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Thouless pumping manifests as a quantized transport phenomenon in time-driven Hermitian systems, pro-
tected by topological invariants. Non-Hermitian physics, arising in open systems, significantly affects the
topological properties of quantum systems, giving rise to an intriguing interplay between topology and non-
Hermiticity. We study Thouless pumping in generic non-Hermitian systems using the tight-binding formalism,
and demonstrate that the transport dynamics of topological pumping are qualitatively distinct from those in
Hermitian systems. Specifically, the Thouless pumping is governed by the interplay between the complex Berry
curvature and the complex energy spectrum, deviating from the conventional quantized Chern number. Notably,
we found that the deviation can be eliminated when system’s average imaginary spectrum vanishes, restoring
the charge pumping to Chern number in non-Hermitian systems. We validate our analytical findings through
concrete examples. Our work provides new insights into transport phenomena in non-Hermitian experimental

setups, such as lossy on-chip photonic systems.

DOI: 10.1103/3jcd-dz3f

I. INTRODUCTION

Topological charge pumping, a dynamic phenomenon ex-
tensively studied in one-dimensional (1D) Hermitian systems
and dubbed as Thouless pumping [1,2], exhibits quantized
charge transport under adiabatic periodic modulations. The
charge displacement per cycle is determined by the Berry
curvature on a synthetic two-dimensional (2D) manifold of
momentum and time, corresponding to the Chern number.
Recent theoretical advances have extended Thouless pump-
ing to non-Abelian generalizations [3—5], higher dimensional
[6], nonlinear interaction [7-9], and the fractional pumping
across multiple bands [10]. These advancements have been
experimentally realized in various platforms, such as ultracold
atoms [11-13], acoustic systems [5], and photonic devices
[14,15]. However, the ubiquity of system-environment inter-
actions poses significant challenges for these experimental
realizations. Non-Hermitian theory has emerged as a powerful
framework for describing open quantum systems, motivating
further exploration of Thouless pumping under non-Hermitian
dynamics. For example, the Ref. [16] has established a
general framework of biorthogonal Thouless pumping in non-
Hermitian systems. Nevertheless, the dynamics of physical
observables in such systems remains largely unexplored.

Non-Hermiticity has revolutionized the understanding of
topology in quantum systems [17-24], extending the en-
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ergy spectrum into the complex domain and enriching
topological structures from wave functions to spectra. And it
has given rise to diverse phenomena, including the generalized
bulk-edge correspondence [25-28], biorthogonal Berry cur-
vature, point-gap topology, and the energy winding number
[23]. Notably, non-Hermiticity induces nonunitary dynam-
ics, fundamentally altering the behavior of wavefunctions
[29-31]. Examples include non-Bloch quenching [32], edge
bursts [33,34], and the asymmetric transport caused by the
non-Hermitian skin effect (NHSE) [35-37]. Recent work by
Ref. [35] has identified a dynamical signature of the NHSE in
real space, revealing a profound connection between the en-
ergy spectrum area under periodic boundary condition (PBC)
and the early-time acceleration of wave packets. While this
previous study focused solely on the influence the energy
spectrum topology on the center-of-mass evolution of wave-
packet, it is evident that non-Hermiticity also modifies the
wave-function topology. This raises a compelling question:
How do the simultaneous effects of the wave-function topol-
ogy and the energy spectral topology influence the evolution
of observable physical quantities?

In this work, we generalize the Thouless pumping to
generic 1D non-Hermitian systems by incorporating the
effects of both wavefunction topology and energy spec-
trum topology. Our approach parallels Hermitian Thouless
pumping (TP), focusing on the expectation values of the
position operator defined on the evolved right eigenstates.
However, following such way will bring various difficul-
ties, considering that it violates the nature of biorthogo-
nal formation in non-Hermitian regime [16]. For instance,
since the evolution operators in non-Hermitian systems are

©2025 American Physical Society
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FIG. 1. The schematic of Thouless pumping in 1D non-Hermitian system, compared to the Hermitian case (a) Hermitian Thouless pumping

and (b) Non-Hermitian Thouless pumping.

generally nonunitary, normalization of the evolved wavefunc-
tion is not preserved, which necessitate renormalization for
the expectation value of position. Additionally, Wannier states
constructed from a non-Hermitian Hamiltonian involve su-
perpositions of right eigenstates within a single band, where
interference between eigenstates is unavoidable due to the
lack of orthonormality among right eigenstates. To address
this, we introduce a Berry curvature defined on both right and
left eigenstates, naturally incorporating the imaginary part of
the non-Hermitian Berry curvature. Our results demonstrate
that non-Hermitian charge pumping arises from the com-
bined contributions of Hermitian and non-Hermitian Berry
curvatures, group velocities, and complex energy spectra. The
findings reveal that nonHermiticity generally deviates charge
pumping from the quantized Chern number, stemming from
the interplay between complex Berry curvature and complex
energy spectra. While such deviation might appear as a nat-
ural consequence of non-Hermiticity, we further investigate
the sufficient conditions required to eliminate the deviation
while retaining non-Hermiticity. Based on our analytical for-
mula, we propose two criteria to restore the quantized charge
pumping, which involve specific requirements on the com-
plex band structure and the profile of the Berry curvature.
Furthermore, we find that in pseudo-Hermitian systems, these
conditions are naturally satisfied, enabling the restoration of
charge pumping back to the Chern number for both topologi-
cally trivial and non-trivial cases.

