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The principle of least action is arguably the most fundamental principle
in physics asit can be used to derive the equations of motion in various

branches of physics. However, this principle has not been experimentally
demonstrated at the quantum level because the propagators for Feynman’s
pathintegrals have never been observed. The propagator is a fundamental
concept and contains various significant properties of aquantum system
inthe path integral formulation, so its experimental observation s itself
essential in quantum mechanics. Here we theoretically propose and
experimentally observe the propagators of single photons based on the
method of directly measuring quantum wave functions. Furthermore,

we obtain the classical trajectories of single photonsinfree spaceandina
harmonic trap based on the extremum of the observed propagators, thereby
experimentally demonstrating the quantum principle of least action. Our
work paves the way for experimentally exploring the fundamental problems
of quantum theory in the formulation of path integrals.

Theprinciple of least action (PLA) is a variational principle that—when
applied to the action of a mechanical system—can be used to obtain
the equations of motion for that system. The PLA is possibly the most
fundamental principle in physics because the fundamental laws in
various branches of physics, such as classical mechanics, electro-
dynamics, special and general relativity, quantum mechanics and
quantum field theory, can be derived from the PLA' . Historically,
the PLA has been used in several different contexts, such as Ham-
ilton’s principle and Maupertuis’ principle in classical mechanics,
as well as Fermat’s principle of least time in optics. Intriguingly,
although Einstein did not follow a least action approach in his theo-
ries of relativity, Planck formulated the dynamics of special relativ-
ity using the PLA in 1907. More interestingly, after Hilbert learned
about Einstein’s initial idea of general relativity, he followed the PLA
approach, guessed the ‘most natural’ Lagrangianin 1915 and derived
the gravitational field equations before Einstein’. By extending the
PLA to quantum mechanics, Feynman discovered the path integral for-
mulation of quantum mechanics, whichis a crucial representation of

quantum mechanics and has profoundly advanced the development of
theoretical physics™*.

For non-quantum systems, an experimental demonstration of the
PLAiseasy since the trajectory of the system can be readily observed.
However, this principle has not been experimentally demonstrated
at the quantum level because of two obstacles. One is a conceptual
obstacle, and the otheris atechnical one. Conceptually, one can deter-
mine the unique trajectory of a classical object moving from an initial
position to a final position, but in quantum mechanics, according to
Heisenberg’s uncertainty principle, position and momentum cannotbe
simultaneously measured. Furthermore, any path connected with ini-
tialand final pointsis possible in quantum mechanics, soaunique tra-
jectory like thatin non-quantum physics does not exist. Feynman’s path
integral formulation creates abridge between the classical Lagrangian
description ofthe physical world and the quantumone, reintroducing
the classical concept of trajectory to quantum mechanics. Technically,
the PLAin Feynman’s pathintegrals is associated with a core quantity
called propagator, which has never been experimentally observed.
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Fig.1|Schematic of path integrals and measuring method. a, Propagators and
classical trajectories. C, (G,) is the classical trajectory in free space (harmonic
potential). The propagation from (x,, ¢,) to (x, ;) is divided into two parts with
intermediate points (x, ¢). The product of propagators K(x,, t,; x, )K(x, t; x,, t,) is
used to determine the classical trajectory. The classical positionin free space
(harmonic potential) determined by equation (2) is shown as the green triangle
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(blue star). b, Protocol to measure the propagators. For the measurement of
K(x, t X,, t,), the quantum state ) and pointer |0) are prepared. Then, at time ¢,,
acoupling operation U allows the probe system to shift the pointer at position x,.
After the evolution, the system is projected to position x,, at ¢, and K(x,,, £; x,, t,)
canberead from the pointer. Similarly, K(x,, t,; X, t) can be measured by
performing U at tand projecting the system tox, at t,..

