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Abstract: Synthetic frequency dimensions provide impor-

tant opportunities to investigate novel topological phe-

nomena. Previously, many theoretical proposals have been

studied and relevant experiments have been performed

very recently. However, all these works consider mod-

els in the weak modulation regime, where static lat-

tice models are constructed. Here we explore a Floquet

Su–Schrieffer–Heeger (SSH) model with time-dependent

hoppings in the frequency dimension by dynamically mod-

ulating ring resonators ultrastrongly, and find that the topo-

logical states, originally degenerate in conventional SSH lat-

tices, are separated in eigenenergies. There exists a series

of edge states from band folding at the 0 and 𝜋 energy

bandgaps, which exhibit complex multi-frequency oscilla-

tions due to the inclusion of counter-rotating terms with

higher order oscillation frequencies. Such a system with

strongermodulations canwiden the bandgap and therefore

it provides an effective way to localize pulses in synthetic

frequency dimensions. Ourwork shows a photonic platform

with the synthetic dimension in exploring exotic Floquet

topological phenomena and shows potential applications in

optical storage and communications.
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1 Introduction

Floquet engineering provides a powerful tool for explor-

ing physics under periodic drives [1–6] from condensed

matter systems [7, 8] to photonic platforms [9–13], giving

rise to various schemes for manipulating physical states. In

particular, the introduction of temporal modulations with

periodicity allows one to explore novel states ofmatter, such

as Floquet topological physics [14–25]. Compared with their

static counterparts, the Floquet systems exhibit periodic

bandstructure in the time domain, resulting in anomalous

topologically protected edge states with zero Chern number

[20, 26, 27],which canbemanipulated via the external drives

and hence lead to active light manipulations [28–31].

Synthetic frequency dimensions, constructed by peri-

odically modulating the refractive index of the ring res-

onator, have attracted extensive attentions in both theories

and experiments [32–36]. Such a system with the exter-

nal periodic driving supports a tight-binding lattice as the

modulation connects discrete resonant frequency modes

in the ring, which usually does not require the Floquet

analysis in the weak coupling limit with the rotating-wave

approximation (RWA) [37, 38]. However, once the modula-

tion is strong enough to break RWA, the resulting synthetic

lattice is naturally a Floquet system with non-negligible

couplings from counter-rotating terms [39–45], which still

remains unexplored in details. In addition, the diverse

arrangements of resonators and modulation formats make

it easy to create synthetic space with three or even higher

dimensions [46–48]. This provides unparalleled advan-

tages in the future efforts in achieving high-dimensional

synthetic lattices with the Floquet engineering beyond

RWA.

In this paper, we study a Floquet Su–Schrieffer–Heeger

(SSH) lattice in the synthetic frequency dimension, which is

constructed by dynamically modulating rings ultrastrongly,

and find the degeneracy break of topological modes. The

conventional SSH model [49] as one of the widely-explored
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examples in topological physics, has been extensively stud-

ied in the field of optics due to its simplicity and intuitive

nature [50–54], which shows a pair of degenerate zero-

energy modes in the non-trivial topological phase. Here, we

consider a realistic theoretical model based on the previ-

ous experiment in building the synthetic SSH lattice [55]

but under the ultrastrong modulation limit. Such a system

shows the existence of a pair of topological modes that hold

opposite eigenenergies and can be effectively excited on a

particular boundary by selectively choosing the frequency

of the excitation light field. In addition, we find there are

a series of edge states caused by band folding at the 0 and

𝜋 energy bandgaps that display oscillations resulting from

counter-rotating terms with high-order oscillation frequen-

cies. The ultrastrong coupling in the synthetic SSH lattice

can further widen the bandgap, which offers an excellent

opportunity for localizing energy from the pulse excitation

in the frequency dimensions. Our work unveils novel topo-

logical phenomena in a synthetic lattice under the Floquet

engineering, and may find potential applications in optical

storage and communications [56].

