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Optical phase matching involves establishing a proper phase relationship between the fundamental
excitation and generated waves to enable efficient optical parametric processes. It is typically achieved
through birefringence or periodic polarization. Here, we report that the interlayer twist angle in two-
dimensional (2D) materials creates a nonlinear geometric phase that can compensate for the phase
mismatch, and the vertical assembly of the 2D layers with a proper twist sequence generates a nontrivial
“twist-phase-matching” (twist-PM) regime. The twist-PM model provides superior flexibility in the design
of optical crystals, which can be applied for twisted layers with either periodic or random thickness
distributions. The designed crystal from the twisted rhombohedral boron nitride films within a thickness of
only 3.2 μm is capable of producing a second-harmonic generation with conversion efficiency of ∼8% and
facile polarization controllability that is absent in conventional crystals. Our methodology establishes a
platform for the rational design and atomic manufacturing of nonlinear optical crystals based on abundant
2D materials.
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Nonlinear optical frequency conversion, which arises
from the high-order oscillations of electric dipoles within
materials driven by a strong optical electric field, plays a
crucial role in both classical and quantum optics [1–3]. This
nonlinear process is rather weak and requires a long light-
matter interaction path to achieve a considerable conversion
efficiency. During the propagation of the fundamental
excitation light and generated nonlinear signals in thick
optical crystals, chromatic dispersion causes a difference in
the wave vectors, resulting in destructive interference
between parametric waves from different crystal positions
and a low conversion efficiency. To compensate for this
wave vector difference, the birefringent-phase-matching
(birefringent-PM) or quasi-phase-matching (quasi-PM)
technique is used to maintain a continuous energy flow
from the fundamental to the parametric waves [4–10]. Over
the past few decades, numerous materials with high optical
nonlinearities have been developed [11] and then fashioned
into optical crystals, waveguides, microrings, and micro-
disks, guided by these two principles [12–15]. These
advancements have significantly propelled the develop-
ment of modern optics and photonics, including quantum

light sources, photonic integrated circuits, and ultrafast and
high-power lasers.
Two-dimensional (2D) atomically layered materials were

demonstrated with ultrahigh nonlinear susceptibilities due
to the confined electronic states and reduced electric
screening for enhanced light-matter interactions [16–28].
Their strong optical nonlinearities, along with the facile
fabrication ability for integration [29], compatibility
with Si-based optical chips [30], and rich material library
[31], enable 2D materials as promising candidates for
functional nonlinear optical crystals. Recently, great efforts
have been devoted to fabricating thick 2D material crystals
with strong second-harmonic generation (SHG) responses,
e.g., MoS2, PdSe2, NbOI2, and NbOCl2 [32–36]. However,
the highest conversion efficiency has just approached
0.2% (Ref. [34]), which is far below that of traditional
bulk crystals [11] due to the absence of a suitable
phase-matching design. The difficulty lies in the fact that
conventional phase-matching techniques are not directly
applicable to most kinds of 2D materials. This is because
the atomically layered materials suffer from a tendency to
cleave along the in-plane direction that constrains cutting
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along the other directions in the birefringent-PM design,
and their structural domain orientations are difficult to pole
by either electric, optical, or magnetic fields for quasi-PM
engineering.
As a unique engineering method for 2D materials, the

interlayer twist has provided emergent physics and func-
tional applications [37–39]. This twist also produces a new
degree of freedom, in principle, for intentionally manipu-
lating the optical phase through stacking 2D layers. In this
Letter, we introduce the twist angle into the nonlinear
optical crystal design in the example material platform of
2D rhombohedral boron nitride (rBN). We find that the
twist angle causes a tunable nonlinear geometric phase,
which can be applied to compensate for the phase mismatch
in the SHG process.
For a 2D material with in-plane threefold rotation

symmetry and mirror symmetry, the nonzero component
of the second-order susceptibility is χð2Þ ¼ χxxx ¼ −χxyy ¼−χyyx ¼ −χyxy ¼ χ, where the armchair and zigzag
directions lie along the x and y coordinates, respectively.
Thus, the second-order polarization can be written as
Px ¼ ε0χðE2