This propagator isacomplex amplitude with both real and imaginary
components and thus cannot be measured by conventional projective
measurement schemes. Recently,amethod known as ‘direct measure-
ment’ was developed* to measure the quantum wave functions® % With
thismethod, thereal andimaginary components of the quantumwave
function can be directly read from the measuring equipment based
on an interesting concept called weak value™ . The weak value has
been widely used in precision metrology'® ™ and the observation of
non-classical paths” 2,

In this Article, we report the first experiment to measure the
propagators of single photons in Feynman’s path integrals and then
demonstrate the PLA at the quantum level. We theoretically develop
a‘direct measurement’ method to observe the propagators (in the
sense of directly reading them from the experimental apparatus) and
then experimentally adopt this approach to measure the real and
imaginary components of the propagators. Furthermore, by ana-
lysing the extremum of the measured propagators, we experimen-
tally demonstrate the PLA in Feynman’s path integrals with single
photons.

Results

Theoretical model

Figure 1areviews some basic concepts of pathintegrals. We assume an
initial wave function |¢(x,, t,)) at afixed position x,and time ¢,and use
them to determine the wave function [¢(x,, ¢,)) at another fixed posi-
tion x, and time ¢,. Here |((x,, t,)) = K(xy, &, X,, t,)|Y(x,, t,)) in the path
integral formulation, where the propagator K(x,, t; x,, t,) describes
the transition from the initial state [ (x,, t,)) to the final state [(x;, t,)).
Given an arbitrary position x at intermediate time ¢, the propagator
K(x,, ty; x,, t,) can be obtained by the integration

K(xp, to; Xa, t,) = fH(x, tdx = Nel/MSa, 1)

where I(x, t) = K(x, t,; X, OK(x, ; x,, t,), S, is the classical action of the
pathand v isanormalization constant. The classical trajectory com-
plieswith the PLA and satisfies the variational equation of 65/6x(t) = 0,
where Sistheaction. When theratio of action S to the Planck constant
hincreases, the phase factor e/”Sbehaves as a strong oscillatory func-
tion,and accordingto a heuristic extrapolation of the stationary phase
method to the path integral case, the main contribution should come
fromthose paths that make the phase function stationary. Therefore,
one can derive a classical-like trajectory of the system from the PLA.

The variational formulation of the PLAis difficult to demonstrate
in experiments; however, for fixed initial and final positions x, and x,,
the stationary of action Sleads to

0

aﬂ(x, H=0 (2)

for any time ¢, so the classical trajectory at intermediate position x
should satisfy equation (2), and this form of the PLA can be readily
demonstrated inexperiments. The analytical expressions of the propa-
gatorsforaparticleinfree space and in harmonic potential are provided
inMethods. Substituting these expressions in equation (2), we obtain
that the classical trajectoryis astraightline (cosine type of curve) fora
particle moving from (x,, t,) to (x;, t,) in free space (harmonic potential)
(Fig.1a). Therefore, by changing the intermediate time ¢, the classical
trajectory connecting two points canbe derived with equation (2),and
the PLA at the quantum level can be demonstrated if the propagators
are measured.

We now describe our approach to measure the propagators of sin-
gle photons and to demonstrate the PLA. The schematic of this method
isshowninFig. 1. For simplicity, we assume that the photons propagate
along the z direction and that the initial wave function is a Gaussian
wave packet so we can focus on the x—z plane. As shown in Methods,
the system we studied can be considered as a one-dimensional system
with x as the position coordinate and z as the propagation time with
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Fig.2|Schematic of the experiment. a, Evolution and detection region. For the
measurement of K(x,,, t; X,, t,),a SLM1accomplishes coupling U at positionx,,
whereas the ICMOS camera measures the photon spatial distribution at all
positionsx for z=ct. b, Experimental setup. State initialization (i): single photons
with a Gaussian transverse mode emerge from a single-mode fibre and are
initialized to the vertical polarization state |0). Spatial-pointer coupling (ii): the
combination of HWP, SLM1and 4fsystem realizes the U operation only at
assigned positions, such as x,. State evolution (iii): the photons are split into two
branches |¢,) and |¢,) by a 50:50 beamsplitter (50:50 BS). The |¢,) branch is sent
into the region with Hamiltonian H corresponding to the measured propagator
K(x,, t; x,, t,). AGRIN lens produces a harmonic potential, and the absence of the
GRIN lens implies free propagation. After the evolution, these two branches are
merged by a PBS. The piezo-driven prism is used to stabilize the optical path