2 Model

We consider an SSH model in the synthetic frequency

dimension based on the recent experiment [55], which is

briefly summarized in the following. A pair of coupled ring

resonators with the same length L are considered as shown

in Figure 1(a). In each ring, the resonant modes are equally

spaced along the frequency axis of light with the free spec-

tral range (FSR) ΩFSR∕2𝜋 = 𝜈g∕L, where 𝜈g is the group

velocity of light if ignoring the group velocity dispersion.We

set ΩFSR = 3Ω for simplicity so the frequency for the nth

mode reads 𝜔n = 𝜔0 + 3nΩ, where 𝜔0 is a reference fre-

quency [see Figure 1(b)]. We further couple two rings at the

strength Ω∕2, which hybridizes the same resonant modes

into photonic molecule [57] with a pair of antisymmetric

and symmetric supermodes (Bn and An) at the frequency

𝜔n −Ω∕2 and 𝜔n +Ω∕2. This creates synthetic sites with
alternating spacing Ω and 2Ω in the frequency dimension

[see Figure 1(c)], which can be tuned by choosing different

coupling strength (see Supplementary Materials Section I).

A pair of electro-optic modulators with asymmetric peri-

odic modulations ± J(t) are added into the ring to modulate

the system at frequencies Ω and 2Ω simultaneously, so the

synthetic lattice can be built [55] and the corresponding

Hamiltonian reads:

H =
∑
n

(
𝜔n +

Ω
2

)
ana

†
n
+
∑
n

(
𝜔n −

Ω
2

)
bnb

†
n

+
∑
n

J(t)(a†
n
bn + an−1b

†
n
+ h.c.), (1)

where

J(t) = 2g1 cos
(
Ωt + 𝜙1

)
+ 2g2 cos

(
2Ωt + 𝜙2

)
. (2)

Here 2g1, 2g2 are the modulation amplitudes and 𝜙1, 𝜙2

are themodulation phases. By taking ãn = ane
in
(
𝜔n+Ω

2

)
t
and

b̃n = bne
in
(
𝜔n−Ω

2

)
t
, we can transform the Hamiltonian (1) to

H̃ =
∑
n

J1(t)ã
†
n
b̃n +

∑
n

J2(t)ãn−1b̃
†
n
+ h.c., (3)

where J1(t) = g1
[
ei(2Ωt+𝜙1) + e−i𝜙1

]
+ g2

[
ei(3Ωt+𝜙2)

+ e−i(Ωt+𝜙2)
]

and J2(t) = g1
[
ei(3Ωt+𝜙1) + e−i(−Ωt+𝜙1)

]
+

g2
[
ei(4Ωt+𝜙2) + e−i𝜙2

]
. In the weak coupling regime

(a) (b)

(c) (d)

Figure 1: Construction of 1D Floquet SSH model in synthetic frequency dimension. (a) Two identical ring resonators undergo antisymmetric dynamic

modulations J(t) and− J(t) are coupled at the coupling strengthΩ∕2. (b) Each ring supports same equally-spaced resonant modes. (c) After the
effective coupling between two rings, the antisymmetric and symmetric supermodes (Bn and An) at the frequency𝜔n −Ω∕2 and𝜔n +Ω∕2 are
created, which are separated at alternating spacingΩ and 2Ω in the frequency dimension. (d) The Floquet SSH lattice in Eq. (3) in the synthetic

frequency dimension.
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2g1, 2g2 ≪ Ω, the Hamiltonian (3) can be reduced to a

conventional SSH model in the recent experiment [55]

H̃RWA =
∑
n

g1e
−i𝜙1 ã†

n
b̃n +

∑
n

g2e
−i𝜙2 ãn−1b̃

†
n
+ h.c., (4)

under RWA, where g1 and g2 indicate the intracell and

intercell hopping strengths, respectively. However, for the

case under ultrastrong couplings, RWA is broken and

all counter-rotating terms in Eq. (3) cannot be simply

dropped, so the system gives the synthetic Floquet SSH lat-

tice, which offers opportunities towards exotic topological

phenomena.

The system can also be explored by numerically solv-

ing the Hamiltonian in the synthetic frequency SSH model.