This work is organized as follows. In Sec. II, we derive
Thouless pumping in a generic tight-binding non-Hermitian
model. In Sec. III, we demonstrate a nonreciprocal model
to uncover the physical origins of non-Hermitian Thouless
pumping. In Sec. IV, we establish the criteria under which
Thouless pumping in non-Hermitian systems restores the
quantized transport predicted by the Chern number. Finally,
we summarize our findings in Sec. V.

II. THEORY

In 1D time-dependent Hermitian systems, Thouless pump-
ing arises when specific modulations induce a nontrivial
Chern number, establishing a precise correspondence between
the topological Chern number and the quantized charge trans-
port [Fig. 1(a)]. In this section, we extend the discussion to the
non-Hermitian regime and investigate the general evolution
formula of wave-packet’s mass center.

A. Non-Hermiticity with Bloch formation

Non-Hermiticity poses significant challenges in exploring
the interplay between topological properties and dynamical
evolution. While recent studies have explored topological
phases in non-Hermitian systems, they typically rely on sim-
ilarity transformations that map non-Hermitian Hamiltonians
to Hermitian counterparts [27,28]. However, such transforma-
tions are generally not tractable for arbitrary non-Hermitian
systems, especially those with complex shapes of generalized
Brillouin zones (GBZs). Extending the wave vector k into
the complex wavevector B(k) = k + iu(k), as required by
non-Bloch theory, often results in ill-defined Fourier bases
and Wannier states. For instance, the Fourier basis in GBZ
is expressed as using tight-binding formulations:

1 .
|IB> = ﬁ Z e—lkn-Hl(k)n'n)’

(B = % 3 et ) )

It is evident that the orthogonality condition (ﬁ/L| B) #
dp,p is violated when w(k) depends on k. Wannier states,

defined as |w(n)) o« D, lux)|B(k)), are delocalized under the
non-Bloch formalism due to the NHSE, where |u;) represents
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the eigenstate in momentum space. Notably, the non-Bloch
framework is also incompatible with the dynamic quantities,
such as observables like the mass center of wave-packet,
(WRI21¥E), which are defined solely on the evolved right
eigenvector |yf). These quantities are analytically challeng-
ing to analyze within the GBZ and the non-Bloch Fourier
basis. Therefore, we retain the conventional Bloch framework
for our investigation.

B. Berry curvature as the imaginary part of quantum
geometry tensor

In Hermitian systems, the Berry curvature, defined on the
synthetic two-dimensional Brillouin zone, plays a fundamen-
tal role in Thouless pumping. Specially, the Berry curvature
directly determines the Chern number, which quantifies the
average displacement of eigenstates within the corresponding
energy band. Moreover, the Berry curvature is closely related
to the quantum geometry tensor (QGT) [38—40]. And QGT in
Hermitian systems is expressed by

Xomn = (Om ¥ [0V) — (B [Y ) (Y [0n¥)
= (0¥ 10V) — AnAp. @

where the Berry connection is given by A,, = i{(¥|9,,¥), and
the ¥ is the instantons eigenstate. Usually, the Berry curvature
corresponds to the imaginary and antisymmetric part of the
QGT as

an = Z(an - Xnm) = 8mAn - anAmv (3)
while the real part of the QGT defines the quantum metric,

8mn = Re[an] = %(an + Xnm)~ (4’)

In Hermitian systems, the quantum metric is symmet-
ric, and the Berry curvature is purely real. However, in
non-Hermitian systems, the quantum metric acquires an anti-
symmetric component, leading to a complex Berry curvature.
The non-Hermitian QGT is conventionally defined as [39,41]

XK = @y 10,9 ") — (@ ) (8,0, (5)

and the quantum metric is expressed as the real part of the
QGT.

R — Re[xARK] = L@ v 10,9) + (3,918, 05)
_ ALRALR _ ALRALR) (6)

where the non-Hermitian Berry connection is ALR =
i(¥"19,,¥®). The imaginary part of the Berry curvature B:R =
O ALR — 9,ALR corresponds to the antisymmetric part of the

quantum metric as
LR R R 1 LR RL LR RL
Im[an] =8mn — gﬁm = E(an + Xom — Xom — an)’ (7)

while the imaginary part of the Berry curvature does not
directly contribute to the non-Hermitian Chern number, our
study demonstrates that the antisymmetric part of the quan-
tum metric significantly influences the dynamical processes
in non-Hermitian Thouless pumping. Specifically, it plays a
crucial role in the observed deviation of the pumping displace-
ment from the quantized Chern number.