difference between these two branches. Post-selection of position and readout of
the pointer (iv): a 4f system transits the wavefront at the measured positions
(z=ctorz=cty) tothe ICMOS camera. Each detection of photons on the ICMOS
camerais gated” (Supplementary Section 2). Differentimage planes of ¢ can be
measured by adjusting the longitudinal position of the ICMOS camera. The QWP
or HWP and the PBS between the 4fsystem and ICMOS camera are used to

read the expectations of the pointer. Measurement of wave function (v): a
combination of an Fourier transform (FT) lens, an HWP and an SLM (HOLOEYE,
PLUTO-2-NIR-011) accomplishes a coupling between the transverse momentum
and the polarization of photons. The ICMOS camera measures the spatial
distribution of the photons of the five bases of polarization, namely,

{1+), 1=), IR), IL), 1)}

t=2z/c(cisthe velocity of light). We use the propagator K(x, t; x,, t,) as
anexample to describe our measurement method.

We take the spatial mode as the explored system and the polariza-
tionof photons asthe pointer. Theinitial stateis [)|0), where |0) isthe
pointer state. At initial moment ¢,, we use a coupling operation
U = e7'3™a% 1o couple the spatial mode of the single photons to the
pointer. Here, fr, = |x) (x| and 6y, are Pauli matrices acting on the
pointer states. This coupling only allows the photons at position x,
shifting the pointer. Then, the photons enterthe regionwith potential
V(x) for the evolution T(t —¢t,) = exp(—— ft Hdt') governed by the
Hamiltonian H = p2/2m + V(x). In our experlment we choose either
free space or harmonic potential for this evolution. We terminate the
evolutionby measuring the pointer state at positionx,andtime t=z/c.
InMethods, we show that the propagator K(x,, t; x,, t,) can be obtained
by

K" (Xm, £ Xa, ta)

, 3)
V24 (X, 69X, £)

KX, X5, t5) =

where K" (Xm, £ X,, t) = —(f|0,|f) + i(f16,|f) and|f) denote the final
state of the pointer. Also, ¢*(x,, t,) and ¢(x,, t,) are the spatial wave func-
tions of the photons, which canbe measured by the ‘direct measurement’
method*’. Scanning the projecting position x,, allows us to measure
K(x, t; x,, t,) as a function of x. Similarly, we can derive the propagator
K(x,, t,; x, t) by scanning the coupling position x,, at moment ¢t and the

projection position x, is fixed. With the measured K(x, ¢; x,, t,) and
K(x,, t,; x, t) as a function of x, we use equation (2) based on the PLA to
analyse the extremum of the product I1(x, t) = K(x,, t,; x, O)K(x, t; x,, t,)
and to derive the classical trajectories of single photons.

Experimental measurement of propagators
We perform an experiment to measure the propagators K(x, t; x,, t,)
and K(x, t,; x, t) of single photons. The schematic of our experiment
isshown in Fig. 2. In our experiment, single photons are produced
through spontaneous parametric downconversion® >, with the
second-order correlation function gﬁz) =0.094 £ 0.011 and a centre
wavelength of 1=795 nm (Supplementary Section 2 and refs. 26-29).
We use a half-wave plate (HWP) and a spatial light modulator
(SLM1; HOLOEYE, PLUTO-2-NIR-080) to couple the transverse spatial
wave function to the pointer. The SLM1 rotates the polarization of
photonsby /2 only at positionx,. This modulation corresponds to the
unitary evolution U = e 2" % We assume that the moment right after
the modulation on SLML s t,. The modulated photons then enter a 4f
system and are splitinto two paths. One of these paths passes through
the region with an evolution (¢ — t,), and the other path is virtually
stationary. The 4fsystem transits the spatial mode of the photons from
the surface of SLM1 to the evolution area. As shown in Fig. 2b, the
spatial-pointer coupling takes place at moment¢,. Inthe evolution area,
the effective potential V(x) is proportional to the refractiveindex. Thus,
we use amaterial with aquadric refractive-index distribution to realize
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Fig.3|Measured propagators of single photons in free space. The propagators
K(x, t;0,0) with arbitrary unit (a.u.) asafunction of xat£= {4 mmc’,
5mmc™, 6 mmc}. Thesolid lines are theoretical results of the real (red) and

imaginary (blue) propagators. The red circles (blue squares) and shaded error
bands represent the mean value and standard deviation of three repetitive
measurements.