Specifically, the synthetic lattice can be excited by injecting

the light throughan externalwaveguide in the vicinity of the

single frequency 𝜔N,a = 𝜔N +Ω∕2 (𝜔−N,b = 𝜔−N −Ω/2),
i.e., to excite the single mode A6 (B−6) at the artificial bound-

ary. Output signals are also collected by the same exter-

nal waveguide. Therefore, the coupled-mode equations for

describing the Hamiltonian (3) with the input–output chan-

nels are [58, 59]

ȧn = −i J(t)(bneiΩt + bn+1e
−i2Ωt)+ i

√
𝛾sin

a,n,

ḃn = −i J(t)(ane−iΩt + an−1e
i2Ωt)+ i

√
𝛾sin

b,n
,

(5)

sout
a,n = sin

a,n + i
√
𝛾an,

sout
b,n

= sin
b,n

+ i
√
𝛾bn,

(6)

where 𝛾 is the coupling strength between waveguides and

rings, which is taken as 𝛾 = 0.01Ω throughout simulations,

sin
a,n and s

in
b,n

(sout
a,n and s

out
b,n
) are the input (output) amplitudes

of the optical field, respectively. Here sin
a,n = 𝛿n,Ne−iΔ𝜀t and

sin
b,n

= 𝛿n,−Ne−iΔ𝜀t, whereΔ𝜀 is the small frequency offset in
the single-frequency input field to excite a particular band.

3 Floquet quasienergy

bandstructure and edge states

To explore the topological properties from the synthetic

SSH model beyond RWA in Eq. (3), we apply the Floquet

analysis [1, 3, 42, 60]. The Hamiltonian (3) holds periodicity

in time as T = 2𝜋∕Ω so it supports H̃(t + T) = H̃(t). One can

then take a quasi-stationary Floquet state |𝜓⟩ = e−i𝜀t∕ℏ|Φ⟩,
where |Φ(t + T)⟩ = |Φ(t)⟩ is the Floquet eigenstate, and

𝜀 is the Floquet quasienergy with the temporal first Bril-

louin zone −Ω∕2 ≤ 𝜀 ≤ Ω∕2 and use the Floquet ansatz

for eigenvalues of the Schrödinger equation, which gives

H̃ − i
𝜕

𝜕t
|Φ⟩ = 𝜀|Φ⟩. Such an equation can be expressed as

an eigenvalue problem in the Fourier harmonic space. The

Floquet quasienergy spectrumcan then be obtained by diag-

onalizing the matrix of this extended space with a proper

truncation [1, 3, 42].

To examine the topological edge states in such SSH

lattice beyond RWA, we consider the open-boundary case,

which is technically achievable by creating the artificial

boundary along the synthetic frequency dimension [61].

Specifically, we consider 13 resonant modes (n = −6,… , 6),

which gives 13 pairs of supermodes (An and Bn). 𝜙1 = 𝜙2 =
0 is taken for the simplicity. We plot Floquet quasienergy

bandstructure versus g2 in Figure 2, with different ampli-

tudes of g1 ranging from weak to ultrastrong couplings, in

the first Floquet Brillouin zone as the Floquet bandstruc-

ture is periodic for eachΩ. In particular, the bandstructure
from HRWA under RWA is also plotted in Figure 2(a1) for

the comparison. In the weak coupling regime, the band-

structure of the H̃RWA [see Figure 2(a1)] agrees well with the

Floquet bandstructure [see Figure 2(a2)], which confirms

the validity of the RWA. It is well-known that for the ordi-

nary SSH model, the system supports a pair of degenerate

edge states at 𝜀 = 0 (zero modes) under the topologically

non-trivial case with g1 < g2. We find that, if the synthetic

SSH model goes beyond RWA at g1 = 0.1Ω, the degeneracy
of zero modes break and varying from positive (negative)

energy to negative (positive) energy, respectively, when one

increases g2 larger than g1 [see Figure 2(b)]. Once g1 is

further increased to 0.2Ω as shown in Figure 2(c), such pair

of states get into the bulk states when g2 (>g1) is increas-

ing, and in addition, there are other pair of states out of

bulk states in-between bulk bandgaps in the vicinity of 𝜀 ∼
0 and also for 𝜀 ≳ (≲)± 0.5Ω. These additional pairs of

anomalous states in-between bulk bandgaps appear from

band folding at the 0 and 𝜋 energy bandgaps, which are

a unique consequence from the combination of the fre-

quency dimension and the Floquet drive frequency, holding

fundamental difference from the edge states of the Flo-

quet SSH lattice model in the real space (see Supplemen-

tary Materials Section II).

