustrated in Figure 1d. Remarkably, disper-
sion 𝜕2b(1)∕𝜕k2 can have opposite signs, depending on the k value.

2.3. Nonlinear Model

Turning now to the nonlinear case with parametric interactions
included in Equations (1) and (2) we recall that in a quadratic
medium three different scenarios of bifurcation of the nonlinear
families from linear ones may be encountered[82–84]: i) FF and
SH waves are of the same order (this case is realized, for exam-
ple, when edges of the allowed bands in spectra of both fields
coincide); ii) SH field remains finite in the linear limit (this case
requires the presence of the confining potential for SH wave);
and iii) in the linear limit FF and SH fields scale as 𝜓2 = (𝜓2

1 )
(this is typical for the cascading limit in uniform medium or for
periodic medium, when the propagation constant of the phase-
matched SH wave falls into forbidden gap, while FF wave can
propagate freely). As it follows from the comparison of spectra
in (b) and (c) of Figure 1, namely the third scenario is charac-
teristic for our system. In this case, in the linear limit the FF
wave profile is described by Equation (6) for j = 1, while SH wave
profile is described by Equation (2), which is a linear equation
for 𝜓2 with fixed 𝜓2

1 term. This regime resembles the cascad-
ing limit, however it must be properly appreciated that the Flo-
quet nature of the system imposes that the SH wave is driven
by the periodically varying with z FF wave, while the array in-
troduces a geometrically-induced phase-mismatch between both
waves. Therefore, the global phase-matching resonance between
the waves will be shifted in the Floquet system relative to the ho-
mogeneous case.
We are interested in the family of Floquet edge solitons bifur-

cating under the action of nonlinearity from a linear topologi-
cal edge state in the FF wave spectrum. We suppose that this
state has band index 𝛼 and corresponds to certain Bloch momen-
tum k. To describe such solitons we employ the multiple-scale
expansion.[45] To this end, we introduce a formal small param-
eter 0 < 𝜇 ≪ 1 as well as scaled variables yj = 𝜇jy and zj = 𝜇jz.
These variables are considered independent and thus allow for
representations of operators (7) in the form

1 = ̃(0)
1 + 𝜇̃(1)

1 + 𝜇2̃(2)
1 +⋯ (10)

2 = ̃(0)
2 +⋯ (11)

where ̃(0)
1,2 are identical to ̃1,2, defined in Equation (7), with r re-

placed by r0, ̃(1)
1 = −𝜕y0𝜕y1 and ̃(2)

1 = −𝜕y0𝜕y2 − (1∕2)𝜕2y1 . When
searching for the profile of the Floquet edge soliton, we represent
its FF component using the expansion

𝜓1 = 𝜇eibz0
[
A(y1, z1)𝜙1 + 𝜇𝜌1 + 𝜇2𝜌2 + (𝜇3)] (12)

while its SH component is presented in the form

𝜓2 = 𝜇2e2ibz0A2(y1, z1)𝜙2 + (𝜇3) (13)

where slowly varying soliton amplitude A(y1, z1) is introduced
that defines the evolution of both fields. Notice that this
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expansion agrees with the scaling 𝜓2 = (𝜓2
1 ) discussed above.

Hereafter, in the arguments of a function we show only the most
rapid variables and assume that the function can depend also on
all respective slow variables (i.e., A(y1, z1) may depend also on y2
and z2, but not on y0 or z0). To shorten the notations, we denoted
b(1)
𝛼k = b and suppressed the double subscript for the carrier edge

state 𝜙(1)
𝛼k ≡ 𝜙1 in the expression for FF profile. Notice that the

function 𝜙2 describing carrier state in the SH wave is not a SH
eigenmode of helical array and its profile will be found later. The
functions 𝜌1,2 depend on all variables and they also will be found
in the course of expansion. Our goal is to derive the equation de-
scribing evolution of the slowly varying amplitude A(y1, z1).
Substituting this expansion into Equations (1) and (2) and

keeping the terms up to the 𝜇2-order in Equation (1) and only
the leading-order terms in Equation (2) one obtains

i𝜕z0 (𝜌1 + 𝜇𝜌2) − b(𝜌1 + 𝜇𝜌2) + i𝜕z1
(
A𝜙1 + 𝜇𝜌1

)
+ i𝜇𝜙1𝜕z2A

= ̃(0)
1

(
𝜌1 + 𝜇𝜌2

)
+ ̃(1)