a harmonic potential for single photons and use air with a uniform
refractive index to achieve free space. Another 4f system transits the
spatial mode at ¢ to an intensified complementary metal-oxide-
semiconductor (ICMOS) camera (CISS, 2DSPC; quantum efficiency,
32%; pixel size, 9 um; readout noise, 4.68 e” per pixel per second). This
operation realizes the projection of x, since the ICMOS camera can
measure the spatial distribution of photons. The positions of the pixels
onthe cameraindicate the projecting position. Before the photonsare
collected by the ICMOS camera, we select the polarization with four
bases: two diagonal polarization bases (|+) and |-)) and two circular
polarizationbases (|R) and |L)). Thereadouts from the cameraonthese
fourbases are used to calculate the expectation valuesin equation (3).

We place agradient refractive index (GRIN) lens at the path of |¢,),
where theincident surface ofthe GRIN lens is at theimage plane of the
4fsystem (Methods). Therefore, the GRIN lens carries out the evolution
T:(t, — t,), where ¢, (t,) is the incident (exit) surface. For the
free-propagation case, the GRIN lens is removed. The outgoing photons
from this evolution then pass through a polarizing beamsplitter (PBS).
This PBS projects |¢h,) to pointer state |1) by selecting the transmitted
photons. Forthe otherbranch|g,), we add an HWP before the PBS, and
thereflected photons are projected to state |-). The PBS merges these
two branches into one. The second 4f system is placed after the PBS
transits the state from the ¢, plane to the ICMOS camera. The camera
isused to measure the spatial distribution of the photons. The intensity
ofthe pixel at positionx, onthe ICMOS sensor represents the readout
of post-selection |x,). To read the expectation values of (f|6,|f) and
(f16,|f) wesetaquarter-wave plate (QWP) or HWP and a PBS to project
the photons onto the following four polarization bases:
[+) = IA2(10) + 1), 1+) = 1V/2(10) - [1)), IRy = /V2(10) +i 1)) and
Ly = 1/\/§(|O) —i|1)). The intensities of the pixels on these four bases
are{P,, P_, P, P}, respectively. The difference between P, and P_gives
theexpectationof (f|0,|f) = P, — P_ whereasthe difference between
Prand P, gives the expectation of (f|6y|f) = Pr — P;.

To measure the waye functions ¢(x,, t,) and ¢(x,, t,), we perform
aninteraction U, = e™'2"%%to couple the momentum of the photons
tothe pointer and then use the ICMOS camerato project the systemto
the position state (x;| (Fig. 2b(v) and Supplementary Section 1)*. Simi-
larly, using a QWP/HWP and a PBS to read the expectation values of
oy, 0and P, = [1) (1, we have

SLFIoL ) + 1oL ~ (FIPLS)

$+(0,t,) ’ @

l/)(XJ, t) =—

wherej={m, a}is the index of the measured position®® (Supplementary
Section1).

The propagators of single photons in free space are shown in
Fig. 3. We choose x, = 0 as a fixed initial point and then measured the
propagators K(x, ¢; x,, t,) as a function of final position x. By adjusting
the ICMOS cameraon the longitudinal axis, we can detectK(x, ¢; x,, t,) at
different evolution times t. The experimental results of K(x, ¢; x,, t,) as a
functionofxandtareshowninFig.3atr={4 mmc,5mmc?, 6 mmc}
with the measuring step &x = 2.67 um. The experimental data agree well
with the theoretical results.