C. General non-Hermitian model

We consider a one-dimensional non-Hermitian system de-
fined on an arbitrary Hilbert space. To illustrate our theory, we
employ a tight-binding model with a finite lattice, where the
Hamiltonian is expressed by

N—-1 I
HO) =YY" HumanpOln+ma)n Bl, (8)

n=0 m=—I «,B

where the state vector |n, «) =|n) ® |o) represents a state
localized in the n-th unit cell and sublattice «.The parameter
m denotes the inter-cell coupling index, and H,4 4,1, TEpTE-
sents the real-space matrix element of the Hamiltonian. The
lattice includes couplings up to the m-th nearest neighbors. In
momentum space, this Hamiltonian is expanded as

1
Hk,t) = (k|H®) k) = Z ZHm,a,o,ﬁ(t)m)(ﬂ =

m=—[ «o,p
)
where the momentum eigenstate is defined as |k) =
ﬁ 3" e~ |n). The instantaneous eigensolutions of H (k, t) at
n

time ¢ are given by
Hk, t)|ub(k, 1)) = Ep(k, 1) |ub(k, 1)),
(ul (e, 0)|H (k, 1) = (uls(k, 1)|Ep(k, 7). (10)

The Wannier state at band p is defined as
1 ‘
wp(n, 1)) = — uB(k, 1)\|k)e*". (11)

For simplicity in normalizing coefficients in the formulas,
we define the instantaneous eigenbasis to be biorthogonal
while keeping the right eigenvectors normalized to unit norm:

<u§|u§) =1, (uﬂuﬁ) = 8pq- (12)

Considering an adiabatic dynamic process initialized with
the instantaneous Wannier state at time ¢t = 0, we have the
ansatz for the wave function as

1 ‘
() = N Xk: W, (k, 1)[ul (k, 1))®[k)e™", (13)

where the superposition weight satisfies |W,(k, 0)| = 1, thus
[¥(0)) =|w,(n, 0)), with n being the initial Wannier state’s
center index. Under the adiabatic assumption, the wave
function remains within the initially occupied energy band
throughout the evolution. For simplicity, we omit the band
index p in the following.

The time-dependent Hamiltonian is driven periodically,
with the modulation being sufficiently slow to satisfy the
adiabatic condition [42]. Due to the non-Hermitian nature of
the system, the evolution is not necessarily unitary, leading
to the failure of the expectation value (i (¢)|x|¥(¢)) to ac-
curately represent the mass center of the wave function. To
address this, wave function renormalization at each moment
t is required. The renormalized average displacement over a
single modulation period 7 is defined as

T s
Ay :/ dtaf((lﬁ(ﬂl)fllﬁ(m)’ (14)
0 (Y @Oly @)
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where the position operator defined as X =) n|n)(n|.
Through derivations (see details in Appendix A), we express
the renormalized displacement as

dkdt
A :// ?{|W|ZBRR+IW|28;(8
Q

+|W|221m[e]/ (Bke—l—BRR)dt}, (15)
0

where the integration domain €2 spans the 2D Bril-
louin zone in momentum and time. The Berry connec-
tion are defined as ALR(k,t) = i(ul(k,)|0,uf(k, 1)) and
ARR(k 1) = i(uR(k, 1)|0,,u”(k, 1)), m = k,t. The Berry cur-
vature are given by BfR(k, 1) = 9,ARR(k, 1) — 0, ARR (k, 1) and
B"R(k, 1) = 0,AHR(k, 1) — 9.A®(k, ). The modified energy
is e(k,t) = E(k,t) + ARR(k, 1) — ALR(k, 1), and the superpo-
sition weight evolves as |W(k,t)| = exp(fé dtlm[e(k, 7)]),
which is related to the imaginary part of the non-Hermitian
Berry curvature.

In |W(k,1)]| =/ dt'Im[E (k, t")]

)5

— / dk'Im[ALR (K, 1) — AFR (K, 0)]
0

Im[BLR(k’ "]

+ / dt'Tm[A[*(0,1)] (16)
0

The integrand in Eq. (15) reveals that the pumping average
displacement can be decomposed into three distinct contribu-
tions. The first term, |W |*>BRR, resembles the contribution in
the Hermitian Thouless pump but is weighted by |[W|>. We
define the modified Chern number as

= @|W|ZBRR. (17)
Q 27

The second term, |W|*3;&, represents the group velocity
associated with the modified energy &, weighted by |W|?. This
contribution is denoted as the group velocity displacement as

dkdt
Dy —/f W P (18)

The third term, |W|*2Im[e] [; (e + BXF)dz, involves a
time accumulation and corresponds to a second-order contri-
bution. This is referred as the acceleration displacement as

dkdt ' RR
Dy = // — W] 2Im[8]/ (Oke +B™)dt. (19)
Q 27 0

The total renormalized average displacement is then ex-
pressed as

Ax" = C/ + DV + DA. (20)

This formula shows that the displacement of wave-packet
mass center is composed of three parts: acceleration displace-
ment, group velocity displacement and the modified Chern
number, causing the displacement to deviate from the pre-
diction of traditional Chern number in general non-Hermitian
systems [Fig. 1(b)]. In Hermitian limit, the right-hand side

reduces to the standard Chern number C = [[,, %4 BRR with
[W(k,t)| = 1. In this case, the group velocity contrlbutlon
Dy = [dt § dkdyE = 0 vanishes due to periodicity, and the
acceleration displacement D, also disappears because the
eigenenergies E (k, t) are purely real (Im[¢] = Im[E] = 0).

The formalism presented in Egs. (15)—(20) provides a
framework for understanding how non-Hermiticity funda-
mentally reshapes quantum dynamics. The emergence of
complex eigenenergies and the associated non-Hermitian
Berry curvature gives rise to nonunitary evolution, as evi-
denced by |W(k, t)| # 1. Consequently, the modified Chern
number C’ may no longer be quantized, the group velocity
drift Dy does not necessarily cancel due to the nonuni-
form weight by [W|?, and the acceleration displacement D
captures the accumulation effect caused by complex energy
and the Berry curvature. These results provide a compre-
hensive formula for understanding the interplay between
non-Hermiticity and topological pumping in open quantum
systems.