We next see some typical examples of eigenstate dis-

tributions of edge states, together with corresponding sim-

ulation results. As shown in Figure 3(a1), we first consider

the ordinary SSHmodel and plot the intensity distributions,

|Φa,n|2 and |Φb,n|2, of the degenerate edge states of the

ordinary SSHmodel [see A in Figure 2(a1)]. One can see that

such degenerate edge states are localized at boundaries of

the lattice and the left (right) edge state has non-zero com-

ponents only on the frequency supermode Bn (An), which is

well studied [62]. Simulations are performed by exciting the

lattice at the left and right boundary, respectively, and the

resulting intensity distributions |sout
a(b),n

|2 for the output field
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(a) (b) (c)

Figure 2: Floquet quasienergy bandstructure of the synthetic frequency SSH model as a function of modulation amplitudes g2 with (a) g1 = 0.01Ω,
(b) g1 = 0.1Ω and (c) g1 = 0.2Ω. Comparison of the energy bandstructure with (a1) RWA from H̃RWA and (a2) the Floquet case in the weak coupling

regime. Eigenvalues labelled by A–I will be analyzed in simulations later.

(a1)

(b3)

(b2)

(b1) (c1)

(c2)

(c3)

(a2)

(a3)

Figure 3: Comparison of eigenstates and simulation results for the localized edge states of the ordinary and Floquet SSH lattice.

(a1) Intensity distributions of the eigenstates |Φa(b),n|2 for the localized degenerate edge states labelled by A (blue) in Figure 2(a1) with parameters
g2 = 0.025Ω andΔ𝜀 = 0. (b1) and (c1) Intensity distributions of the eigenstates |Φa(b),n|2 for the localized edge states at B (pink) and C (green) labeled
in Figure 2(b) with parameters g2 = 0.25Ω andΔ𝜀 = ±0.0218Ω, respectively. The blue and red bars in (a1)–(c1) indicate sites of supermodes
An and Bn, respectively. (a2)–(c3) Corresponding simulation results of intensity distributions |souta(b),n

|2 for the output field with (a2)–(c2) left boundary
excitation and (a3)–(c3) right boundary excitation at the time t = 104Ω−1

. The red arrow indicates the excitation position of the frequency supermode.

The upper (lower) column indicates supermodes An and Bn, respectively.

are plotted in Figure 3(a2) and (a3) at the time t = 104Ω−1
,

which verifies the exponential decay into the bulk fromedge

states. Nevertheless, the striking feature of the synthetic

Floquet SSH lattice in the ultrastrong coupling regime (g1 =
0.1Ω) is the breaking of the degeneracy of zero modes, indi-
cated in Figure 2(b). One can see from Figure 3(b1) and (c1)

that the intensity distributions of the pair of edge states at

𝜀 = ±0.0218Ω when g2 = 0.25Ω exhibit the localization on

only oneboundary, i.e., the right and left boundaries, respec-

tively. Such features are also verified in numerical simu-

lations [see Figure 3(b2)–(c3)]. In particular, since the left

(right) edge state has a positive (negative) eigenvalue, the

input field at Δ𝜀 = +0.0218Ω (−0.0218Ω) can only excite

one left (right) boundary of the synthetic Floquet SSH

lattice.

We note that, from Figure 2(c), due to the band folding

effect once g1 is further increased to 0.2Ω, additional pairs
of states appear at both the 0 and 𝜋 energy bandgaps. We

select representative eigenvalues (D to I) on these states

at different g2 and plot the intensity distribution of the

corresponding edge states in Figure 4. For the state near

𝜀 = 0 (D with g2 = 0.4Ω), the intensity distribution exhibits
the localization on the left boundary of the synthetic lattice.