Demonstration of PLA
In Methods, we show that the classical trajectories based on the PLA
canbe determined by

2Re[Jvr”(x, 0] =0, 2lm[M”(x, 0] =0, (5)
ox ox

where M (x,t) = IT" (x, )/|IT" (x, )| with I[T"(x, t) = K" (x;, t,; X, OK”(x, t;
X, t,). Using the same method described in the previous section, we
measurebothK”(x, t; x,, t,) and K”(x,, t;; X, t), and the classical trajectory
X.4(t) can be obtained by equation (5) with the measured data.
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Fig. 4| Classical trajectories of single photons determined by the PLA. a,
Classical trajectoriesin free space with fixed initial position x, = 0 and three final
positions x;, = {0.043 mm, 0, -0.043 mm} (i). b, Classical trajectories in the
harmonic potential with initial position x, and final position x;:

(x,, Xp) = (0.040 mm, 0.016 mm), (0, 0) and (-0.040 mm, -0.016 mm). The solid
lines are theoretical results calculated from the analytical expressions (exp.) of
the propagators, and the dots with the error bar present the mean value and
standard derivation of three repetitive measurements. M’ (x) for the datain
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framesin a(i) and b(i) are shown in a(ii) and b(ii), respectively. The solid lines are
real (red) and imaginary (blue) components of the theoretical results of M'’ (x)
and the dots are the measured results. The vertical solid (dashed) lines in a(ii) and
b(ii) show the mean value (standard derivation) of the classical positions
determined by the measured M’ (x). The dots with the shaded error bands
present the mean values and standard deviation of three repetitive
measurements.

Inthe experiments, we select aninitial positionx, by choosing the
transverse position of the slitson SLM1. Then, K”(x, t; x,, t,) as afunction
of x can be measured by the ICMOS camera. In K”(x, t; X, t), x is the
variable initial position and x, is the fixed final position. We scan the
slits on SLM1to accomplish the change in x. Also, K”(x, t,; X, t) can be
measured by reading the signal of the final position x, on the ICMOS
camera. With these data, we can obtain x,(t) by searching the position
where M (x, t)hasitsextremum. The GRIN lens is used to simulate the
harmonic potential, which can be effectively expressed as
V(x) = %mwzxZ(Methods)‘The GRIN lensisremoved when propagators
ofthe free particle are measured.

The classical trajectories determined by the measured propaga-
tors are plotted in Fig. 4, where they are a straight line (cosine type of
curve) for a particle moving from (x,, ¢,) to (x, t,) in free space (a har-
monic potential), as expected by the analytical expressions in equa-
tions (8) and (9). The propagators M for the datain the dashed frames
showninFig.4a(i),b(i) are plotted in Fig. 4a(ii),b(ii), respectively. The
classical paths derived from the measured propagators agree well with
the theoretical results, whereas the deviation of M"” from the ideal
resultis smallintheregion near the classical trajectory but largeinthe
region far away from the classical trajectory. Therefore, the classical
trajectories determined by the measured propagators are very robust.
Thisisalso true for various perturbations; we use the deviation of time
as an example to show this phenomenon (Methods). This phenomenon
occurs because the action S is stationary for a classical trajectory but

Im[M” (x,t)]

Re[M” (x,1)]

| | | |
-0.06 -0.04 -0.02 (0]

I I I
0.02 0.04 0.06

x(mm)
Fig. 5| Theoretical comparison of M (x, t) and M (x, t — €)inthe harmonic
potential, where ¢ = 1.Im/wand € = 0.003(¢, — ¢,).a,b,Imaginary (a) and real
(b) components of M" (x, t) (solid) and M (x, t) (dashed). The dashed vertical
straight line shows the classical position determined by M"' (x, ¢).

would behave as a strong oscillation function for non-classical trajec-
tories. Our experiment demonstrates this essential idea of the path
integral theory*’.
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Discussion

Insummary, we have reported one of the first experiments to measure
the propagators of single photons and to demonstrate the quantum
PLA.Feynman’s path integral has been recognized as a crucial theory
in the development of modern quantum mechanics, particularly in
quantum field theory and quantum statistical physics. The propagator,
which lies at the heart of this theory, contains significant properties
(such as wave function, evolution, action, topological invariants and
partition function) of a quantum system. Our method of measuring
the propagators provides anew perspective to study quantum systems
in the path integral formulation. As our experiment shows, classical
trajectories can be obtained by measuring the propagators, which
allows us to further explore the crossover between classical physics
and quantum physics, one of the frontiersin current physics research.
Moreover, the measurement of the propagators opens opportunities
for experimentally exploring physics phenomenain quantum field
theory and quantum statistical physics that previously could not be
experimentally observed.