III. CHARGE PUMPING IN GENERAL NONRECIPROCAL
SYSTEMS

A. Quantized charge pumping breaking in general

We employ our theoretical framework to non-Hermitian
systems exhibiting nontrivial Chern numbers, providing dy-
namical simulations to validate our analytical predictions.
Specially, we exploit 1D Aubry-André-Harper (AAH) model,
extended to include three sublattices and periodic nearest-
neighbor couplings. This model can be configured to realize
either trivial or nontrivial Chern numbers. Non-Hermiticity
is introduced by implementing nonreciprocal couplings [see
Fig. 2(a) for the scheme], which simultaneously induce
NHSE. The Hamiltonian in momentum space is expressed in
tight-binding form as

0 Jl_(t)e”‘ J;’(t)e_ik
Hk,t) = | Jf (t)e 0 ok | @
J; @e*  It@e 0

As depicted in Fig. 2(b), the time- dependent coupling co-
efficients are given by Ji = Jpexp(a +4 5+ bsm( t+a,))
for m =1, 2,3. The parameter a (b) represent the aver-
age (Floquet) amplitude, while the phase offsets are set
as o] =owg, op =0 +27/3, a3 =0a9+4r/3. The pa-
rameter d controls the strength of nonreciprocity. This
construction enables the exploration of the interplay be-
tween non-Hermiticity and Chern topology in such systems.
Figure 2(c) illustrates the PBC spectrum and three bands
characterized by Chern numbers C = —1,2, —1, respec-
tively. The non-Hermitian adiabatic condition says [16]:

Wbl (1)) 1 .

—tr - exp[—Im [y (E, — Eg)dt] < 1. Considering that
there is no imaginary energy gap between the middle band
and the others, the adiabatic assumption requires the modu-
lation speed to be slow compared with the real energy gap.
Taking T = 4000 suffices to ensure adiabatic evolution of the
Wannier state of the middle band in this case. The dynamics
of an initial Wannier state in the middle band is chosen for

simulation and compared with analytical predictions, showing
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FIG. 2. Description and results of nonreciprocal AAH model. (a) The schematic of tight-binding model with nonreciprocal nearest-
neighbor coupling. (b) Parameter modulation of coupling strength in single period. (c) Instantaneous spectrum under periodic boundary
condition at time t =0, t = T /12, t = T /6, corresponding to the gray dash lines in Fig. 2(b), respectively. Red dash square denoting the
occupied band of initial Wannier state. (d) Dynamics of wave function, with initial Wannier state occupying the middle band denoted by the
red dash square in (c), normalized at every time moment. (e) Total displacement Ax" within single period (black line), including the modified
Chern number term C’ (blue line), the group velocity drift Dy (red line), the acceleration drift D, (green line), and the mass center mass of wave

1 re
function Axg,

(gray dots) using numerical calculation. Gray dash line represents the C = 2 for Hermitian charge pumping. The parameters

are: T = 4000, Jo = 6,a = —0.0132,d = —6 x 107°, b = 34/3/5, ap = 117 /6.

agreement at all times ¢ € [0, T']. The total displacement is de-
termined by three contributions: the modified Chern number
C’, the group velocity displacement Dy, and the acceleration
displacement D, as shown in Fig. 2(e), and the numerically
calculated displacement Axg, fits the analytical result Ax™
well during the pumping period. Notably, C’ remains close
to the quantized Chern number C = 2, accurately reflecting
the Wannier center motion governed by Berry curvature. For
d < 0, the velocity displacement Dy and the acceleration dis-
placement D4 provide a net drift of the mass center of wave
packets toward —x. Consequently, the total displacement Ax"®
deviates from the quantized Chern number.

To investigate the origin of the deviation in quantized
charge pumping induced by non-Hermiticity, we analyze all
these displacement terms in momentum space, expressed as

integrals over the spectral densities across the 1D Brillouin
zone: C'(t) = [ $5¢'(k,1), Dy(t) = [ 4xdy(k,1), Dat) =
/ %dA(k, t). And these spectral densities are defined below:

t
c’(k,t)=/ \WI*B®R (k, v)d7, dy(k,1)
0
t
=f W2 de(k, T)dT,
0
t
dA(k,t):/ [W|*2Im[e(k, ;)]
0

1
. / (Geetk, 1) + B (k. ))dndty. (22)
0

Figure 3(a) depicts the spectral densities at + =T, and
illustrates that the nonunitary superposition weight |W (k, t)|
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FIG. 3. Spectral densities, the superposition weight and the Berry curvature of the nonreciprocal AAH model showed in Fig. 2. (a) The
spectral densities of the acceleration displacement dy, group velocity displacement d, and the modified Chern number c, at time t = 7. Solid
lines represent the integrands without the superposition weight, and the shading areas represent the integrands with the effect of superposition
weight. (b) Superposition weight in 2D BZ. (¢) Berry curvature in 2D BZ.