1

(
A𝜙1 + 𝜇𝜌1

)
+ 𝜇̃(2)

1 A𝜙1

+ 𝜇𝜙∗
1𝜙2|A|2A (14)

−i𝜕z0𝜙2 + 2b𝜙2 +(0)
2 𝜙2 = 𝜙21 (15)

The functions 𝜌j can be searched in the form of the expansions

over the Floquet–Bloch states 𝜙(1)
𝜈k . For j = 1 we have

𝜌1 =
∑
𝜈

B𝜈k(y1, z0)𝜙
(1)
𝜈k (16)

where the sum is over the band index only,[45] and the coefficients
B𝜈k(y1, z0) are to be found. In the leading order, Equation (14) is
reduced to

i𝜕z0𝜌1 − b𝜌1 + i(𝜕z1A)𝜙1 = ̃(0)
1 𝜌1 − (𝜕y1A)𝜕y0𝜙1 (17)

Substituting the expansion (16) into this equation one obtains

i𝜙1𝜕z1A + (𝜕y1A)𝜕y0𝜙1 =
∑
𝜈

𝜙
(1)
𝜈k

[
−i𝜕z0 + (b − b𝜈k)

]
B𝜈k (18)

Since the consideration at this order is similar to the one de-
scribed in ref. [45] we omit the details passing directly to the
results. To obtain the dependence of the envelope on the slow
variables y1 and z1 we project Equation (18) on 𝜙1 and per-
form z-averaging over one helix period Z (defined as ⟨f ⟩Z =
Z−1 ∫ Z

0 f (r, z)dz). This gives A ≡ A(Y ; z2, x2), where Y = y1 − vz1
and the group velocity v = −b′ is dictated by the group velocity of
corresponding carrier FF edge state with index 𝛼 at momentum
k (hereafter a prime stands for the derivative with respect to k,
that is, v = −𝜕b(1)

𝛼k∕𝜕k). Z-periodic expansion coefficients B𝛼k are
given by

B𝛼k = (𝜕y1A)∫
z

0

[⟨h⟩T − h(𝜁 )
]
d𝜁 (19)

where we defined a Z-periodic function

h(z + Z) = h(z) := −i
(
𝜙1, 𝜕y𝜙1

)
(20)

Other expansion coefficientsB𝜈k are obtained by projecting Equa-
tion (18) over 𝜙(1)

𝜈k with 𝜈 ≠ 𝛼 and performing z-averaging. Pro-
ceeding to the next order of 𝜇 in (14) and following main steps
described in ref. [45] we arrive to the nonlinear Schrödiger equa-
tion for the slowly varying amplitude

i𝜕A
𝜕z

= b′′

2
𝜕2A
𝜕Y2

− 𝜒|A|2A (21)

where

𝜒 = ⟨(𝜙21,𝜙2)⟩Z (22)

is the effective cubic nonlinear coefficient and we returned to
the physical variables by setting 𝜇 = 1 (i.e., in Equation (21)
Y = y − vz). Thus, in the regime considered here, the slowly vary-
ing amplitude A of the FF component of the Floquet edge soli-
ton obeys the nonlinear Schrödinger equation. The dispersion in
this equation is defined by the dispersion of the linear FF edge
state from which the FF component bifurcates. The effective cu-
bic nonlinear coefficient depends both on the FF edge state 𝜙1
and on the SH 𝜙2 generated by the FF wave.

2.4. Approximate Effective Cubic Nonlinearity

The existence of small-amplitude quadratic bright solitons is pos-
sible for opposite signs of the effective dispersion b′′ of chosen
carrier edge state of the FF (see Figure 1d where it is shown
that b′′ can change its sign with k) and of the effective nonlin-
ear coefficient 𝜒 . By multiplying Equation (15) by 𝜙∗

2 and sub-
sequently integrating it over r and z, one can verify that 𝜒 is
real. Its value is obtained from the expression (22) using the
known linear Floquet edge state 𝜙1 and the respective solution
of Equation (15), 𝜙2, where 𝜙