Online content

Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information,
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code
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Methods

Hamiltonian and expressions of propagators

The Hamiltonian of single photons can be written as H=c|p|
= ¢\/P; + P, + P2, wherexand yare two transverse coordinates and zis
the propagation direction. The momentum p, is related to the wave-
length of light, p, = ik, = 2th/A. In our experiment, the initial wave
function is a Gaussian wave packet in the x-y plane, namely,
e )I* = Ng exp[-(% + y»)/(a? + a3)], where X is anormalization con-
stant. The uncertainty of momentum p, (p,) is #i/a, (fi/a,). The wave-
length of light that we used isA =795 nm and a, = a,~ 0.4 mm, so we
havep,> p,, p,.Under this condition, the Hamiltonian canbe rewritten
as anapproximation

Py <P,
H~ — + — +cp,. (6)
p, 29, T P2

For the sake of simplicity and without loss of generality, we focus
only on the x-z plane. In addition, because we consider p,to be a
near constant, zis proportional to the propagation time ¢t =z/c. Then,
the evolution of the spatial wave function ¢(x, t) is described by a
Schrodinger-like equation

2
.. 0 Py
1h&(p(x, 6= z—pzfl)(X, 0). @)

This result shows that the photon acts like a non-relativistic particle
with effective mass m = ’% = % in transverse dimensions when the
propagation momentum is much greater than the uncertainty of the
transverse momentum®’. As shown in Supplementary Section 7 and
ref. 26, equation (7) can also be derived from the paraxial Helmholtz
equation.

If we choose refractive index as a function of x, then the photons
will have an effective potential V(x) and act as a non-relativistic
particle with a Hamiltonian H = p2/2m + V(x). Therefore, the propagator
of single photons in free space for two fixed points (x,, t,) and (x,, t,)

iS given by
K; (.Xb lb'.Xa ta) = m exp i ( b a) (8)
f ’ ’ ’ 2[[i llba ltba ’

wheret,, = t, — t,. The propagator ina harmonic potential V(x) = mw*?/2
is given by’

imw

Kn (X b3 Xas ta) = Mg exp{

/ mw
Where M - 2mih sin wtyp, :

Measurement of propagators

We take the propagator K(x,,, t; x,, t,) withx,,being one of the points at
time tas anexampleto describe our scheme of measuring propagators.
We first divide the transverse position into d slits, so a wave function
of transverse position at time ¢ can be written as [¢(¢)) = Zj‘.il Y(x;, 0) |x;)
inbasis |x). We choose atwo-dimensional qubit space with eigenstates
|0) and [1) as the pointers. Our initial state |¢,) at ¢, is prepared as

[(x2 +x2) cos wtp, — Zxaxb]} ()

2h sin Wiy,

|®:) = 19)10). (10)

Atthismoment, we performaninteraction’H, = i, o,With i, = |x,) (x,|
onthesystem, and we have
Uo) ¢ = e %% |¢)|0), (1)

where 0 is an angle related to the interaction strength. It also
reflects whether a measurement is strong or weak. In our case, we

choose a strong interaction with 8 =1/2. After this, the system state
is given by

[Pa) = [1¥) — P(xa, &) [Xa)] [0) — Xy, Ea) [Xa) [1) - (12)

Then, the system evolves with a Hamiltonian H = p2/2m + V(x, ¢)till time
t, and we have an evolution operator (¢ — t,) = exp[—(i/h) ft: Hdt']. The
state becomes

@) = [T(€ = ) 1) — Pxa, )T — 1) [x,)110) )
=, 8T — ) x,) 11

At time ¢, we perform a post-selection by projecting the system to a
position state (x,|. The final state of the pointer | f) = (x,|¢,) can be
written as

If) = [l TCE = t)190)
_(l)(xeh ta)<xm|i-(t - ta)lxa>] |0>
— (X, £) | T(E = £)I0,) (1)

14)

Sincethe propagator K(x,,, t; X, t,) = (xm| T(t — t,) |x, ), itcanberewrittenas

|f> = [w(xm’t) - (p(xa»ta)K(xm’t;xa» ta)] |0>
=5, t)K(X, 6 X5, 6,) 1)

(15)