This specific state has similar feature as the state shown in
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(a1) (b1) (c1)

(a2) (b2) (c2)

(a3)

(d1)

(d2)

(d3)

(e1)

(e2)

(e3)

(f1)

(f2)

(f3)

(b3) (c3)

Figure 4: Eigenstates and simulation results for localized edge states from band folding at larger g1. (a1)–(f1) Intensity projections of the eigenstates|Φa(b),n|2 for the localized edge states at (a1) D (blue) labelled in Figure 2(c) with g2 = 0.4Ω, 𝜀 = 0.0323Ω; (b1) E (dark blue) with g2 = 0.6Ω,
𝜀 = 0.159Ω; (c1) F (light blue) with g2 = 0.8Ω, 𝜀 = 0.3553Ω; (d1) G (pink) with g2 = 0.4Ω, 𝜀 = 0.3771Ω; (e1) H (green) with g2 = 1Ω, 𝜀 = 0.0402Ω
and (f1) I (orange) with g2 = 1Ω, 𝜀 = 0.3538Ω. (a2)–(f2) The corresponding dynamic evolution of the normalized intensity distributions |s̃out

a(b),n
|2 versus

the propagation time t. Insets show zoom-in evolutions over a short time windowΔt = 10Ω−1
. (a3)–(f3) Corresponding simulation results of intensity

distributions |sout
a(b),n

|2 for the output field at the time t = 104Ω−1
. The red arrow indicates the frequency supermode B−6 in the left boundary is excited.

Figure 2(b) (marked as B) and Figure 3(b1) for g1 = 0.1Ω.
Nevertheless, we can see that for the larger pair of g1

and g2, the intensity of the edge state leaks more into the

bulk. We verify the eigenstate distribution with the simu-

lation applied by exciting the synthetic lattice at the left

boundary with a corresponding excitation frequency offset

Δ𝜀 = +0.0323Ω. The energy of the field is largely local-

ized on the left boundary in the simulation. Intriguingly,

different from the ordinary SSH zero modes, the edge states

studied here with breaking of the degeneracy evolution at

the lattice boundary and exhibit complex multi-frequency

oscillations as one can see from the normalized inten-

sity distributions |s̃out
a(b),n

|2 [in Figure 4(a2)], which results

from counter-rotating terms in Eq. (3) carrying high-order

oscillation frequencies.When g2 is increasing, the edge state

(the one on which D is) further extends towards the upper
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bulk bands and then is out of the top of bulk bands. We

choose two eigenvalues (E and F) just below and above bulk

bands and plot the eigenstate distributions in Figure 4(b1)

and (c1). One can see the results also show this band is

the edge state where the intensity is mainly focused on

the left boundary. Nevertheless, for larger g2, the distri-

bution shows more energy penetrating into the bulk. Such

features are also confirmed by numerical simulations in

Figure 4(b2)–(c3). Moreover, from Figure 4(a3)–(c3), we also

notice that the total intensities in the synthetic lattice from

excitations at the same energy become smaller with the

increase of g2, i.e., the excitation efficiency is decreasing.

In Figure 2(c), we can see at g2 = 0.4Ω, besides the edge

state near 𝜀 = 0, there exists another state, which is actually

an edge state at 𝜋-mode (labelled by G). We also plot its

eigenstate intensity distribution in Figure 4(d1), and see the

localization effect, verified by the simulation in Figure 4(d2)

and (d3). One notes that the normalized intensity distribu-

tions |s̃out
a(b),n

|2 also exhibit periodic oscillations at 𝜋-mode,

but the total intensity for the output field at the time t =
104Ω−1

is smaller than the total intensity of the edge state

at zero modes with the same g2 (D). Moreover, for the states

generated by multiple foldings, such as H and I at g2 =
1Ω, we plot the resulting intensity distributions and corre-
sponding simulation results in Figure 4(e1)–(f3). One can see

that, although these states still provide some localizations

on the left boundary of the synthetic lattice, the effect of

localizations and the excitation efficiency areweakened and

more energy of the states is distributed into the bulk. These

intriguing Floquet topological phenomena are unique in

this platform and may originate from the frequency recom-

bination process triggered by the overlapping between the

resonant frequency modes and periodic modulations but

with strong amplitudes, which can provide new opportu-

nity in manipulating the light in the synthetic frequency

dimension. In addition, the complex multi-frequency oscil-

lations in the dynamic evolution of topological modes in the

synthetic frequency dimension may have potential applica-

tions in the multi-channel information transmission. Fur-

ther combining the ultrastrong coupling in the synthetic lat-

tice with the nonlinearity can provide a platform to explore

physics [63] with the potential emergence of novel optical

phenomena and behaviors.