changes the spectral densities in general. For instance, the
uneven weight alters the spectral densities of the Chern num-
ber ¢’, resulting in the deviation of the modified Chern number
C’ compared to the traditional Chern number C. Besides, with-
out the superposition weight (solid lines), the integration of
the group velocity displacement’s spectral density dy always
exhibits no contribution due to periodic ¢(k,t) in Brillouin
zone, but the weighted integration (shading area) reveals a
contribution along the —x direction. This arises from the im-
balanced gain and loss across different £ values, resulting in
a net group velocity caused by the gain-mode. The origin of
|W (k, t)|, just as shown in Fig. 3(b), can be further understood
by factorizing it into two components as

W= WE|. W, (23)

where the |WE(k, 1) =exp(f0t Im[E(k, T)ldT) is deter-
mined by the imaginary spectra, and the |[WCY(k, 1) =
exp(— f(; Im[ALR (k, 7)]d7) stems from the imaginary part of
non-Hermitian Berry connection. The PBC spectra [Fig. 2(c)]
show that the negative (positive) imaginary energy mainly
exhibits when k € [0, 7] (k € [, 27]), and thus the |WE|
losses or gains in the corresponding interval of k. And the
imaginary PBC spectrum dominantly influences the super-
position weight through |W#| in this case. Additionally, the
Berry curvature depending on k and ¢ is also given in Fig. 3(c).

Aside from the superposition weight, non-Hermiticity di-
rectly affect the spectral density of acceleration displacement
ds, which is explained by two composed integrations in
its expression. The first part, Im[e(k, #;)] f(;' ek, 1)dt,
captures the accumulation contribution from the enclosed
area of the modified energy e. And the second part,

Im[e(k, #;)] for‘ BRR(k, 1,)dt,, represents the interference mod-
ification between spectrum and Berry curvature.

B. Initial dynamics

In 1D non-Hermitian systems, recent studies [35] on the
initial dynamics of single-band lattices have revealed a self-
acceleration phenomenon tied to the area enclosed by the PBC
spectrum. Specifically, under the + — O limit, the expecta-
tion value of the position operator for a single-site excitation
evolves as

2 2
() ~ = 7§ Im[E] - dRe[E] = —A, (24)
14 T
where A represents the area enclosed by the PBC spectrum.
Our work extends this result to multi-band lattices, initializing
with localized Wannier states. By expanding the dynamics up
to second-order in time in the t — 0 limit of Eq. (15), we
obtain the equation below:

t 12
Ax'® = — [ 7§ dkBRR} + — [y{ dkBtBRR]
27 —o 4w =0

2
+ —[% dRe[e] - Im[s]:|
43 =0

2
+ t—[ yg dkIm[e] ~BRRi| ) (25)
t=0

T

The first two terms correspond to the velocity and ac-
celeration arising from the motion of the Wannier center,
while the third term captures the contribution of the NHSE
to the acceleration. Notably, the final term demonstrates that
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the cross-integration of the complex spectrum and the Berry
curvature also play a significant role in the self-acceleration
mechanism.

IV. RESTORE QUANTIZED CHARGE PUMPING
WITH NON-HERMITICITY

A. Conditions to restore quantized charge pumping

The discussion above highlights that non-Hermiticity dis-
rupts the quantized charge pumping determined by the Chern
number. In this section, we establish the conditions under
which non-Hermitian charge pumping can be restored to the
quantized value dictated by the Chern number. Here, we
define the displacement relative to the Chern number accu-
mulated over one Floquet period T as

Ar = Ax" —C =C —C + Dy + Dy. (26)

Through algebraic manipulations (see Appendix B),
Eq. (26) can be rewritten to

dk 2Im[Z] r RR 2Im[Z]
Arzf—(e —1)/ dtB +%dReZ'e ,
27[ 0

(27
where Z(k) = fOT dte(k,t). Introducing a coordinate
transformation along the imaginary axis in the complex plane:
Im[Z] — Im[Z] = 2™ — 1, Z = Re[Z] + i(e*™Z] — 1),
and  defining  b(k) = fOT dtBRR(k, 1), F(k) = F(0) +
Jiy dk'b(k"), we obtain

Ap = /d(Re[Z] + F) - Im[Z]. (28)

Moreover, to restore non-Hermitian charge pumping to
Chern number after M periods propagation, it requires the

condition lim % = 0. It is equivalent to
M— o0

Mlim / d(Re[Z] + F) - Im[Zy] = 0, (29)

where Im[Zy] = ™2 _ 1 and F(27) — F(0) = C. The
restoration condition requires the area integration in Eq. (29)
vanish. As M — oo, Im[Z,] converges to either oo or 0 due
to the exponential transformation. This leads to distinct crite-
ria depending on the behavior of Re[Z] 4+ F. We, therefore,
analyze the restoration condition in two cases: trivial and
nontrivial.

In the topologically trivial case (C = 0), as k traverses
from O to 2w, F (k) forms a closed loop, leading to Ay.r =
M 95 d(Re[Z] + F) - Im[Zy]. Then, the requirement leads to

Mlim d(Re[Z] + F) - Im[Zy] = 0. (30)
— 00

A straightforward approach to satisfy this condition is
by setting Im[Z] = 0, which ensures that the average of the
modified energy e(k, ) across single period is pure real.
If lim Im[Zy] — oo, the alternative requirement becomes

M— o0
F (k) = —Re[Z(k)]. This implies that the trajectory of F (k)
cancels out the Re[Z (k)] over the Brillouin zone.