2
1 enters as a “driving” field. The

latter equation was solved numerically with zero initial condi-
tions for 𝜙2 function for representative experimentally realistic
parameters of helical waveguide array indicated in the caption
to Figure 1. Figure 2a,b shows typical evolution of peak ampli-
tudes of the 𝜙1 and 𝜙2 functions at k = 0.45K, corresponding
to quasi-propagation constant b = 0.311 = 0.396𝜔. One can see
that while the function 𝜙1 always evolves in a periodic fashion
due to its Floquet nature, the 𝜙2 function approaches “steady”
state, where it evolves practically periodically (see zoom in Fig-
ure 2b), only after sufficiently long propagation distance. We use
averaged amplitude aav = ⟨|𝜙2|max⟩Z as an indicator of the estab-
lished SH field: almost unchanged aav indicates that the solution
of Equation (15) converges to a Z-periodic function. In the case
of Figure 2, where 𝛽 = 7.6, the averaged amplitude gradually ap-
proaches the aav = 2.07 value. Corresponding representative pro-
files (on twelve y-periods) of the FF and SH carrier functions
𝜙1 and 𝜙2 at z = 30 000 are depicted in Figure 2c. One can see
that the 𝜙2 function is much more localized within waveguides,
but at the same time its amplitude exhibits more pronounced z-
oscillations. Notice that radiative losses for our parameters are
nearly negligible (i.e., the amplitude does not notably decrease
upon propagation).
The most important peculiarity of edge solitons in 𝜒 (2) Flo-

quet insulator, clearly distinguishing them from usual known
𝜒 (2) solitons in materials with z-independent refractive index,

Laser Photonics Rev. 2022, 16, 2100398 © 2021 Wiley-VCH GmbH2100398 (5 of 11)
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Figure 2. a) Peak amplitudes of the carrier functions 𝜙1 (black) and 𝜙2
(red) versus distance z and b) zoomof this dependence at sufficiently large
distances, when evolution of𝜙2 becomes periodic. c) Profiles of the carrier
functions 𝜙1 and 𝜙2. Here 𝛽 = 7.6, k = 0.45K, while all other parameters
correspond to Figure 1.

stems from periodic z-dependence of the Floquet–Bloch mode
𝜙1. Indeed, the right-hand side of Equation (2) can be viewed as
a periodic driving force that can resonate with the eigenmodes of
the SH wave. Such resonance is expected to occur when the fre-
quency of the 𝜓2

1 term (in our case, doubled quasi-propagation
constant of the FF edge state 2b(1)

𝛼k ), coincides for some band 𝜈

with quasi-propagation constant b(2)
𝜈k of the eigenmode from the

Floquet band of the SH wave. Taking into account that these con-
stants are definedmodulo𝜔, we thus gets the resonant condition

b(2)
𝜈k = 2b(1)

𝛼k (mod 𝜔) (23)

We refer to this phase-matching mechanism as Floquet phase
matching. Unlike in the case of a z-independent refractive index,
where the phase mismatch b(2)

𝜈k − 2b(1)
𝛼k is proportional to 𝛽 and is

zero for 𝛽 = 0, now the dependence on 𝛽 is richer, because the
phase mismatch 𝛽 directly enters the Equation (2) leading to a
shift of the allowed bands for SH wave. This is shown in Fig-
ure 1c, where the resonance occurs for 𝛽 = 𝛽res where 𝛽res ≈ 6.71
while 𝛽 = 0 corresponds to a nonresonant case. Under the con-
dition of Floquet phase matching, the FF edge state resonantly
excites the SH wave. For example, for the array depth of p = 11
and for topological FF edge state with b(1)

𝛼k ≈ 0.311 ≈ 0.396𝜔 at
k = 0.45K such resonance is expected to occur with SH wave
state at b(2)

𝜈k ≈ −0.163 ≈ −0.208𝜔 when 𝛽res ≈ 6.71, as illustrated
in Figure 1c (see lower group of bands). This is in full agree-
ment with condition (23). Notice that 𝛽res depends on the Bloch
momentum k.
At, and near, Floquet phase-matching between the FF and

SH waves, the multiple-scale model is not valid anymore. Phase
matching is manifested in diverging effective cubic nonlinear co-
efficient, as shown by the red dots in Figure 3a,c for two different
array depths p = 11 and p = 13 and for k = 0.45K. The depen-
dencies 𝜒(𝛽) calculated for other Bloch momentum k = 0.55K