4 Localization of pulses

in frequency dimension

In the conventional SSH model constructed in the syn-

thetic frequency dimension in the weak coupling limit,

(a) (b)

Figure 5: Simulation results of pulse excitations in the synthetic

frequency SSH model. (a) The weak coupling regime with g1 = 0.01Ω,
g2 = 0.025Ω, andΔ𝜀 = 0. (b) The ultrastrong coupling regime

with g1 = 0.1Ω, g2 = 0.25Ω, andΔ𝜀 = 0.0218Ω. In both cases,
a Gaussian-shape pulse centered at B−6 supermode is used to excite

the lattice.

although the presence of edge states gives the localized

states with resistance to perturbations, the narrow bandgap

of the system limits the information carrying capacity of

the pulse signals, restricting the development toward prac-

tical applications. Nevertheless, the Floquet SSH lattice in

the ultrastrong coupling limit greatly increases the size of

the bandgap of the system. As demonstrations, we perform

simulations using a Gaussian-shape pulse centered at the

supermode B−6 as the excitation source, which reads as

sin
b,n
(t) = 𝛿n,−6e−4 ln 2

(Ωt−50)2
400

−iΔ𝜀t. This pulse source carries a

temporal full width at half maximum (FWHM) 20Ω−1
, or

a spectral FWHM 0.278Ω. In the system with a fixed Ω, if
the system is undergoing modulations in the weak coupling

limit, for example, g1 = 0.01Ω and g2 = 0.025Ω, the spectral
FWHMof the source ismuch larger than the bandgap. In this

case, the topological zero mode [A in Figure 2(a1)] cannot

be well excited. We plot the simulation result in Figure 5(a),

where one can see that the excitation leaks into the bulk

largely. However, if we choose g1 = 0.1Ω and g2 = 0.25Ω
and excite the non-degenerate edge state [B in Figure 2(b)],

we can see the localization feature in Figure 5(b). This type

of pulse localization will significantly increase the capacity

for carrying information, and may have potential applica-

tions in optical storage and communication [64].

5 Summary

Our proposal may be realized in a potential experiment

based on the established optical fiber setup [55]. Two ring

resonators can be coupled using a 2 × 2 fiber coupler with

a 50:50 coupling ratio. To achieve ultrastrong coupling, we

need to increase the length of the fiber to decreasing omega
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and also enhance the modulation amplitudes accordingly

to break RWA. Furthermore, one can resonantly couple the

setup with an additional small auxiliary ring to knock-off

a specific supermode in order to induce the sharp bound-

ary in the frequency dimension [61], providing possibilities

for observing our theoretical predictions. Recently, rele-

vant experiments have been extended to thin-film lithium

niobite-integrated photonic platforms [65, 66], which pro-

vides further possible experimental platform in conducting

experiments with our proposal.

In summary, we study two coupled ring resonators

under the strong modulations that break the RWA and

constructs a 1D Floquet SSH lattice in the synthetic fre-

quency dimension. Such a system supports a unique Flo-

quet topological bandstructure, where the originally degen-

erate topological states are lifted. In addition, a series

of edge states caused by band folding at the 0 and 𝜋

energy bandgaps can be found in the ultrastrong cou-

pling regime. Simulations are performed to show the pos-

sibilities of exciting particular edge states by selecting

the frequency shift of the excitation source. Our results

show that the system allows better localization effects of

pulses in synthetic frequency dimensions, as the bandgap

is enlarged in the ultrastrong coupling limit. The model

studied here can be further generalized by adding long-

range couplings from where the bandstructure gets further

modified compared with that in a conventional SSH lat-

tice (see Section III in Supplementary Materials). Our work

hence effectively brings the concept of synthetic frequency

dimension into the Floquet problem, and provides a new

way towards Floquet topological insulators [14–25], which

opens up an exciting avenue for investigating novel Floquet

topological phenomenawith additional degrees of freedom.
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