For topologically nontrivial case, the loop of F(k)
cannot close at k=0 because F(Q2mr)— F(0)=C #0.
Consequently, the restoration condition Re[Z(k)] + F (k)

in Eq. (30) cannot form a closed loop. This makes the
criterion F (k) = —Re[Z(k)] unachievable. The only viable
solution is to impose Im[Z] = 0. Specifically, the condition
F (k) = —Re[Z(k)] imposes a strict constraint on the band
structure:fOT dtRele(k, )] + fok dk’' fOT dtBRR(k', t) = const.
This constraint is challenging to realize in concrete
models. However, satisfying the condition Im[Z(k)] =0
is relatively straightforward. This condition implies:
iy diIm[E—AMR] = 0. Given [ drRe[{u"(k, 1)|3,uR(k,1))]
=0, it leads to fOT dtIm[E(k,t)] = 0. In the section
below, we provide two practical cases that satisfy this
condition with different methods. The first case utilizes
that pseudo-Hermitian (PH) systems possess purely real
spectra, leading to the restoration naturally. The second way
is choosing a proper time-variant nonreciprocal strength to
make the time averages of Im[E (k, ¢)] vanishing for every k.

B. Examples of quantized charge pumping restoration

First, we present a toy model inspired by the pseudo-
Hermitian modified Qi-Wu-Zhang (MQWZ) model [43],
representing a 1D time-driven lattice with long-range cou-
pling, as shown in Fig. 4(a). The Bloch Hamiltonian is given
by

Ki(84(t) — cosk)

) g(sink + 8,(1))
H(k,t)= <q_1(sink_30(t))) )

—K>(84(t) — cosk)

(€29)
where K| = qf—f/q K, = ﬁ 84(t) = m—coswt and
8,(t) = —isin wt. And the coupling coefficients are depicted
in Fig. 4(b). The parameter g characterizes the non-Hermitian
strength, with ¢ =1 (¢ # 1) corresponding to Hermitian
(non-Hermitian) behavior. The topological phase transition is
controlled by the effective mass m, where [m| < 2 (|m| > 2)
corresponds to a Chern number C = sgn(m) (C = 0) at lower
band. Choosing m = 1 and g = 1.1, the system is PT sym-
metric and hosts nontrivial Chern numbers [see the first row
of PBC spectrum in Fig. 4(c)]. Starting with a uniformly
populated lower band, both dynamic and analytical results
confirm that the charge pumping over a single period is re-
stored exactly to the Chern number, as shown in the left panel
of Fig. 4(d).

The mechanism of quantized charge pumping in pseudo-
Hermitian systems fundamentally differs from that in Her-
mitian systems. While the imbalance superposition weight
persists in the PH case, it originates from the imaginary Berry
curvature. Notably, the modified Chern number deviates from
the quantized Chern number, but this deviation is compen-
sated by the group velocity and acceleration displacement
terms, ensuring that the total pumping displacement equals
the Chern number. This restoration is protected by the implicit
criteria in Eq. (29), where pseudo-Hermiticity guarantees
Im[Z (k)] = O in this case.

Followingly, when the criteria in Eq. (29) are violated,
the quantized charge pumping deviates. Introduce a constant
on-site gain and loss on the sublattice, and the PT symmetry
breaks. Thereby it violates the condition Im[Z(k)] =0 in
general. The modified Hamiltonian is given by

H'(k,t) = H(k, 1) + iyo.. (32)
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FIG. 4. Description and results in 1D MQWZ models. (a) The description of the tight-binding model with nonreciprocal long-range
coupling. (b) Parameter modulation in a single period, with 7 = 95. (c) instantaneous spectrum under periodic boundary condition at time
t=0,t=T/4,t = T /2, corresponding to the gray dash lines in (b), respectively. Upper panels correspond to y = 0 case, and lower panels
correspond to ¥ = 0.01 case. Red dash square denoting the occupied band of initial Wannier state. (d) Total displacement within single period
(black line), including the modified Chern number (blue line), the group velocity displacement (red line), the acceleration displacement (green
line), and the mass center of wave function (gray dots). The gray dash line represents the traditional Chern number. Left panel represents to
the y = 0 case, and right panel represents to the y = 0.01 case.

This introduces an imaginary component in the PBC spec- Furthermore, systems possessing NHSE can also satisfy
trum, as shown in the second row of Fig. 4(c). As expected, quantized restoration, and one can exploit the non-Hermitian
the right panel in Fig. 4(d) shows a deviation of the charge =~ AAH model [Fig. 2(a)] with time-variant nonreciprocal
pumping from the quantized value associated with the Chern strength d(t). For instance, let d(¢t) = d - sin(wt + «p), as

number. Additionally, the detailed values of spectral density, shown in Fig. 6(a). The imaginary spectrum in the first half
superposition weight and the Berry curvature are showed in of the period, ¢ € [0, T /2], and that in the second half, ¢ €
Fig. 5. [T/2,T], cancel each other [Fig. 6(b)], ensuring that the
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FIG. 5. Spectral densities, the superposition weight and the Berry curvatures in 1D MQWZ model corresponding to Fig. 4. (a), (d) The
spectral densities of the acceleration displacement, group velocity displacement and the modified Chern number. Solid lines represent the
integrand without the superposition weight, and the shading areas represent the integrand with effect of superposition weight, attimet = 7. (b),
(e) Superposition weight in 2D BZ. (¢), (f) Berry curvature in 2D BZ. Figs. (a)—(c) corresponding to the case y = 0, and (d)—(f) corresponding
to the case y = 0.01.
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dyn

using numerical calculation. The gray dash line represents the traditional Chern number. The values of parameters are the same in Fig. 2.