Here, we notice that the information of propagator K(x,, t,; x,, t,) is
contained in the pointer. The method of extracting the propagator is
similar to that of extracting the wave function in the ‘direct measure-
ment’scheme developed in another work®. If we measure the expecta-
tionvalue of the operators ¢,, 6, and P, = |1)(1], we have

fIo71f) = =" Xm, O, 8K, 6 X5, 1)
+|w(xa,ta)K(xm)axasta)lz,

<f|'ﬁ1|f> = [§(x,, t)K(Xm, t;xa’ta)|2,

(16)

where 6~ = %(flx —iay). Finally, the propagator can be obtained as

K' (Xm, &, X3, ta)

0 Gl DU )" a7

K(xm’ 6 X,, ta) =

where K' (%, £, X5, £,) = %[—(f|ﬁx|f> +i(f16,1f)] + (f1P1|f)- The wave func-
tions Y*(x,,, t) and ¢(x,, t,) canbe measured using the ‘direct measure-
ment’ method described in previous works**"** and Supplementary
Section1.

However, it is difficult to extract the propagator using equation
(17) when ¢ (x;,, t) = 0. To solve this problem, we propose an optimized
scheme. We separate the system into two branches at ¢,. These two
branches evolve differently and can be written as

1) = [T1(¢ =) 1) — $xs, t)T1(E = £) x2)]10)
—Y(xa, t)T1(E = £5) [xa) 1),

|¢2) = [T5(¢ = ) 1) — Plxa, £)To(E = 1) 1Xa)1 0)
—0, E)Ta(E = ) o) 1)

(18)

ity p? INTAp .
We choose T(¢ — t,) = e %l V&M a6 the evolution related to the

measured propagator. In other words, |¢,) is the probe branch, which
will yield the propagator K(x,, t; X,, t,) = (x| T1(t — t,) [Xx,). Also, |h,) is a
reference branch, which we set to be a purely free evolution
To(t - t;) = e # % 5 dr'. We rotate |¢p,) with a unitary operator, e'+% [¢,).
We then perform the projection operator of state 1) on |¢,) and perform
the projection operator of state |0) on e'3% |,). The results can be
written as
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o) = 1D Uy
= —(Xa, t)T1(t - &) o) D),
i%o, (19)
@) = 10)(0le'*™|9,)
= 5Tt~ 1) 19062, £2)10).
After that, we merge the two branches as
197 = [¢}) +[¢5)
= 51—t ¥)0) (20)

—(/J(Xa, [a)Tl(t - [a) |xa> ‘1> .

Then, we project |¢p’) on the post-selected position state (x,,|, and the
resultis given by

If) = (xmle)
= %(xmlfz(t—ta)lw 0)

_lp(xa’ ta)K(Xms L Xas ta) |1> .

(21)

If the free evolution T,(¢ — t,) |y) is virtually stationary, we can obtain
anapproximate result that (x,,| 7>(t — t,) |¢) ~ ¥(xm, t,) We have checked
thisapproximationand found thatitis well satisfiedin our experiments.
Finally, the propagator K(x,,, t; x,, t,) can be obtained as

K//(XITI’ t;xa’ta)

K(xm, 6:X5,8,) = — .
( V29 (i, )06, 1)

(22)

where K’ (Xm, 6;X,, t,) = = (f'| 6, |f') +1{f'| 8, | ') Inthis result, instead of
measuring both ¢(x,, t) and ¢(x,, t,), wejust need to measure the wave
functionsat¢,, whichdo not vanishin our experimental conditions. We
adopt this method in our experiments.

Phase modulation of SLM
SLMI1 can perform a phase shift at a specific position. Because SLM1
uses liquid crystals for phase modulation, it can shift the light phase
alonganaxis. Inour case, the modulation axisisin the horizontal direc-
tion. We first use an HWP to rotate light from horizontal polarization
|0) todiagonal polarization |+) = —(|0> +|1)). Then, SLM1performsat
phase shifton|0) (|H)) at posmonx The polarlzatlon after thismodula-
tion can be written as \F(e 0)+ 1)) = T( [0)+ 1)) = =1-), which is
equivalent to the operator U = e™'2™%. The reflected lights from SLML1
pass the HWP again. The HWP performs areverse transformation that
rotates |-) to|1)and [+) to |0).