Figure 3. a,c) Approximate effective cubic nonlinear coefficient and b,d)
z-averaged peak amplitude aav of the 𝜙2 function versus phase mismatch
𝛽 at k = 0.45K and various array depths p. Vertical dashed lines indicate
resonant phase mismatch values 𝛽res = 6.71 for p = 11 (a),(b) and 𝛽res =
7.74 for p = 13 (c),(d). Solid lines show approximations 𝜒 ≈ 0.6032∕(𝛽 −
𝛽res) in (a) and 𝜒 ≈ 0.7845∕(𝛽 − 𝛽res) in (c). The dependencies for k =
0.55K are practically identical, except for a slight shift in 𝛽.

are very similar to those shown in Figure 3a,c, except for a small
shift in resonant value of 𝛽. The width of the resonance is de-
termined by the width of the Floquet band of the SH wave spec-
trum and is very narrow due to flatness of the respective band
(see Figure 1c). The sign of the effective cubic nonlinear coeffi-
cient changes across the resonance: one has 𝜒 < 0 when 𝛽 < 𝛽res,
and 𝜒 > 0 when 𝛽 > 𝛽res (the dependence 𝜒(𝛽) can be accurately
extrapolated by the law 𝜒 ∝ 1∕(𝛽 − 𝛽res), as shown by the solid
lines and described in the caption of Figure 3). This means that
for a given sign of the dispersion coefficient (determined by the
Bloch momentum k) bright solitons can be excited only in one of
the two wide gaps in the Floquet–Bloch spectrum of the SH wave
(Figure 1c). Thus, for k = 0.45K the dispersion coefficient for the
FF edge state b′′ < 0 and therefore bright solitons can form only
at 𝛽 > 𝛽res, where 𝜒 > 0. In contrast, for k = 0.55K the disper-
sion coefficient for the FF edge state b′′ > 0 that allows soliton
formation at 𝛽 < 𝛽res, where 𝜒 < 0. Thus, by properly selecting
Bloch momentum k and carrier edge state one can excite bright
solitons for different values and signs of the material phase mis-
match 𝛽 that adds considerable flexibility to the potential exper-
imental realization of this system. The relation between the do-
mains of existence of quadratic solitons and the bandgap struc-
ture resembles the well-known fact from the theory of gap soli-
tons in straight waveguide arrays: due to different signs of the
effective mass (effective diffraction) at the different edges of al-
lowed band, (bright) soliton families can bifurcate only from one
of the two edges, depending on the sign of the nonlinearity. Now,
however, bifurcation picture is more sophisticated because effec-
tive diffraction coefficient is determined by the in-gap FF edge
state, while the sign of the effective nonlinearity depends on the

Laser Photonics Rev. 2022, 16, 2100398 © 2021 Wiley-VCH GmbH2100398 (6 of 11)
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Figure 4. Propagation dynamics for 𝛽 = 0, k = 0.55K, 𝜒 = −0.087, b′′ = +0.116, bnl = −0.001. Top four rows—nonlinear propagation, bottom row—
linear propagation. Left column shows FF wave, right column shows SH wave. Notice different vertical scales in plots for FF and SH waves.

interaction of the FF and SH waves in z-varying refractive in-
dex landscape. Since quasi-propagation constants of the bulk and
edge states of the FF and SH waves depend on the array depth,
for different p values the Floquet phase matching conditions (23)
are met at different resonant values of phase mismatch 𝛽res. It
turns out that at fixed Bloch momentum the value 𝛽res increases
with increase of p: one has 𝛽res ≈ 6.71 for p = 11 and 𝛽res ≈ 7.74
for p = 13 (compare Figure 3a,c). In the dynamics, the Floquet
phase matching results in resonant growth of the averaged am-
plitude aav of the 𝜙2 field, as shown in (Figure 3b,d).

3. Edge Solitons

Equation (21) predicts that bright topological soliton propagating
along the edge of the insulator in 𝜒 (2) nonlinear medium is char-
acterized by the envelope [see expansions (12) and (13), assuming
that corresponding FF and SH fields 𝜓1 ≈ A and 𝜓2 ≈ A2]:

A =
(
2bnl
𝜒

)1∕2

sech

[(
−
2bnl
b′′

)1∕2

Y

]
eibnlz (24)

where bnl is a detuning of the quasi-propagation constant from its
linear value b, arising due to nonlinearity. This envelope should
provide accurate description as long as phasemismatch is not too
close to resonant value 𝛽res. One can see that in the case, when bi-
furcation of soliton occurs from linear FF edge state with b′′ < 0,
that is possible at 𝛽 > 𝛽res, where 𝜒 > 0, the nonlinear detuning
of the quasi-propagation constant bnl should be positive . In con-
trast, for positive dispersion coefficient b′′ > 0, at which soliton
formation is possible at 𝛽 < 𝛽res, where 𝜒 < 0, the detuning bnl
should be negative. This means that depending on Bloch mo-
mentum and phase mismatch solitons can bifurcate from the
linear FF edge state in both directions within topological gap.
Nonlinear detuning bnl should be small enough to ensure that
total quasi-propagation constant remains in the topological gap
and that envelope is broad enough and covers many y-periods.
To check the accuracy of the developed theory we propa-

gate edge solitons, constructed as 𝜓1(r, 0) = A(y, 0)𝜙1(r, 0) and
𝜓2(r, 0) = A2(y, 0)𝜙2(r, 0) in helical waveguide array, where non-
linear light evolution is governed by continuous Equations (1)
and (2). In Figure 4, rows 1–4, we illustrate the evolution of
the edge soliton bifurcating from the red edge state branch (see

Laser Photonics Rev. 2022, 16, 2100398 © 2021 Wiley-VCH GmbH2100398 (7 of 11)
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Figure 5. Propagation dynamics for 𝛽 = 7.6, k = 0.45K, 𝜒 = +0.671, b′′ = −0.096, bnl = +0.001. Top four rows—nonlinear propagation, bottom row—
linear propagation. Left column shows FF wave, right column shows SH wave. Notice different vertical scales in plots for FF and SH waves.

Figure 1b) for the Bloch momentum k = 0.55K, corresponding
to the dispersion coefficient b′′ ≈ +0.116, and 𝛽 = 0, at which
the effective nonlinear coefficient is negative 𝜒 ≈ −0.087 (this
case corresponds to far off-resonant propagation). In this case,
bright envelope Equation (24) corresponds to the negative quasi-
propagation constant detuning, that we take here equal to bnl =
−0.001. In the left column of Figure 4 we show evolution of the
FF wave |𝜓1|, while right column demonstrates evolution of the
SH wave |𝜓2|. One can see that both components are locked
and move together along the edge without considerable mod-
ifications, even though the soliton traverses more than 100 y-
periods of the structure at z = 4000 (notice that we work with
huge, but finite y-window, so due to transverse displacement and
periodic boundary conditions in y, after sufficiently long prop-
agation distance the soliton may reappear from the other side
of the window). Edge solitons are a hybrid asymmetric object:
they are strongly localized across the interface, because they in-
herit the topological nature from the corresponding linear edge
state, while along the interface they are localized due to non-

linearity. Soliton move with group velocity v = −b′ dictated by
the group velocity of corresponding edge state at selected Bloch
momentum. Small reshaping on the SH component takes place
only at the initial stage of propagation (this reshaping is due to
the fact that our theory provides z-averaged approximation to
the exact z-oscillating solution). It leaves small, practically im-
mobile wavepacket in the SH wave at the initial launching posi-
tion y ≈ −60 that does not generate any appreciable FF wave and
slowly diffracts into the bulk of the array (since there is no FF
wave at this location anymore that was stimulating near-surface
localization of the SH wave). As expected, most of the SH wave
power remains locked to the FF wave and moves with it, form-
ing stable edge soliton. Due to helicity of the waveguides, the
amplitudes of FF and SH components undergo small Z-periodic
oscillations upon propagation. Both fields |𝜓1| and |𝜓2| remain
well-localized, illustrating a negligible influence of coupling to ra-
diation into the bulk of the array due to topological origin of the
mode on which the soliton is constructed. To prove that 𝜒 (2) edge
solitons are indeed supported by the nonlinearity, in the bottom

Laser Photonics Rev. 2022, 16, 2100398 © 2021 Wiley-VCH GmbH2100398 (8 of 11)
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Figure 6. Passage of parametric topological edge soliton from Figure 4 through the defect in the form of missing waveguide. Profile of the array with a
defect (left panel), field modulus distributions at different distances (central panels), and peak amplitude a1 = max|𝜓1| of FF component versus z (right
panel). Shown distributions correspond to the red dots in the right panel.