restoration condition fOT dtIm[E (k,t)] = 0 is satisfied. The
evolution results are shown in Figs. 6(c) and 6(d), where
the displacement is restored to the traditional Chern number
accordingly. This result shows that even systems that possess
NHSE during evolution can restore the quantized Thouless
pumping by engineering the skin direction and strength to
match the condition fOT dtIm[E (k,t)] = O specifically.

V. CONCLUSIONS

We systematically investigated charge pumping in non-
Hermitian lattices and demonstrated that non-Hermiticity
fundamentally alters the topological transport behavior tra-
ditionally governed by the Chern number. Specially, we
decomposed the total pumping displacement into three dis-
tinct contributions: (i) a modified Chern number reflecting
Wannier center motion via the weighted Berry curvature inte-
gral, (ii) a group velocity dominated by gain-favored modes,
and (iii) an acceleration linked to the enclosed area of the
modified complex spectrum and its interference with the
Berry curvature. These findings were validated through de-
tailed simulations of the dynamical behavior of Wannier states
in nonreciprocal AAH and MQWZ models, confirming the
universality of our framework. Furthermore, we have estab-
lished a precise criterion under which non-Hermitian charge
pumping can exhibit quantize behavior. This criterion corre-
sponds to the vanishing of the average imaginary spectrum.
Explicit examples based on pseudo-Hermitian systems and
non-Hermitian AAH model with time-variant nonreciprocal
strength clearly fulfill this criterion, demonstrating its validity.

Given the generality of our theoretical approach, ex-
perimental verification should be feasible across various
platforms, including ultracold atoms and photonic lattices.
Notably, since the observables are naturally defined on
right-eigenvector bases, quantized pumping may be directly
detected through the probability distribution of Wannier state
during non-Hermitian quantum walk experiments. Notably,
recent studies shows that the evolution time of TP can be
shortened by engineering the quantum metric [14]. Addi-
tionally, a dispersion-suppression protocol can reduce the
lattice size [44,45]. Experimental realization can be further
well-controlled when we provide general methods to ma-
nipulate the non-Hermitian effect. Our work renders robust
theoretical results for understanding topological transport in
non-Hermitian systems and opens promising avenues for fu-
ture exploration, such as extensions to interacting systems and
higher dimensions.
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APPENDIX A: DERIVATION OF EQ. (15)

The derivation of Eq. (15) starts with the evolved wave-
function with initial Wannier state.
We have the localized Wannier state defined as

lw(n. 1)) = > [ul k. 0))| k)e™". (A1)
k

Without loss of generality, one can always absorb the rel-
ative phase for each k into the gauge of eigenstates |uﬁ>.
The wave function satisfies |y (t = 0)) =|w(n, 0)). And the
adiabatic assumption says

@) = > Wk ok k, D)k, (A2
k

The superposition weight W (k, t) can be obtained by sub-
stitute the wave function into the Schrodinger equation and
one can get

Wk, 1) = e—if(;E(k,r)dreiy(k,t)7 y(k, 1)

= f il (k, )]0, |ul(k, t))dr. (A3)
0

First, the position displacement without renormalization
for single period says

T
Ax:/o d (Y OIX|Y (1))dt

2 dk T
=/ —/ 0, IW* (K, 1)k, 1)]ide (W (k, 1)
o 2w Jo

x |uR(k, 1))]dt. (A4)

J

And we define the non-Hermitian Berry connection using
the bi-orthogonal basis:

TRk, 1) = i(u® (k, 0|9 |u® (k, 1)), (A5.1)

TRk, 1) = i (k, )]0, |u® (k. 1)), (A5.2)

TRk, 1) = iut Gk, 0|0l (k, 1), (A5.3)

TRk, 1) = i(u"(k, 1)]0,|u® (k. 1)), (A5.4)

AT, (k,t) = TRR(k, t) — TER(k, 1). (A5.5)

The partial derivatives of superposition weight say

Wk, t)=—i(E(k,t) =Tk, ))W(k, 1),  (A6.1)
W (k, 1) = i(E*(k,1) — Tk, ))W*(k,1),  (A6.2)

KWW (k1) = iW(k,t)/ (—0kE(k, ) + o TE* (k, 1))d.
0

(A6.3)
The integrand in Eq. (A3) can be separated into two terms:

W (uR)ide (W uR))] = 8, (W*TEEW ) + i3, (W*dW).
(A7)
The first term is

3 (W*TFRW) = i(E* — TR DRR W > + |W %5, T fR
—i(E ~ T W
= 2(Im[E] — Im[T/X]) TR (W |?
+ [W|*8, TR, (A8)
And the second term says
i, (W*oW) = 2i(Im[E] — Im[T/*])W*, W
+ |WPQE — |W|*8, THR, (A9)

With the relation
I'RR(k, T), one can arrive at

TRR(k, 1) = TRR(k,0) + [, d0,

2 T t
Ax = / s—k / [2(Im[E] — Im[I'¥]) (FfR(t =0)+ / (0(E + AT,) + B®®(k, t))dr) W12
0 T Jo 0

+ W0 (E + AT,) + |W|*BRR (k, t):|dt.