x − E2
yÞ, Py ¼ −2ε0χExEy. From the view of

the circular polarization, it follows

P− ¼
ffiffiffi
2

p
ε0χE2þ

Pþ ¼
ffiffiffi
2

p
ε0χE2−; ð1Þ

where P¼ ðP−;PþÞT ¼ ðPx − iPy;Px þ iPyÞT=
ffiffiffi
2

p
, E ¼

ðE−; EþÞT ¼ ðEx − iEy; Ex þ iEyÞT=
ffiffiffi
2

p Þ. Under a rota-

tion operation R ¼ ðeiθ
0

0
e−iθÞ, the polarization evolves as

P0− ¼
ffiffiffi
2

p
ε0χE2þei3θ

P0þ ¼
ffiffiffi
2

p
ε0χE2−e−i3θ: ð2Þ

Thus, the rotation operation does not change the ampli-
tude of the SHG polarization but instead introduces a �3θ
phase shift. This phase shift is directly derived from the
symmetry argument, and is conventionally known as the
nonlinear geometric phase (or the nonlinear Pancharatnam-
Berry phase in the field of optics [40–44]). It can be
appropriately used to compensate for the phase mismatch
during the SHG process. More concretely, a simple sub-
stitution of Eq. (2) into the nonlinear coupled-wave
equations in the slowly varying amplitude approxima-
tion of ð∂A2=∂zÞ¼ ½i2ω=2ε0cnð2ωÞ�PNLðK2;2ωÞeið2ωt−k2zÞ
leads to twist-angle-dependent nonlinear wave generation
as follows:

E−;2ω ¼ i
ffiffiffi
2

p
ω

cnð2ωÞ χE
2þ;ω

Z
T

0

ei½3θðzÞ−Δkz�dz

Eþ;2ω ¼ i
ffiffiffi
2

p
ω

cnð2ωÞ χE
2−;ω

Z
T

0

ei½−3θðzÞ−Δkz�dz; ð3Þ

where E−;2ω, (Eþ;2ω), and E−;ω, (Eþ;ω) are the left, (right)
circularly polarized components of the second harmonic
and fundamental waves, respectively, c is the speed of light
in vacuum, nð2ωÞ is the refractive index of the second
harmonic wave, Δk ¼ k2ω − 2kω and is the wave vector
mismatch for SHG, and θðzÞ is the twist angle of the layer
at depth z. In Eq. (3), a perfect twist-phase-matching (twist-
PM) occurs when θðzÞ ¼ Δkz=3ð−Δkz=3Þ, with the inci-
dence of the right (left) circularly polarized fundamental
light (circularly polarized fundamental light is essential for
the twist-PM design, Supplemental Material [45]).
In our experiments, crystalline rBN films with a

parallel-stacking interlayer configuration [Fig. 1(a) and
in Supplemental Material [45] ] are selected as the engi-
neering platform for the design of nonlinear optical crystals
due to their large optical nonlinear susceptibility (see the

FIG. 1. SHG and phase mismatch in rBN films. (a) Schematics
of the atomic structure of rBN. (b) Illustration of the phase
mismatch during the propagation of a fundamental excitation
wave and the generation of a second harmonic wave in a
nonlinear optical crystal. (c) Schematic of a nonlinear optical
crystal assembled by two pieces of rBN films with an identical
thickness of t and twist angle of θ. (d),(e), Thickness-dependent
SHG intensities. A quadratic dependence in (d) evolves to a
sinusoidal dependence in (e). (f) Twist angle-dependent SHG
output in twisted rBN sketched in (c) with t ¼ lc. The SHG
intensity follows a sin2ð3θ=2Þ dependence on θ, as demonstrated
by our experiments (hollow circles) and theoretical prediction
(solid line).
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nonlinear coefficients and band gaps of different materials
in Supplemental Material [45]), broadband transparency,
excellent physicochemical stability and high laser damage
threshold [50–53]. The thickness-dependent SHG intensity
under 800 nm fundamental light excitation is measured
in a transmission geometry. A quadratic dependence of the
output signal on the thickness is expected when the film is
thin [Fig. 1(d)] and then evolves to a sinusoidal dependence
with increasing thickness [Fig. 1(e)], indicating the appear-
ance of phase mismatch [Fig. 1(b)]. The coherence length
(lc) is determined to be ∼1.6 μm.
To apply twist-PM for an efficient SHG process, we

assemble two films with thicknesses of lc and monitor the
evolution of the SHG intensity with the twist angle between
the two films [Fig. 1(c)]. A sin2ð3θ=2Þ SHG intensity
dependence is observed [Fig. 1(f)] due to a phase difference
of (π � 3θ) between these two films. The output SHG
intensity reaches a maximum at an interfilm twist angle of
60°, which corresponds to the conventional quasi-PM
condition of periodic antiparallel aligned polarizations
(twist angle of 60° equals 180° in rBN crystals).
In fact, the rotational freedom of the twist angles

facilitates a new design regime far beyond the conventional
quasi-PM. For a simple stacking configuration consisting
ofN films with an identical thickness of t and twist angle of