row of Figure 4 we show how the same input dramatically dis-
perses in the linear medium. Without nonlinearity, we observe a
strong asymmetric expansion of the FF wavepacket, whose peak
amplitude substantially decreases. Since FF and SH waves are
decoupled in the absence of nonlinearity, 𝜓2 component remains
immobile and slowly diffracts into the depth of the array.
To illustrate the existence of bright edge solitons for other sign

of the dispersion coefficient, we consider also Bloch momentum
k = 0.45K, corresponding to b′′ ≈ −0.096, and take 𝛽 = 7.6, at
which effective nonlinear coefficient 𝜒 ≈ +0.671 is positive. In
this case, bright solitons correspond to positive nonlinear detun-
ing bnl = +0.001. Corresponding nonlinear propagation dynam-
ics is illustrated in rows 1–4 of Figure 5. As in the previous case,
both fields |𝜓1| and |𝜓2| remain well-localized upon propagation.
Since in this particular case the phase mismatch 𝛽 = 7.6 is taken
closer to resonance at 𝛽res ≈ 6.71 [see Figure 3a], the reshaping of
the SH wave is stronger and the fraction of SH power remaining
in the launching point and slowly diffracting increases in compar-
ison with Figure 4. Still, the formation of the edge soliton steadily
propagating along the interface over considerable distances is ob-
vious (compare with linear propagation depicted in the last row
of Figure 5).
To prove the topological origin of the multicolor edge solitons

introduced here and to illustrate that our system with broken
“time-reversal” symmetry provides topological protection man-
ifested in the absence of backscattering on defects, we modeled
the interaction of the edge soliton with strong defect in the form
of missing waveguide at the zigzag edge of the array. As an in-
put we used the same state at 𝛽 = 0, k = 0.55K as in Figure 4.
The wavepacket was launched at y = −60, sufficiently far from
the defect at y = 0 to allow it to reshape into exact traveling edge
soliton at the moment of passage through the defect. The array
with a defect and dynamics of soliton passage through it are il-
lustrated in Figure 6. One can see that soliton exhibits only local
reshaping around the defect and that it restores its profile after
passage of the defect. No appreciable backward reflection or ra-
diation into the bulk is seen, neither in FF, nor in SH waves (the
diffracting and nonmoving fraction of SH wave around y = −60
is due to reshaping of the initial wavepacket into soliton and is

not associated with backward reflection—it was discussed in Fig-
ure 4). The peak soliton amplitude a1 = max|𝜓1| (right panel)
only slightly decreases when a soliton passes the defect and re-
turns to the previous level sufficiently far from it. A similar level
of topological protection was observed also for other momentum
and phase mismatch values, for example, for soliton from Fig-
ure 5.
The theory of envelope solitons developed here implies that the

envelope imposed on the edge state should be sufficiently wide
to cover multiple y-periods of the array. However, we found that
multicolor edge solitons can be efficiently excited even with rel-
atively narrow input envelopes. This is illustrated in Figure 7,
where we used the same parameters as in Figure 4, but in-
creased the detuning of the quasi-propagation constant up to
bnl = −0.005. The resulting initial envelope is sufficiently narrow
and covers only 4–5 y-periods. After the initial very fast stage of
reshaping, where the wavepacket amplitude drops by ≈ 30%, the
edge soliton forms that is slightly narrower than its counterpart
from Figure 4 and that propagates with minimal amplitude oscil-
lations, as shown in the last row of Figure 7. The process of edge
soliton excitation is, therefore, remarkably robust.

4. Conclusions

We reported the existence of topological Floquet solitons at the
edge of honeycomb arrays of helical waveguides with 𝜒 (2) nonlin-
earity. Such solitons have been described analytically and found
numerically in a continuous model. We have shown that, away
from so-called Floquet phase-matching resonance, the envelope
of such solitons can be described by a single effective cubic
nonlinear Schrödinger equation with a nonlinear coefficient dic-
tated by the global phase mismatch existing between FF and SH
waves, which includes a geometrically-induced shift. The Flo-
quet phase-matching resonance occurs when the overall phase-
mismatch vanishes, a condition that depends on the location
of the allowed quasi-propagation constant bands of the SH and
FF edge states. Floquet edge solitons obtained here are robust,
they propagate along the edge over hundreds of the array periods

Laser Photonics Rev. 2022, 16, 2100398 © 2021 Wiley-VCH GmbH2100398 (9 of 11)
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Figure 7. Excitation of the edge soliton with narrow input at 𝛽 = 0, k = 0.55K, 𝜒 = −0.087, b′′ = +0.116, bnl = −0.005. Left column shows FF wave, right
column shows SH wave. Last row shows peak amplitude of FF wave versus z.

remaining well-localized and showing no appreciable power
losses into bulk modes.
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