(A10)

And the non-Hermitian Berry curvature defined on bi-orthogonal basis says

BRR(k, 1) = 3, TR — 8, TR,

B*R(k,t) = 8, TR — 3L,

(A11.1)

(A11.2)

Furthermore, considering that Im[F,RR] = 0, and defining the modified energy as e(k,t) = E(k, t) + AT, (k, t), the position

displacement above can be simplified into

2 T t
Ax:/ gf [2Im[g]<r,§R(t=0)+/ (Bke(k,t)+BRR(k,r))dr>|W|2+|W|2(8ke(k,t)—i—BRR(k,t))}dt. (A12)
0 0 0

Next, the renormalized position shift is defined as

Y OIE[Y @)

g (
Ax"™ = / dtB,(
0

). (A13)
WO )
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Considering

! 1 (= IwP2mlelg
a,( DIV ) T Ay ST : (Al4)
(W@l @) S | ey

a 27Tdk *[ R: R zndk 21 RR e TAd
(W @OIRIY @) =/ gw (" [0 (W u )=/0 E(|W| I+ iW* g W)

and

2
the integrand in Eq. (A13) can be simplified into

2 t
=/ dk |:FRR(t—0)—|—/ (Bke(k,t)+BRR(k,t))dr:|, (A15)
0

w|? t
Ax" = W{ﬂm[s](ﬂf’e(r =0)+ / (0 + BRR)dt) + (e + B™)
oy 0
2 dk
|W| 2Im[e] !
e fzn Ty <F/’5R(t = 0)+/ (Oe +BRR)dr)}
oy 0
0 2
W ' RIWPE [P dkd, W2
= —2n| dk' 2{<r,’§’*(z=0)+/ (de +BRR)dt)|: ! 2' - : +(8k8+BRR)}. (A16)
Jo =W 0 Wi 2T dk|W |

The renormalized expectation of position operator has no relation to the intensity of the state among propagation, and one
can shift the Hamiltonian with a universal on-site energy without affect the Ax"™:

H'(t) =H(t)+in(t). (A17)
[ dkIm[e]|W|? . .. ,
Let n(t) = ~ T rawr and the corresponding quantities defined on H'(¢) has
&'k, t) =e(k,t) + in(t), (A18.1)
2 2 2 dk .2
dko,|W'|” =0, |W = (A18.2)
0 0

After replacing all the quantities defined on the shifted Hamiltonian in the expressions of Ax™, and ignoring the prime symbol
for simplicity, one can arrive at

7 7 dkdt 2 +RR ' RR 2 RR
Ax = S {2mlelW (T = 0)+ | e+ Bt )+ 1WPGke + B}, (A19)
o Jo 0

From Eq. (A19), the integrand term F,’fR (t = 0) is related to the initial gauge of the eigenbasis we chose. One can perform a
k-dependent gauge transformation on the eigenbasis as

Rk, 1)) — PRk, 1)), Wk, 1)|— e Pk, ). (A20)

And the initial Berry connection I'f*(s = 0) will change to I'f%(t = 0) — d;a(k). This term is related to the initial position
of Wannier state (1 (0)|%|y(0)). One can choose the gauge o (k) by letting drat (k) =T ,’fR (t = 0) to eliminate this term from the
integrand.

Provided the specified gauge, we have Eq. (15) in the main text as

re o ’ dkdt 2 ! RR 2 RR
Ax' — S | 2mlelW | (e + B)dT + WA (Bke + B 1. (A21)
0 0 us 0

APPENDIX B: DERIVATION OF EQ. (27)
With the helper function Y (1) = [ dt(3& + B*X), we have

T t T T
/ dt21m[s]|W|2/ dr(8k£+BRR):/ dt(Y ()8, |W|*) = |W (k, T)|2Y(T)—/ dt|W|* (e + BFF), (B1)
0 0 0 0

and Eq. (15) can be simplified into

2 T T T
Ax"® :f i ﬁefordﬂlm[s]/ dt (e + BRF) zf dk ol d12Im[s]/ drBRR | + f ﬁ efont2Im[£]/ didee |. (B2)
0 2m 0 21 0 2 0
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The integration loop refers to the path along 1D BZ in momentum space. Using the definition of Z(k) in the main text, the

second term in Eq. (B2) becomes

21

=4n

Then, we have

T

dk T dk dk
?§ ZE ol dr2imie] / dtdee =i f — 221G 1m[Z] + 7§ — Mz 5, Re([Z]
0 27 27

i 74 deAmizl 4 % dRe[Z] 2mlZ]

With the definition of traditional Chern number C = ¢ % fOT dtBRR we have

2w
_ ?g dRe[Z]ezlm[Z] (B3)
2w ’
T
Ax'¢ = % ﬁgZIm[Z]/‘ dtBRR _I_% dRe[Z] eZIm[Z]. (B4)
2 0 27[
dk T dRe[Z
Ar = AX* —C = f —| (2™ —1) / dtBRR | + f ﬂeﬂmm. (B5)
2 0 2
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