θm ¼ ðm − 1Þθ for the mth film [Fig. 2(a)], the output SHG
signal is predicted to be as

E∓;2ω ¼ i
ffiffiffi
2

p
ω

cnð2ωÞ χE
2
�;ωsinc

�
Δkt
2

�

×
sin N

2
ð�3θ − ΔktÞ

sin 1
2
ð�3θ − ΔktÞ t · e

iN−1
2
ð�3θ−ΔktÞ−iΔkt

2 : ð4Þ

The output SHG intensity with different parameters ðt; θÞ
under a fixed total thickness is simulated and shown in
Fig. 2(c). The twist-PM can be achieved under the con-
dition of

θ ¼ �Δkt=3; ð5Þ

The physical picture of twist-PM is illustrated in
Fig. 2(b). Each layer corresponds to a very small vector
that can be viewed as a part of a radius-fixed circle, and
each film contributes an arc chord vector, whose magnitude
is determined by the film’s thickness. The sum of the arc
chord vectors corresponds to the electric field of the SHG
response. The twist-PM rotates the vectors from different

FIG. 2. Twist-PM for efficient SHG in twisted rBN films with identical thickness. (a) Schematic of the attainment of a twist-PM
through the assembly of N pieces of rBN films with an identical thickness of t and incremental twist angle sequence. (b) Illustration of
the physical picture of the twist-PM process. The electric field of the SHG is indicated as the arc chord vector, whose magnitude is
determined by the film’s thickness. The twist-PM aligns the arc chord vectors from different rBN films for a strong SHG response.
(c) Simulated SHG intensity of the twisted rBN sketched in (a) as a function of t and θ, with a fixed total thickness of 8 μm.
(d) Theoretical (solid curves) and experimental (dots) results under different conditions of twisted rBN in (a). The gray area denotes the
twist-PM region, with the boundaries of perfect-PM (θ → 0°, violet curve) and quasi-PM (θ ¼ 60°, origin curve). The green curve
represents the phase mismatch (θ ¼ 0°). (e) Output SHG intensity as a function of t and θ under twist-PM conditions. The total thickness
is fixed at 2lc ¼ 3.2 μm. Twisted crystals under two twist-PM conditions, i.e., t ¼ lcðθ ¼ 60°Þ and t ¼ lc=2ðθ ¼ 30°Þ, have been
measured experimentally (dots) and compared to the theoretical simulations (solid curves).
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segments in the same direction for a maximum output by a
sequence of proper interfilm twist angles.
Evidently, the twist-PM represents a wide phase-

matching regime for SHG, and the boundaries of which
yield perfect-PM ðθ → 0°; t → 0Þ and quasi-PM ðθ ¼ 60°;
t ¼ lcÞ [Fig. 2(d)]. Naturally, the stacking of θ ¼ 0° leads to
the phase-mismatching condition. These predictions
are highly consistent with our experiments [Fig. 2(d),
dots]. The SHG efficiency in the twist-PM regime clearly
increases with decreasing t and approaches the maximum at
t → 0 [perfect-PM, Fig. 2(e), curve]. Experimentally, we
design a total thickness of 2lc under two conditions, i.e.,
t ¼ lc (two films, θ ¼ 60°, quasi-PM) and t ¼ lc=2 (four
films, θ ¼ 30°, twist-PM). As predicted by our model, the
SHG intensity of the twist-PM crystal is approximately two
times stronger than that of the quasi-PM crystal [Fig. 2(e),
dots]. Since a rBN film of coherence thickness (∼1.6 μm)
yields a conversion efficiency of 1% (Supplemental
Material [45]), the conversion efficiency is expected to
be 4% by quasi-PM, but it is promoted to ∼8% in the
twisted rBN crystal with a total thickness of ∼3.2 μm
within the twist-PM scenario. This thin crystal is highly

desirable for ultrashort pulse as it can potentially minimize
the pulse broadening. However, a higher efficiency that is
comparable to traditional crystals still needs a thicker
stacked rBN crystal.
The twist-PM can also be applied to films with a random

thickness distribution [Fig. 3(a)]. The arc chord vectors
from different thicknesses of the rBN films can also be
aligned with a series of appropriate twist angles. The output
SHG electric field can be described as