The phase modulation of SLM1may lead to afluctuation described by
e withebeing asmallangle, which corresponds to the backgroundgrey
level displayed on SLML. To eliminate this error, we have measured this
backgroundand deducteditfromthemeasurementof (f|d,| f)and (f|6,|f).

Global phase factor of propagators

Shifting an arbitrary global phase to the propagator K will not change
the physical observations. Therefore, to clearly compare the theoreti-
caland observed propagatorsin Figs.3 and 4, we have shifted a global
phase ei®n—5) on the theoretical propagator. Here, the phase angles

B = arctan ( Re%'(’"] )and B, = arctan (Re[f‘])> where the measured (theo-

retical) propagator is denoted as K, (K,).

Calculations of classical trajectories with PLA

Here, we show that the wave functions do not have to be measured to
calculate the classical trajectories with experimental data. From
equation (17), we have K’(xy, t,; X, t) = ¢*(x,, to)Px, OK (X, t,; X, ),
where K(xy, th; X, ) = 2, exp(%Sb(x)), and K'(x, £; x,, t,) = ¢*(x, OP(x,, t,)

K(x, t; x,, t,), where K(x,t;x,,t,) = Ng,exp( -S,(x0). Here, n; and 2 are
normalization constants and are |ndependent of x (for example,
equations (8) and (9)). Therefore, we obtain

T (x, ) _
P (X, t) (X, E)I(X, D)2

M (x, )
Fy) ~°

(%0 = (23)

where M'(x,t) = IT'(x, t)/|IT' (x, O)| With [T (x, £) = K’ (x,,, t,,; X, OK'(x, t; X, t,).

Here, F(y) = e /A2 with e = Y0¥ Cob) haingan x-independent func-
W / [ 0xa,ta )P (X )| g p

tion. Similarly, from equation (22), we may obtain 17(x, )= M" (x, O)/F(y""),
where M"(x,t) = IT" (x, O)/| 11" (x, t)| with IT7"(x, t) = K" (x,, t,; X, OK"(x, t;
X, t,)and e?’ = % Therefore, although the measurement
of the wave function is reqalred for the detection of propagators, it is
notneeded in calculating the extremum of /1(x, t). Derived from equa-
tion (2), the PLA can be expressed as

iRe[H(x, t)]=0

ox @24)

2lm[H(x,t)] =0
0x

Equation (5) can be derived from equation (24).

GRINIens
In our experiment, a GRIN lens is used to form a harmonic potential
for photons. The refractive index of the GRIN lens can be expressed as

n(r) = ny (1 - %Arz), (25)

where n,=1.643 is the maximum refractive index of the sample,

r=+/x2 +)2and A = 0.043 mmis the gradient constant. The effective
potential for the photons is a harmonic potential V(r) = : mw?r?, where
w =21/Twith T=30.26 mm ¢ ' being the length of one cycle of light
travelinthe GRIN lens. With the constraint on one dimensiony =0, we
have V(x) = %mwzxz.

Robustness of classical trajectories

Inour experiment, the fluctuations of some experimental parameters,
such as the control time and the relative distance between optical ele-
ments, can affect the measurement of the propagators, but classical
trajectories calculated with the PLA are very robust. Here, we take the
uncertainty of control time as an example. We calculate theideal Mm" (x, t)
K" (Xp 5t 360K (X,t—€5%5,t5)
|K" (Xp ot 3,0 )K" (X, E—€3X5,t0) |
induced by asmall deviation of time € = 0.003(t,, - ¢,). The comparison
isplottedinFig. 5.t shows that the deviation of " (x, t)for avery small
change in intermediate time ¢ is small near the classical position but
largeinregions far away from the classical position. The Fdelity ofthe
measured propagators is given by F=| f‘ﬁz [ (x, O] MY (x, £)dx[2
=0.6853, where L is the measuring range of x. The difference between
the classical positions calculated from M" (x, £) and M (x, t) is smaller
than107L. Thus, the classical trajectories calculated with the PLA based
on experimental data are very robust against perturbations, whereas
the fidelity of the measured M (x, ¢) is strongly affected.

and a deviation of the propagator MY (x,t) =
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