E∓;2ω¼
i

ffiffiffi
2

p
ω

cnð2ωÞχE
2
�;ωe

−iΔkt1
2

×
XN
m¼1

exp

�
i

�
�3θm−Δk

�Xm
n¼1

tn−1

2
tm−1

2
t1

���

× tmsincðΔktm=2Þ: ð6Þ

The twist-PM condition for films with arbitrary thicknesses
is as

θm ¼ �Δk
�Xm

n¼1

tn − 1

2
tm − 1

2
t1

�
=3; ð7Þ

where θm and tm is the twist angle and thickness of the mth
film, respectively. This thickness-free choice makes it quite
facile and practical to fabricate nonlinear optical crystals
from 2D films. Experimentally, we select four films with
thicknesses of ∼800, 600, 400, and 300 nm. Stacking the
film with a sequence of (0°, 25°, 42°, 55°) can ensure that
the output SHG would monotonically increase [Fig. 3(b),
dots], as predicted by our twist-PM model [Fig. 3(b),
curve].
Finally, we demonstrate that twist-PM could not only

tune the output intensity but also control the output
polarization, an appealing advantage that conventional bulk
crystals do not have. From Eq. (3), the mapping from the
Stokes parameters of the fundamental wave ðS0;ω;
S1;ω; S2;ω; S3;ωÞ to that of the output SHG ðS0;2ω; S1;2ω;
S2;2ω;S3;2ωÞ is determined as

S0;2ω ¼ 2ω2

c2n2ð2ωÞ χ
2

��
S0;ω þ S3;ω

2

�
2

jBj2 þ
�
S0;ω − S3;ω

2

�
2

jAj2
�

S1;2ω ¼ 2Re

�
2ω2

c2n2ð2ωÞ χ
2

�
S1;ω þ iS2;ω

2

�
2

AB∗
�

S2;2ω ¼ −2Im
�

2ω2

c2n2ð2ωÞ χ
2

�
S1;ω þ iS2;ω

2

�
2

AB∗
�

S3;2ω ¼ 2ω2

c2n2ð2ωÞ χ
2

�
−
�
S0;ω þ S3;ω

2

�
2

jBj2 þ
�
S0;ω − S3;ω

2

�
2

jAj2
�
; ð8Þ
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FIG. 3. Twist-PM for efficient SHG in the twisted rBN films
with random thicknesses. (a) Schematics of a nonlinear optical
crystal assembled by four pieces of the rBN films with different
thicknesses of t1, t2, t3, t4 and a sequence of twist angles.
(b) Twist-PM for efficient SHG. For the four rBN films with
different thicknesses (800, 600, 400, and 300 nm), the twist-PM
can still be fulfilled under twist angles of (0°, 25°, 42°, 55°),
as demonstrated theoretically (solid line) and experimentally
(hollow circles).
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where A ¼ R
T
0 ei½3θðzÞ−Δkz�dz and B ¼ R

T
0 ei½−3θðzÞ−Δkz�dz.

This equation demonstrates that the latitude (longitude)
lines on the Poincare sphere of the SHG wave are
determined solely by the latitude (longitude) lines on
the Poincare sphere of the fundamental wave [Figs. 4(a)
and 4(b)]. The polarization of the output SHG can be
comprehensively and arbitrarily modulated by tuning the
polarization of the incident light. A simple prediction is that
two pieces of film with t ¼ lc=2 and θ ¼ 30° would yield a
nearly perfect circularly polarized SHG output [Fig. 4(c)],
which can be confirmed by our simulation [Fig. 4(d)] and
experiment [Fig. 4(e)]. We note that our twist-PM theory
can also be applied to design bulk crystals with C3

symmetry more than 2D materials.
In summary, our Letter presents a twist-PM model that

directly introduces a nonlinear geometric phase from twisted
2D layers to compensate for the phase difference in SHG
process. It enables a wide regime of phase-matching con-
ditions with high flexibility, versatility and capability for
nonlinear optical crystal design (see the comparison
between birefringent-PM, quasi-PM and twist-PM in
Supplemental Material [45]). This powerful designing
ability in twist-PM model, together with rich species,
emergent physical properties and facile property tunability
in twisted 2D materials, will bring us a new family of
nonlinear optical crystals for advanced applications, such as

compact parametric amplifiers, on-chip laser sources, and
optical modulators.
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